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The induced magnetization of propagating and standing Alfven waves (IMPAW and 
IMSAW, respectively) in plasmas, due to the inverse Faraday effect, is investigated here. This 
effect follows from the magnetic moment per unit volume of the ordered motion of charges 
of both sign, in presence of an electromagnetic wave propagating parallel to an ambient 
magnetic field in the low frequency limit. Both IMPAW and IMSAW are found to be 
inversely proportional to the cube of the ambient field. These are expected to be significant 
in the study of physics of the sun and other stars, including pulsars, and in the programmes 
of RF heating of plasmas of tokamaks and other laboratory devices. © 1990 Academic Press, Inc. 


I. INTRODUCTION 


Spontaneous generation of magnetic fields is possible in plasmas under the 
influence of electromagnetic (EM) waves. Some work has been done on induced 
magnetization along the direction of wave propagation in the megagauss range with 
high power lasers [1-4]. A large amplitude magnetic field has been detected from 
estimation of the Faraday rotation effect of back scattered radiation in laser 
induced plasmas [2 ]. 

One of the sources of this generation of induced magnetization is the inverse 
Faraday effect (IFE). It refers to the magnetization in a material medium by a 
circularly polarized EM wave along its direction of propagation. In IFE the kinetic 
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energy of ordered motion of particles in presence of an EM wave is transformed 
into the energy of the induced magnetic field. At high frequencies the IFE is 
relevant over time scales shorter than twice the oscillation period of the driving 
wave field beyond which the wave becomes unstable, and parametric instability 
develops [5, 6]. 

The IFE is somewhat known for high frequency waves in solids and in analysis 
of laser plasma interaction. Specifically, this effect is theoretically formulated and 
experimentally demonstrated both in solids [7, 8] and in plasmas (see [9, 1051; ioe 
and others). 

At high frequencies the induced magnetization of IFE is formed mainly from the 
electron current because the ion current is not a dominating factor for fields of 
moderate or weak intensity, and is not significantly affected by the background 
ambient magnetic field. But, for Alfven waves the situation is just the reverse. 

The magnetic field generated from IFE of Alfven waves may in short be called 
the induced magnetization of Alfven waves or IMAW. To our knowledge, IMAW 
has not been investigated earlier. It is expected to be of some significance in the 
study of the physics of the sun and other stars, including the pulsars. For the sun 
and stars it can be called IMAWS. 

The IMAW, denoted here as H;, is inversely proportional to the cube of the 
ambient magnetic field Ho, and of negative sign both for propagating and standing 
patterns of Alfven waves in plasmas. Hence, when Hg is small H; is large. Being 
oppositely directed, when relatively large, H; changes the polarity of the static 
magnetic field. When Ho is large, obviously H; is weak and cannot change the 
polarity, only the magnitude of the observed static field is reduced by H;. 

The emergence of the pulsar magnetic field to the extent of 10'*G from about 
10? G in the collapse to the neutron star of a pulsar and the geometry of the static 
magnetic field of the rotating plasma of its magnetosphere offer an interesting scope 
of the study of the role of IMAWS in this process. Applications of IMAW are also 
envisaged in the programme of RF heating of tokamaks and some other laboratory 
plasmas. Moreover, theoretical extension seems possible to other complicated 
geometries, like those of cylindrical geometries involving additional complications 
due to inhomogeneities. For instance, the IMAW can be the source of poloidal 
magnetic fields guided along megnetic fields of different shapes. We intend to focus 
on both applications and these theoretical aspects of IMAW in our subsequent 
programme of work. Here we deal with some of the basic physics of IMAW, 
concentrate on the IMAW for rectilinear propagation both for propagating and 
standing waves, and briefly touch upon its relevance to some types of problems of 
solar physics. 

For simplicity the magnetized plasma is regarded as a fully ionized, cold, 
homogeneous, and collision free mixture of mobile fluids of negative and positive 
charges. In this approximation the particle dynamical apporach is useful for the 
study of dynamical behaviour of both the species of charges. 

Alfven waves are considered to be the low frequency limit of waves propagating 
parallel to a static applied magnetic field Hy in such a two component plasma. The 
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source of the generated static magnetic field H, is the static part of the magnetic 
moment of charges per unit volume due to their ordered gyratory motion under the 
influence of the right and left circular polarization components (RCP and LCP 
components, respectively). This motion of the charges of both electrons and ions 
couples with both the LCP and RCP parts of the wave in the Alfven wave limit to 
generate the magnetic moment. 

The Alfven wave dispersion relation KC, = @, when derived from the general dis- 
persion relation for an EM wave in plasmas (Appendix B), shows that the vacuum 
light velocity C cancels out in the limit of low frequencies and infinitesimally small 
amplitude. For this reason and since EM wave features depend on the dispersive 
magnetic field, which is basically relativistic in nature, the link of Alfven waves in 
plasmas with the relativistic mass effect remains to an extent in the computations 
involving the nonlinear impact of finiteness of amplitudes on these. Evaluation of 
the nonlinear effects of EM waves in plasmas, in the limit of low frequency Alfven 
waves, shows that a significant part, thought not always the dominant part, of these 
follow from this nonlinear source. But this link with relativistic effects is completely 
lost and also other consequences like the generation of the IMAW do not follow 
directly, when Alfven waves, including their nonlinear modifications, are evaluated 
with the help of the field equations of the MHD aproximation. So, for some useful 
purposes, the Alfven wave characteristics should be evaluated from wave charac- 
teristics in a two component magnetized cold plasma, in the low frequency limit. 

Alfven waves have been proposed as one of the main heating agencies of the solar 
corona. The solar corona is in the form of magnetic bipolar structures called 
coronal loops, the two ends of which are embedded in the convection zone. The 
convective motions kick, rotate, and twist the foot points of a coronal loop, as a 
result of which Alfven waves are excited in the loop magnetoplasma. The surface 
Alfven waves deposit energy in a thin resonance region and several such regions 
together provide the heat required to raise the temperature of the solar corona to 
a million degrees. The IMAW can considerably lower the effective value of ambient 
magnetic field. The standing wave patterns are formed when the Alfven waves 
propagating along the two legs of a coronal loop interfere at the top of the loop. 

Since the observed magnetic field should be a sum of the ambient and the induced 
fields, it is possible to put a limit on the maximum amplitude of Alfven waves that 
can be excited in the coronal loops. 


II. INDUCED MAGNETIZATION 


(a) Induced Magnetization Due to Particle Motion in Fields of Unmagnetized 
Plasmas 
The magnetic moment p of a charge g, moving with velocity u, is defined as 


1 
Bel) (1) 
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where r is the position vector and j(=qu) is its current. For an electron qg= —e 
and for an ion in a fully ionized plasma g =e. For simplicity we assume the plasma 
here to be fully ionized. 

The induced magnetization H,, generated by motion of a species of charges, is 
defined by 


H, = 47Np, (2) 


where N is the number density of charges of that species. The simplest quantity 
proportional to this p is the angular momentum per unit mass, 


L=(rx m): (2a) 


For several species of charges, the induced magnetization is simply the sum given 
by 


H,;=42 > Nn, (3) 
J 


where N,, u;, and p, are respectively the number density, particle velocity and 
magnetic moment of the jth species. 

The left elliptically polarized (LEP) part of the electric field of an EM wave, 
propagating along the positive direction of the Z-axis, can be written as 


(E), = (Po Cos 8, qo sin 8, 0) (4) 


and the same of the right elliptically polarized (REP) part as 
(E)p =(po cos 8, — qo sin 9, 0), (5) 
where 
0=KZ—ot. (6) 


Since only the Z component of L, p, H; is nonzero, let L, u, H; denote this compo- 


nent of the corresponding vectors. Also, by <x} we denote the average of x over 
the time period 2z/w. So 


CL) = (xy — ky). (7) 


Evidently L is the Z component of the angular momentum vector L of (2a), and 
x and y are the components of the position vector r along OX and OY, respectively. 
In terms of the complex combinations 


x+iy=R,, U,-riMj=Ry; (8) 
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which are convenient to adopt for computation of results, we find that 


Leb 2 ; 
i=, (kK, R_—R, R_), (9) 


mnere f= ./ — 1. 


The relevant equation of motion for an electron being a= —eE/m, through 
integration of this relation we find that 


a g2 Pe 
a) Cie eieag WAL) p=. (10) 
44mm 60) Mm-@ 
Hence, 
(L), + (L)p =0, (4). + (Hp =9, (H;), + (Hip =9, (11) 


showing that the angular momentum, the magnetic moment, and the net induced 
magnetization vanish for a single species of charges in presence of two waves of the 
same frequency, one of which is LEP and the other REP. 

When both electrons and ions are mobile, in presence of an LEP electric field, 


#) 2 
C Podo , & Poo 
Jk Jb) 12 
(L),+ (L); aay eI (12) 
e ep e ep 
(u)e-Hi)= aa Ot = Fore (13) 


2c m’w? 2c M’a@? 


So, the net angular momentum is the sum of these for the electrons and ions, and 
the net magnetic moment (and consequently the induced magnetization) is their 
difference for the two species. 

(b) Induced Magnetization Due to Fields in Magnetized Plasmas 


The first harmonic electric field solution is sought in the form 


Hiit= aat beg % (14) 

where 
0,=KpZ—Ogl, 6,=K,Z-a,t (15) 
Eye, tik). (16) 


Then obviously, 


E,.=acos 0g+bcos 0,; E,= —asin 0g + bsin 6,, (19) 
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so that 
b=), E = (E)p =(acos 0p, —asin Op, 0), (18) 
a=: E=(E), =(bcos 0,, bsin 6,, 0). (19) 


For the simultaneous action of a purely LCP and a purely RCP of the same 
amplitude, “a” say, we put b=a in Eq. (19) and use the resulting pair, Eqs. (18) 
and (19), for further computation. For 6g =0, =90, Eqs. (17) give an elliptically 
polarized wave which for b>a is REP and for b<a is LEP. Expressions for 
magnetic moments of electrons and ions in presence of RCP and LCP waves are 
obtained in Appendix A. 

Relations (1) and (3) show that 


H,=4nN(u. +H) 


3 Sl AES os BX —2Y)) | (20) 
2ew | (1+ Y,°(1-Y,.)° (-Y;)° 1+U,)° 
where 
e(a, b) 
= sees S 21 
(a, B) est, M>m, (21) 


and the expressions for Y,, Y;,@,. are defined in (B.5). This formula for induced 
magnetization holds good at frequencies high as well as low, and is obtained by 
applying the relation (A.18), for the magnetic moment, on a system of two waves, 
one of which is LCP and the other of which is RCP. 


(c) Induced Magnetization from Propagating Alfven Waves (IMPAW) 


In the low frequency Alfven wave limit, ions no longer remain the nonpartici- 
pating background members for charge neutralization, and those terms of the 
dispersion relation and expressions for other physical quantities become dominant 
which are small in the high frequency limit. This shift of importance of factors 
following the transition of wave frequency from high to low does not become 
evident in the study of Alfven waves in the MHD approximation, in which the 
existence of a single electrically conducting fluid is assumed. 

In the dispersion relation for Alfven waves, obtained from the dispersion 
relations (B.3) and (B.4) (Appendix B), respectively, of the RCP and LCP parts of 
an EM wave, the value of the right hand member changes from a quantity whose 
magnitude is less than unity for high frequencies to 4npc?/H3 which is a large 
number. This is due to the collapse of the denominator there from the value 
(1+ Y,)(1 + Y.) (which is of order unity for high frequencies) to the quantity 
—Y;,Y, which is numerically a large number for low frequencies. Due to this shift 
in the importance of some terms, the influence of the dispersive magnetic field 
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becomes more evident in this derivation of the dispersion characteristics of Alfven 
waves than in the standard derivation from the single fluid approximation of the 
MHD theory. 

Equation (20) now reduces to the IMPAW, 


2 2 2 
Je = re (22) 
yc 


where 


2 
2 __HHo 
A 


Ano! 


In the case of a single wave of RCP only, we put b=0 and obtain 


Anpa*c? 
iter 
i H: (23) 


The observed static magnetic field is therefore 


Py ais 
ASE 


Bop Hg tH = Homa 
OA 


(24) 


This formula shows that the magnitude of the observed field is reduced by the 
induced magnetic field. So the induced magnetization is diamagnetic in nature. 
When the ambient magnetic field is small, the polarity of the static field is also 
changed by the induced field. The formula [12; p. 17, (1.49) ], 


C2 


2 2 
Ee 19H) w= Ss bet, (25) 
ap 


1 
a OTe eagle 


is employed to find the amplitude “a” of the electric field of an Alfven wave. In solar 
corona [13, p.4], we have 


p=107-'*gm/cm? and AHy,=10~? gauss. (26) 


And, following Levine and Withbroe [14], we put w= 30 km/sec in Eq. (25), then 
a=10~° esu, and using (B.1), C,=2.75x 10° cm/sec and Eq. (23) we obtain 
H,=1.18 gauss. 


(d) Induced Magnetization from Standing Alfven Waves (IMSAW) 


We start with the electric field in the form 
1 ie =ale tn 4 oF OR) + b(et + e+), (27) 


where 
Op =KipZ—OQ pl, etc. (28) 
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Then Eqs. (A.22) and (A.23) give 
H,=4nN — (<L;) —<Le)) 
js 


= = 7" sab ads SK, Ze eo ed (29) 
HC, 


Since a wave of RCP to an observer appears as a wave of LCP to another 
observer if he looks antiparallel to the first observer, the RCP and LCP charac- 
teristics of waves depend on his frame of reference. So, for the formation of a perfect 
standing wave pattern by a forward going wave of RCP, in Eq. (27) we put 


eal] and K5p = — Kip, Mop = Wip- (30) 


Then, for the observed induced magnetization, H,,, Eq. (29) gives 
4 : 
Hse chat Ko ee (31) 


so that the IMSAW is —4c?a* cos?(KgZ)/HyCi. 
The extreme values of this H,, are 


4c?a* 
Hg: Ay -= 32 
0 0 Hy fees ( ) 
When Hy is numerically small, 
4c?a* 
H =—; Heli tls 33 
| ob | max H, o | b | 0 ( ) 


so that the polarity of the static magnetic field is changed by the standing wave 
when Ho is small. 

If the wave vector of the Alfven wave is such that Kp =2z/L where L is the 
length of the loop, then the induced field H; vanishes at Z = L/4 and 3L/4 and these 
are the sites of the maximum field. This consequence has implications for 
microwave emission which is interpreted to be cyclotron emission from coronal 
loops. The determination of variation of cyclotron frequency along the length of the 
loop could tell us about the amplitude of Alfven waves in the coronal loops. 


APPENDIX A: EM WAVES IN A TWO-COMPONENT, 
MAGNETIZED, COLLISIONLESS COLD PLASMA 
(a) The Linearized Field Equations and Their Solution 


We assume perturbation by a transverse wave of the type given in Eq. (4) or 


Eq. (14). So, in the first order approximation, for convenience, we start with the 
conditions 


N., = 9, N,,=0, V-E, == ()) Ey 2= 0, u;,z=9, u.,z = 9, (A.1) 
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where the subscript 1 is used to denote the field variables of the first harmonic 
wave, N, and u, (N; and u,) are the number density and particle velocity for 
electrons (ions). The plasma equations of the first approximation are 


a. = ——E,—(u,,xQ,), (A.2) 

m 
a= E, +(u, x Q,), (A.3) 
VxH, aot = (u,, —u,,), (A.4) 
VxEy= 5 V-Hy= 0, (A.5) 


where 2, and Q, are defined in Eqs. (B.5) of Appendix B. 
Complex combination of the type (16) transforms the relevant part of these field 
equations to 


ay a Eig bi. Mey, (A.6) 

tin = 57 Bis Si (A.7) 
i. a 
+7 =n ee Casares) (A.9) 


The wave solution given in Eq. (14), with the help of these relations, shows that 


Hee + i(n, der * = ny b=”) (A.10) 
+i a 
a = ae [(n2, — 1) ae*® — (n? — 1) bet] (A.11) 
(0) 

iid, Seblile wo | (A.12) 

1 Homme lee mili Y 
PI ee wo el. (A.13) 

i Oey, Easy, 

where 
K,C 

pre i — E ’ (A.14) 
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Nz and n, being the refractive indices of the RCP and LCP components of the 
wave. Eliminating H,, between (A.8) and (A.9), and using in the resulting relation 
the Eqs. (A.11) and (14) we equate the co-efficients of e* '*® from both sides and 
obtain the dispersion relation (B.3); similarly, from the co-efficients of e+" the 
dispersion relation (B.4) is obtained. 


(b) Evaluation of the Magnetic Moment 
In (A.13) and (A.14) we put 
Ry =u 


e+ e1+? 


Ry, = Uj, (A.15) 


and integrate with respect to time to evaluate R,, and R;,. Then L is evaluated 
with the help of the relation (9), giving : 


e2 a b? 

Lo) = ato Tay UT a 
e? a’ pe 

t= sn TEP OFF ee 


e 
MOS Ney Bree 7 
Het Wi= 5G [KL — KL) 
ie ae 
2Cw?| M?’m?(1+ Y,)? (1— Y.)” 


eh? hen M?)+2(m?Y,+ M? a) 


~ 9Cw3 Mn? (1 ay a (1 Fs ry (A.18) 


(c) Angular Momentum Due to Two Waves of RCP Forming a Standing Wave 


We assume the electric field solution given by Eq. (27) and obtain 


ie a Et 2} ; 
teg= £ | A (ent eF Om) Caigrsieci| (A.19) 
He mae gle fas (ph Ming QR my xs dls +701 + 102, 
is aged | ioe pee (es nisi Hora 
Then we find that 
e2 a? b2 a 
L.= =o —2iKrZ 2iKRZ 
Imo fr =’) (Ou idee | 
b? e2 a b? 
ee se (e7= 4+ @— 7KLZ |+sao — 
(1+ Y.) ) 2m*o?|(1—Y,)? (1+ Y,)? 
eae (e~ 2iKrZ ae eukrZ) a b? 2iKLZ —2iK,Z 
(—y,) G+y2 +e )). (AZ 
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Taking an average over the time period 27/«, the oscillating terms, not shown here, 
would vanish, leaving 


e [a(1+cos2KpZ) 67(1+cos 2K; Z) 
ve R IL 
rote aol (i= ¥,) (1+Y¥,) | jee 
Similarly for the ions we obtain 
e? [a*(1+cos2KgZ) 6?(1+cos 2K, Z) 
hae R L 
Lo= ars ae) cs7 ee ce 


The net magnetic moment is then evaluated with the help of (A.18). 


APPENDIX B: ALFVEN WAVES IN PLASMAS 


Alfven waves are the infinitesimally small amplitude dispersive wave solutions of 
MHD field equations for electrically conducting incompressible media in presence 
of strong static magnetic field along the direction of propagation. The mechanical 
effect of magnetic field is partly equivalent to a hydrostatic pressure of amount 
H/8x, which can be balanced by the fluid pressure. The other part is the tension 
of amount H(4z, which acts like a dense bundle of stretched strings. This tension 
generates Alfven waves, propagating along the magnetic lines of force. These travel 
with the phase velocity C, (the Alfven velocity), given by 


oe (B.1) 


where p is the mass density. The Alfven waves being transverse EM waves of low 
frequency (frequencies of these waves are smaller than the ion cyclotron frequency ) 
and high magnetic field, these have very high refractive index n, as may be seen 
from the expression 


n=—=> (B.2) 


for n; moreover, the ion mobility is most dominant in the physics of these waves. 
One can start with the dispersion relations of RCP and LCP components of an 


EM wave: 


KC jet (B.3) 
OS et man geusit NC Rene 
2 772 * 

KEG whe 4 AetAs (B.4) 


coziel: (iN eae 
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where 
x,= 28; xj=28; y= 2 
w- wo ra) 
SZ) eH eH 
el) Se es B.5 
s w EF MC rar 
> 4nNe*_ >  4nNe? 
2 een oO, = ra 


Here the subscripts R and L stand for the RCP and LCP waves, respectively; K is 
the wave number, w is the wave frequency; for electrons —e is the charge, m is the 
mass, 92, is the gyration frequency, w,, is the electron Langmuir frequency; for ions 
these are e, M, Q; and w,, respectively. 

In the Alfven wave approximation | Y;| >1, and these relations reduce to 


7) 2 2 ee 4 2 
see Nap peoat scog fo (B.6) 
OR Or Hy 
with p = MN. Since C, < C, these reduce to the dispersion relation 
KCy = 07. (B.7) 
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A geometrically-oriented framework for studying the general proton—neutron interacting- 
boson model of nuclei is presented. The Hamiltonian is resolved exactly into intrinsic 
(bandhead related) and collective (in-band related) parts. Shape parameters are introduced 
through non-spherical proton—neutron bases. Genuine intrinsic modes of the combined 
system, as well as decoupled spurious Goldstone modes, are identified by applying the 
Bogoliuboy treatment to the intrinsic part of the Hamiltonian. The normal frequencies 
provide an approximate expression for bandhead energies in the limit of large boson numbers. 
In this limit, intrinsic states involving the genuine intrinsic normal modes are constructed and 
serve to estimate transition matrix elements. The method is demonstrated for the cases of 
spherical, axially-deformed, and triaxial overall shapes of the valence proton—neutron distribu- 
tions. © 1990 Academic Press, Inc. 


1. INTRODUCTION 


The empirical success of the interacting-boson model (IBM) [1-3] in describing 
phenomenologically a wide range of data on nuclear spectra [4] has led to a 
number of attempts to extend the model and to understand its relationship to other 
nuclear models [5]. One increasingly popular trend is to seek ways of visualizing 
the abstract, algebraic structure of the model in semi-classical or geometric terms 
[6-20]. A rather satisfying visualization has been provided for the original IBM-1 
(which makes no distinction between neutrons and protons) in terms of a 
framework based on intrinsic states and allowing a separation of the Hamiltonian 
into intrinsic and collective parts and the subsequent identification of intrinsic nor- 
mal modes of excitation [21, 22]. The same technique has been successfully applied 
to an interacting-boson model of rotation-vibration spectra of diatomic and 
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triatomic molecules [23]. In view of the growing interest in the form of the model 
which distinguishes between proton bosons and neutron bosons, known as IBM-2 
[24, 25], it is attractive to apply this general technique to the extraction of normal 
modes and collective motions of this extended model. 

This is by no means the first attempt to confer a simple geometrical interpreta- 
tion on IBM-2. However, most previous treatments [26-38] have singled out 
specific, pre-defined, modes of motion or have been limited to truncated subspaces 
of the multidimensional shape-parameter space. None of them has distinguished 
intrinsic from collective motions in a general way. The present treatment is entirely 
general, being applicable to an arbitrary IBM-2 Hamiltonian and to any equi- 
librium shape configuration. It leads naturally to a separation of collective and 
intrinsic motions, the former associated with spontaneously broken symmetries of 
the intrinsic Hamiltonian, and generates automatically all the appropriate normal 
modes of intrinsic excitation. It is also fully quantal, throughout. 

In order to establish notation and define terminology, a brief survey of the 
algebraic structure of IBM-2 is given in Section 2. This is followed, in Section 3, by 
the definition of the intrinsic states of IBM-2, the associated energy surface, and the 
appropriate intrinsic boson basis. Section 4 deals with the resolution of a general 
IBM-2 Hamiltonian into intrinsic and collective parts, which is illustrated by a few 
representative cases, while Section 5 describes the use of Bogoliubov’s treatment for 
many-boson systems [39] to extract from the intrinsic Hamiltonian the normal 
modes of intrinsic excitation. Again, some representative cases are given to illustrate 
the type of results obtainable. The final section is devoted to a summary and discus- 
sion. A brief account of some of the ideas presented here has been reported in [40]. 


2. IBM-2—ALGEBRAIC PRELIMINARIES 


The model [41] is based on monopole (J*=0*) and quadrupole (J*7=27*) 
bosons of proton type and of neutron type, with associated creation operators s‘, 
s}, dj, dj, and destruction operators s,, 5,, dz,, d,, satisfying standard boson 
commutation relations (bosons of different types commute). The first subscript, 
(proton) or v (neutron), distinguishes the two types of bosons, while the second 
subscript, w= —2, —1, 0, 1, or 2, is the projection quantum number of the 
d-bosons. The symbol p will be used to represent z or v where it is not desired to 
specify one or the other. The alternative form of the destruction operator 
d,,=(- )“d,,_, has the standard transformation properties of a rank-2 spherical 
tensor under spatial rotations. The associated number operators are 


A 


Asp =shs, (2.1a) 


figg=d)-d,=)y dt dy, (2.1b) 
Lt 


N,=Nisy + hay (2.1c) 
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and N,, and N, (and hence their sum N = N,,+WN,) are conserved. (The eigenvalue 
of a number operator ./ will be denoted ./, without caret). 

Since the proton and neutron boson numbers are conserved, the appropriate 
algebraic structure of the model is U,(6) x U,(6). Subalgebras can be constructed 
with the aid of the individual subalgebras O,(6), U,(5), O,(5), SU,(3), and O,(3), 
where the last-named is the usual angular-momentum algebra. For instance, for a 
given algebra ./,, with generators g,, there is a “diagonal” subalgebra . with 
generators g=g,+g,. The allowed irreducible representations (irreps) are limited 
by the boson nature of the underlying particle operators. 

It is convenient to express the generators of the various algebras of interest in 
terms of spherical tensors of well-defined ranks. The forms adopted here are 


M, =s*s, (224) 
[i estas + das (2.2b) 
ise — i(s! ips ~~ alot (2.2c) 
Beat de) Pree ly L108 3253.04 (2.2d) 


so M,=hn,, and P =f, pal, while the angular-momentum generators are 
J, =./10 Be In terms of these tensors, the generators of relevant algebras [42] 
are as follows: 
(i) O(3) has generators P“’, and its Casimir operator is J?=10P“). P™, 
with eigenvalues J(J+ 1); 
(ii) O(5) has generators P") and P, and its Casimir operator is 
Pee et 2Pe™ POS I7/5 F2Pe: P&) with eigenvalues t(t +3); 
(iii) O(6) has generators P”), 17°), and P®), and its Casimir operator is 
Cow) = Cos) + 1 - 1, with eigenvalues o(o + 4); 
(iv) O(6) has generators P“), 17°, and P®), and its Casimir operator is 
Com = Cos) + 1 - 1, with eigenvalues a(¢ + 4); 
(v) SU(3) has generators P“) and Q=7?—,/7 pP®/2, and its Casimir 
operator is Csy3)=20-Q + 3J7/4, with eigenvalues + Apt w+ 3(A+ pw); 
(vi) SU(3) has generators P") and OAT PIT P/2; and its Casimir 
operator is Capa = 20 -O + 3J57/4, with eigenvalues 1? + Aji + f° + 3(/ + ft); 
(vii) U(5) has generators P”), L=0, 1, 2,3, 4, and its Casimir operator is 
Cys) =X, PP =f igt4) for the d-boson realization; 
(viii) U(6) has generators n,, 7, 1°, and P™, and its Casimir operator 
is Cy) = 42+ 30-11 + 5H - 1 + Cys)=N(N+5) in the s-, d-boson 
realization. 


The above listing applies to individual algebras ./,, with the appropriate sub- 
script p=7, v, and to diagonal algebras ./ whose generators are the sum of the 
corresponding generators of «, and ./,. There also exist other direct products and 
what may be called skew-diagonal algebras, some of whose generators are antisym- 
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metric es of neutron and proton generators. For instance, the generators 
of SU(3)* [43] are sums of generators of SU,(3) and SU,(3). It is useful to note 
that 


Cu) = N(N +5) —2.Ms (2.3a) 
Cys) =hanagt 4)—2Ms, (2.3b) 


where the reference is to diagonal U(6) and U(S5) algebras, and .@ and .@% are 
defined as 


Ms 2 dor (didi) Pa(d.dye2 (2.3c) 
L=1,3 
Ms = Ms + (stdt—std').(d,s,—d,5,). (2.3d) 


2.1. Hamiltonians 


In IBM-2, the Hamiltonian is required to be hermitian, rotationally invariant 
and time-reversal invariant, to conserve N, and N, and to contain only one- and 
two-body terms. To impose time-reversal invariance, the phases of the boson 
creation operators are chosen such that 


(RZ NAT yy =a. (2.4) 


where a’ is an arbitrary creation operator (s' or d‘,), 7 is the time-reversal 
operator and &, is the operator of rotation about the y-axis through 180° (with the 
axis of angular-momentum quantization chosen, as usual, to be the z-axis). For any 
rotational scalar Hamiltonian, time-reversal invariance is then equivalent to reality 
of the numerical coefficients. The most general Hamiltonian satisfying all these 
requirements is 


H=H,+H,+H,, oa 
Homers eyed d,+ul pal pe fk CFs Dans oh Se ae d,s, 

+v[d* -dt(s,)? + ( ays yd,-d,] 

ese ds ( (a,a,)° aa a state! 


Hye, Cb and) apd, o (2.5b) 


L=0,2,4 
Hy =Uos's's,5, +u,s'dt-d,s, +u,stdt.d_s, 
+uz(std!-d,s,+std't-d,s,)+v9(ststd,-d,+dt-dts,s,) 
+ vx[shd} -(d,d,)° + (dtdt)®.d,s,] 
+ v5[std! .(d,d,)™ + (dtdt)®.d5,] 
+ Yc dtdt).(d,d,)™, (2.5c) 
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where the 30 numerical coefficients are real. This will be referred to as the normal- 
ordered form of H. 

There are alternative possible forms of the Hamiltonian. For fixed values of N, 
and N, (half the number of valence nucleons, either particles or holes, of each kind 
in the relevant nucleus), the excitation energies are determined by only 21 
independent coefficients. In the form of H appropriate for computing a specific 
spectrum, the e{?), ui, u'?’, uo, uz, and wu}, terms of Eq. (2.5) may be omitted. 

The Hamiltonian can also be expressed in terms of multipole operators, as 
defined in Eq. (2.2). The multipole form of H involves 


Hy = ay M,M, + fo MP + fy M, PO 
at a,lT®? oy fhe ais OS at be +f, 171” . PP?) + f51T) . P® 


4 
ghd 22 gee (2.6) 
L=0 

where a)=uo, fo=/5 tr, fo=/5 uy, a2 = (Ul +09)/2, a) = (us —09)/2, fo= v2, 
f2=02, bo = (Co + 3c, + Se, + 7034+ 9c,4)/5, by =(—2ce9 — Se, — 5c, + 12c,)/10, b, = 
(14¢9 + 21c, — 15c, — 56c; + 36c,)/70, b;=(—14e9+ 40c, — 35¢,+9c,)/70, by= 
(14¢9 — 28c, + 20c, — 7¢3 + c4)/70. The mutlipole form of H, is not unique, and also 

not particularly useful here, so will be omitted. 

Finally, the Hamiltonian can be expressed in terms of Casimir operators. There 
is some freedom in the choice of which Casimir operators to use, but the following 
form has proved to be useful. As before, C., represents the quadratic Casimir 
operator of some diagonal algebra ./, while C'%) is the corresponding Casimir 
operator of .%,. Since all Casimir operators here are sums of squares of generators, 
they all take the form 


‘Spe One 46s My aos (2.7) 


where C%”), which is defined by this equation, is a sum of products of correspond- 
ing generators of . and ~, and hence belongs exclusively to H,,. The Casimir 
form of H is 


H,=€PN, +E nz, + EPN2 + EON Aa, + EPR, 
Hage Goa er Comrt ce Coane Ss: (2.8a) 
Hy =;N,N, + €,Nytha, + Esta, Ny + Eqtia,fha, + 6s Ms + b5Ms 
ny (nv) nv 
pe br Oia) + &sCsaam + So CSui3y 
ete oT CisCoat Cuda dys (2.8b) 
where €) = 6%) — u®) — Sv), EY = ce?) — c&) 4 uf? + 40? + Sv/2 ./7 


-a(21c”) — cl)? = 36c?))/35, EM =u, €%) = —2uh + ul — 20),€") = 
u?) — uf) + 2 + vP/2./7 + (Teh) + 10c¥) + 18cP)/35, E” = 
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—y)/2 fh; EY) = pl) + vy/./7, EY) = —y) — 30/2 /7 + (—Te”) + 10c¥? 
— 3c()/35, EL) = v/2/7 + (ce?) — cP 7; Ey = uo, &2 = —Up + Uy + uy 
— U9, 63 = —Uy + Uy + UZ — Vo, 64 = Uy — Uy — Uy — 2uz + 2v9 + (7¢9 — 
Te, + 15c. + 7c; + 13c,)/35, €; = uz — 09 + (—14co + 28c, — 20, + Tey 
— ¢4)/70, €6 = —uz + %, o7 = —5f4./7 TalCgte.€5)/ 20 ete (Cy = C€>)/28, Sg 
= v,/4/7 + (ce, — ¢3)/20 + (c4—€2)/28, fo = (v2—04)/4,/7, S10 = 
Log + (v5 —Dax/7 + (€3 — er)/5 + (C2 — Ca)/Tr E11 = — $00 + (V2 — 05)/a/7 + 
(—Teo + 2le, — Se, — 2kepi4°A2e,)/709e}, SH B(op=—v) 47 (a See 
There is also an alternative form, in which C4 and C4 replace Cif}, and CY). 


Using coefficients € this alternative form has é(”) = e) — uf?) + Svi? + 
10v/./7, EP) = gp) — el) 4 yl?) — dy?) — 1109/2 ./7 + (21c¥Y) — 20cY) — 
36c%)/35, EY) = ul), EY) = —2u”) + ul”) + wy) + 4v/./7, EY = uly) — 
ul) — 2) — /7TvoP/2 + (Tc + 10c%) + 18c%)/35, EY = —v/2 ./7, EY? 
= —p) — vy/./7, EL!) = pl) + vy/2./7 + (—7c?) + 10c¥) — 3c")/35, EY 
= v/2./7 + (cf) — cP)/7; E,=uo, & = —uo + ua tuz + v9 + 4(v2 — 
baal 7 Ales. 01/5 te 4(cgl——caTan’s = ug huyet usb 1 4 4(vgee 


v2)//7 + A(c3 — c,)/S + 4(e. — c4)/7, Eg=up — uy — uy — Quy — 29 + 8(vz 
= vi) /7 + (Teo + 49¢, — 25e, S"49¢) ¥! 536,)/35 Es Sus? +) ogra (ayes 
O/T (= 14, = 28c) F°20cs "4" 63e, S417 ee oe 
— wy\/7 + A(cy—e5)/5 + A(ca — €2)/7, & = —04/4./7 + (c1 — ¢3)/20 + (C4 
— €7)/28, &e = 02/4,/7 + (ce — €3)/20 + (C4 — €)/28, &5 = (v2 — 04)/4,/7, 
Ero = _— 500 + (v2 — vWa/7 + (er — es)/5 + (Ca — C27, Err = 300 + (05 — 
v7 + (—Teo — Te, + 15ez + Tes — 8e4)/70, E,. = 3(vh — 0,)/4/7 + 
(c;—c,)/5. The Casimir form is particularly ueful for identifying dynamical 
symmetries [44, 45], which occur when the only Casimir operators appearing in 
Eq. (2.8) are those belonging to a chain of algebras 4, >.> --- >.> O0(3). 

A particularly popular IBM-2 Hamiltonian is the following “standard form” [25] 


H= bafta + E,Ng, + KO, z Q, or k'S,, J, 


os YY a,(did') j (d,d,) =f a(stdt it std*) a (d,s, oe d,S,) (2.9a) 


L=1,3 


0,= 1? +7, P?), (2.9b) 


where iT? and tha are given in Eqs. (2.2). Some terms in (2.9a) are occasionally 
omitted and frequently ¢,=¢,. This corresponds to the normal-order parameters 
ef) =6,, Up =A2, Uy=Ap, UZ =K—O2, VO=K, VI=KY,, VE=KA_y Co= KXnXy — 6K’, 
Cr=3KYnky— SK +01, C2= —3KXnXy/14—3K', = —4KY,Y,/T +03, Cy = 
2KXn%y/7 + 4k’; to the multipole parameters f, = 2f5 Kiko = A A, d,>=K— 4, 
a = — 502, fx =KYy, S2=KXn bo = (3a; + 703)/5, bd, = 10K’ — 50, by = KXnkv 
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+ (3%, — 803)/10, b;= —$a,, bg = —(40, + 3)/10; and to the Casimir parameters 
CP) = 8p, b4=(H3—04)/5, Es = — ay + (40, +05)/10, Eg= ary, E> = —Ky,/4/7 + 
ye + (a1 —a5)/20, €, = Ky,J4./7 + Ky, 7,/14 +. (a,—43)/20, €,. = 
K(X) —An)/4/7, C10 = 5K tee ey) Wot ee) ets 00) Oe = 
—5K + K(X, — XaVJ/7 + 2xex,/7 + (30, —43)/10, Err = 3x(Xe — YW V4/7 - 
BFA y/14 + x’ + (a3—a,)/5 or €) =8,, & = 2x — 4x(y,—Y4)/n/7 — 8K Iq 6/7 
+ 4(a,—a,)/5, €, = 2x + 4x(y, — x )/7 — 8xxnx,/7 + 4(a3 — 0,)/5, &, = 
—4% + 8K(x, — x,)//7 + 16xx,%,/7 + Ta, — 43)/5, &s = 2x + 4k(y, — 
HMI = 8% px /7 — + (9a3 — 40,)/10, Ee = —2e + 4u(y, — x)/J/7 + 
BX n%y/7 +o + A(a, — 05)/5, & = —Ky,/4/7 + Kx,%,/14 + (ayo; 20, & 
7/4 7 + xp 7X (14 + (y' — 0,)/20; €o = K(x, — x,)/44/7, fo = —4e + 
Pe V1 tb 20%? — (01—95)/5, Enaix + x(%, — yVJ/7 — 
An Xr/T + (%3 — 0 4)/10, Exy = 3K(Xe — XyW4/7 — 3KX ex /I44+K' + (a3 —04)/5. 
(Any omitted parameter is taken to have value zero). 


3. IBM-2 ENERGY SURFACE 


In the spirit of earlier work on the geometrical representation of IBM-1 [6—9, 22] 
and of an interacting-boson model for molecular rotation—vibration spectra [23], 
an intrinsic state for IBM-2 [ 26, 28, 33] is defined in terms of a double condensate, 


[CaN AN) (Byre(B, 0), (3.1) 


where B* is a hybrid-boson creation operator (an arbitrary linear combination of 
s' and d},) and |0> is the boson vacuum. The most general form of the hybrid 
boson operator is 


=1/2 
By=(sh+¥ ad}, || 1+ ae | (3.2) 
m m 


in terms of he complex parameters een It turns out to be sufficient to restrict 
attention to a Z-even condensate (see Eq. (2.4)), which imposes (a‘?))* = (—)*al?). 
There thus remain five real coefficients, which can always be parametrized in terms 
of two intrinsic shape variables £,,), (8B, =0, 0< ,<7/3) and three Euler angles 
of spatial rotation, ®,, @, and Y, (collectively denoted 2.) [26]. The energy sur- 
face associated with a given Hamiltonian H is then the expectation value of H in 
the double-condensate state |C), and is in principle a function of 10 parameters, 
the four shape variables f,, B,, 7,, yy and six Euler angles Q,, Q,. In practice H 
is always a rotational scalar, so its expectation value is independent of the overall 
orientation of the double condensate. This freedom is used here to select an intrinsic 
frame in which 6,=0,=¥,=0, and ®,, @,, Y, become the Euler angles of 
relative orientation of the proton and neutron condensates. The subscript v will 
henceforth be omitted from these angles. 
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The IBM-2 energy surface, a function of the seven intrinsic variables B,, y,, 2, 
is thus given by 


E(B,, Vp, 2)=<C| H|C> (3.3a) 
IC> = (Na! Ny!) 1? (bt) (61) 10> (3.3b) 


=[st+B,cosy,-dt. +B, siny,-(dt,+dt_)/,/2](1+B2)-'? (3.3c) 


br = {0t+8,¥ Loos 1,-29K0) 


m 


+sin y,-(D2(Q)+ D (Q) yD, + 62)" (3.3d) 


where haat oD) is a Wigner Y-function. (To avoid proliferation of subscripts, the 


boson condensate operator for protons in the intrinsic frame will be denoted b' and 
that for neutrons 5*. Note that bf is generally a function of B,, »,; 5¢ a function 
of B,, y,, ®, O, ¥Y obtained from bt by the replacement z—v and a rotation 
through the Euler angles Q.) The evaluation of the energy surface is straightforward 
and produces 


E(B,s p> 2)=Eot+ N,N, >, [ppB3/(1 + B2)? +9,B2/(1 + B2)) 
—2 2/7), N,(N,- )of Bs cos 3y, /(1 + B%) 


dV al he Y ree &xc(Bos ps 2) 


k,l=1,2 


#75 83(B yo Ips 2) /(1+ 2) + 82) (3.4a) 


Ske (Bos Vp, 2) = Bs BY {cos ky, cos ¢y,(1 +3 cos 20) 
— 4) [cos ky,(—)* sin ¢y, cos 2¥ 
+ (—)* sin ky, cos ¢y, cos 26] (1 — cos 20) 
+(—)**“sin ky, sin 7y,[(3 + cos 20) cos 2 cos 2¥ 
—4cos @ sin 2 sin 2¥]} (3.4b) 


&5(B,. 7p, 2)= B? B2{(7+ 5 cos 2y,,)(7 + 5 cos 2y,)(9 + 20 cos 20 + 35 cos 40)/35 
+4 /3 [sin 2y,(7 +5 cos 2y,) cos 26 
+ (7 +5 cos 2y,) sin 2y, cos 2¥](3 + 4 cos 20 —7 cos 40)/7 
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+ 48 sin 2y, sin 2y,[(5+4 cos 20 

+7 cos 40) cos 2@ cos 2¥ — 2(cos @ + 7 cos 3@) sin 2@ sin 2¥]/7 
+[(1—cos 2y,)(7 +5 cos 2y,) cos 46 

+ (7+ 5 cos 2y,,)(1 —cos 2y,) cos 4¥](3 — 4 cos 20 + cos 40) 

+4 ./3 sin 2y,(1 —cos 2y,)[(5 — 4 cos 20 — cos 40)cos 26 cos 4¥ 
— 4(cos 0 —cos 30) sin 2@ sin 4¥] 

+4 ./3 (1 —cos 2y,,) sin 2y,[(5 — 4 cos 20 — cos 40) cos 4 cos 2¥ 
— 4(cos 09 —cos 30) sin 4@ sin 2¥] 

+ (1—cos 2y,)(1—cos 2y,)[ (35 +28 cos 20+ cos 40) cos 4@ cos 4¥ 


—8(7 cos O + cos 3@) sin 4@ sin 4] } (3.4c) 
Ey=> [Ne + N,(N, — 1)u] + up N,N, (3.4d) 
p 
Doe oe Goren se Ne 2 Cri Nas) CS = Ny 1 Ces 

dy=(Nq—1aq/Nyy y= (Ny—1) 44), pa 
a, = (Ee?) —e”)/(N, — 1) — 2u?) + ul?) + 2v?? (3.4f) 
cy = (ef?) —e)/(N, — 1) —ul? + (Tc + 10c) + 18c)/35 (3.4g) 
Qn = Aq + Uy — Ug, Gy =a, + Uz — Uy (3.4h) 
G = Up — Un — U4 + (Co + 3€, + SC2 + 703 + 9€4)/25 (3.41) 
PD OO pO 14, OL eT at 

Poo = (14e9 + 21c, — 15c¢, — 56c3 + 36¢4)/980 
rs = (14c9 — 28¢, + 20c, — 703 + €4)/35840. (3.4k) 


The multipole terms in Eq. (2.6) with coefficients a,, b,, and 5; do not contribute 
at all to the energy surface. The Euler-angle dependence arises solely from the 
quadrupole and hexadecupole terms in Eq. (2.6) (in fact, r;;=4, ri2= —fo /./14, 
by ice) 1a 1x9 = 3/14, r;=b4/512), the y, dependence from these same five 
terms and the v¥’) terms of H,, Eq. (2.5b). Aside from the constant Ey, the shape 
of the energy surface is determined by the 12 coefficients p,, q,, v¥’ (p=7, v), 
q, 'ye(k, € =1, 2), rs, ie., 12 combinations of the 30 Hamiltonian parameters. 

The function (3.4a) of the seven intrinsic shape parameters f,, y,, is clearly 
too complicated for a detailed analysis of its shape and its possible extrema, but 
some general comments are possible. The two-dimensional symmetric section 
(B.=By, Yxn=v. C=O=W=0) of the seven-dimensional energy surface takes 
the form E,)+N,.N,p?(A— BB cos 3y + CB?)/(1+ B’)?, where A=q,+9q,+4r11, 
B=2,/2/7 [vM(N, — VIN, + vY(N, — DIN] — A(rin + rox and C=p, + 
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Prt dnt t4+4ro + 9216r;/35 are independent of B and y. (The contribution of 
the Majorana terms vanishes identically on this section.) This is precisely the form 
of the IBM-1 energy surface [7], and has no triaxial minimum, so even the most 
general IBM-2 Hamiltonian cannot produce identically-triaxial aligned proton and 
neutron condensates. For aligned condensates, with relative Euler angles d= 0 = 
Y=0, the functions g,/(B,, y,,0)=3B%B [cos k(y,—y) One + cos(ky, + 7Y,)- 
(1—6,,)] and g;(B,, y,,0)=768[7 + 5 cos 2(y, —y,)]/35, so if ry,=O=r,, and 
v) =0 =v this four-dimensional section of the energy surface is a function only 
of y,—y,, and not of y,+);. 

Given appropriate choices of Hamiltonian parameters, many physically- 
interesting minima of the energy surface can be accommodated. Examples include: 
(i) 8B, =0=8,, two spherical condensates; (ii)8,>0, B,>0, y,=O=y, (or 
y,=n/3=y,), 9=0, parallel prolate (or oblate) condensates; (iii) 6, >0, B,>9, 
y,=0, y,=2/3, O=n/2, Y=n/2, a prolate proton condensate and an oblate 
neutron condensate, with axes of symetry parallel; (iv)6,>0, B,>0, y,=0, 
y, = 7/3, @=0, a prolate proton condensate and an oblate neutron condensate, 
with axes of symmetry orthogonal; (v) 8, >0, 0<y,<2/3, PB=O=YW=0, 7, #),, 
two aligned triaxial condensates. (In cases (iii) and (iv), it would clearly be possible 
to have oblate protons and prolate neutrons, rather than the choice presented. ) 

There are many Hamiltonians whose energy surfaces are independent of the 
relative Euler angles (their parameters are such that the multipole parameters a,, 
to, f5, 62, and b, in Eq. (2.6) vanish, and their Casimir forms have vanishing coef- 
ficients €;, i= 5, 6, 7, 8,9 in Eq. (2.8)), and many whose energy surfaces are totally 
y-unstable (independent of y, and y,). The later are necessarily also independent of 
the relative Euler angles Q, but also have v'’’=0. There are even Hamiltonians 
whose energy surface is completely flat, independent of B,,.7,, and Q. Since all 12 
coefficients defining the shape of the energy surface must then vanish, such 
Hamiltonians are determined by 12 conditions on their 30 parameters. They can 
always be transcribed in the form 


Ai= Y, (en, + uN (N, = 1)} ayn. 


p 


35 X6(Corey a 5N) a X5(C ois) Sng) X3(Co,3) re 674) 


CY ) a ?). A a A 
+2 Leen Cope — SN) + XP (CO lS) — Atay) + xP '( CLs — Gray) 1, (3.5) 


where terms of the type N, —N, or [N,(N,—1)/(N, —1)—N, Jig, have been 
omitted, since they vanish identically in the states of fixed N,, re considered here. 
The coefficients x in Eq. (3.5) are most easily written x,=(b,—) 3)/20,na lie 


(ca? — ey) Y7—x3; xs=(by—2a})/4, x) =v) — (Te?) — 10c? + 3e))/35 — x4: 
X= 34>, xf) = —vy’—x,. So any Hamiltonian with a flat energy surface is 
constructed from trivial number-operator terms and the two-body parts of the 


quadratic Casimir operators associated with O(6), x O(6), and its subalgebras. 
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3.1. Intrinsic Boson Basis 


The condensate bosons b', 4' defined in Eq. (3.3) are members of a complete, 
alternative, intrinsic-boson basis [20, 22] which can be used instead of the spherical 
basis ye as Consider the unitary operators 


Rg =exp[ —a(s) d,o—d*s,)] =exp[ial?)], B=tana (O<a<n/2) (3.6a) 


RESTS TE IC eee ys pany ig | ener De pi 2a diol} 
= exp[ —iy-i(PS?) — P®))], (3.6b) 


where R, is a specific element of the group O(6), and R, is a specific element Oo 
the Bron O(5), < O(6),. It is easily checked that b! is an O(6), OO ae of st 
ie, b'=R, Re st R;'R,*. Similarly, 61 is an O(6), fransform) of st, having in 
addition to Rz badi R, also a spatial rotation R, belonging to DGW0(6) xe 
O(6),. By applying thet same unitary transformations to aes, a complete alternative 
basis can be generated. The form found to be most useful is 


=[st+f,cosy,-d'+B,siny,-(dt,+dt_,)/,/2(1+f2)'!2 (3.7a) 


bi =[cosy,dt,+sin y,-(d1,+d1_»)/,/2—B,stV/(1 + B2)'” (3.7b) 
bi =cos y,-(di,+a! eqievesst Sts (3.7c) 
bb= (dt +dt)//2 (3.7d) 
bt =i(d',—dt_,)/,/2 (3.7e) 
bt =(dt,—dt_,)/,/2. (3.7f) 


For neutrons, the basis Bt (i=c, B, y, xX, y, Z) is obtained by replacing the subscript 
mz by v in Eqs. (3.7) and rotating the result through the Euler angles @, 0, ¥. 

It has been found, in the framework of IBM-1, [12, 20, 22] that the time-even 
bosons are associated with intrinsic shape degrees of freedom (b! with the conden- 
sate, b}, with B-vibrations, b} with y-vibrations), while the time-odd bosons are 
Rcheiaied with collective rotations about the corresponding axes (b' with rotations 
about the x-axis, bi and b! about the y-axis and the z-axis, respectively). Any 
IBM-2 operator may be expressed in the intrinsic basis by using the inverse of 
transformation (3.7) and its neutron analogue. In particular, this is true of the 
Hamiltonian H, and the energy surface can be read off from the coefficients of the 
terms b'b,, bth., (bt)?b2, (1)?b? and btbtb,6, in the intrinsic form of H. 

The intrinsic basis, and the double condensate, may be defined with arbitrary 
values of B,, y,, 2, but it is clearly most reasonable to choose these shape 
parameters at the global minimum of the energy surface. The resulting equilibrium 
condensate and equilibrium intrinsic basis will then evidently have dynamical 
significance, and may be expected to be particularly useful in discussing the 
dynamics of the model. 
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Given any IBM-2 Hamiltonian H, it is straightforward to construct its energy 
surface E(B,,y,,2), Eq. (3.4), and to find the equilibrium shape parameters, 
defined as the values of B,, B,, y,, 7)», ®, O, and ¥ at the global minimum of 
E(B,,7,,@). The equilibrium parameters determine the intrinsic basis, Eq. (3.7), 
and the equilibrium condensate |C), Eq. (3.3). There exist IBM-2 Hamiltonians H’ 
for which the equilibrium condensate is an eigenstate. Since the eigenvalue can be 
shifted at will, for any fixed values of N, and N,, for example by adding a term 
proportional to NV, N,, it is convenient to take it to be zero. Then the Hamiltonians 
H’ are those which annihilate the equilibrium condensate, 


H’ |C>=0. (4.1) 


By rewriting H’ in terms of the equilibrium intrinsic basis, Eq. (4.1) can be 
recognized as requiring that the coefficients of all terms of H’ of the form b1b,, 
bi b., b1 bt b2, 6,61 62, and 61 b'b.6, should vanish, for all i and j. There is generally 
a whole family of Hamiltonians H’ whose parameters satisfy these conditions. 

For each Hamiltonian H’ satisfying Eq. (4.1), it is possible to construct the 
corresponding energy surface, E'(B,,y,,@). This will generally differ from the 
energy surface E of H, but the equilibrium shape parameters of £ will fall at an 
extremum of E’. There may be some member of the family H’ whose energy surface 
E’ differs from that of H by a constant, independent of f,, y,, 2. Since E’ and E 
have the same shape in such a case, their equilibrium shape parameters coincide. In 
most cases of physical interest, such a Hamiltonian H’ can be found. (Sometimes, 
the full energy surface of H can be reproduced, up to an overall constant shift, by 
that of H’ only if certain restrictions are imposed on the original parameters of H. 
Since IBM-2 has so many parameters in its most general form, this is unlikely to 
be a serious obstacle.) This specific H’ has an energy surface of exactly the same 
shape as the energy surface of H, and the equilibrium condensate is its exact ground 
state. (It appears that the conditions for the equilibrium shape parameters to lie at 
a global minimum of the energy surface are the same as the conditions of H’ to be 
positive semi-definite.) It is defined to be the intrinsic part of H, denoted H,,,. 

When the equilibrium shape parameters are such that B, 40 and/or B, 40, the 
equilibrium condensate does not have a well-defined angular momentum, but is a 
superposition of many angular momenta. Since H;,, is a rotational scalar, while its 
(deformed) ground state does not have good angular momentum, this is a case of 
spontaneous symmetry breaking. Any rotation of the condensate will produce a 
new, degenerate, ground state. Components of good angular momentum can be 
projected from the condensate. Since the projection operators are constructed from 
angular-momentum generators, and hence commute with the scalar H,,,, each such 
projected state is a zero-energy ground state with well-defined angular momentum. 
This case thus corresponds to an exactly-degenerate ground-state band for H,,,. In 
cases where H has additional symmetries (e.g., it may be an O(5) scalar), they are 
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generally shared by H;,,, but broken by the condensate. The phenomenon of spon- 
taneous symmetry breaking is thus extended, and much larger multiplets become 
degenerate. Usually, the higher (excited) states of H,,, do not form exactly- 
degenerate bands, except in the dynamic-symmetry limits, where Hi, 18 a sum of 
appropriate Casimir operators. But numerical calculations have shown [20-22 ] 
that they do tend to cluster into recognizable bands of states close to one another 
in energy and connected by particularly large E2 matrix elements. 

Thus, given a Hamiltonian, it is possible to define its intrinsic part H,,,, which 
determines the shape of the energy surface and has the equilibrium condensate as 
an exact ground state. The remainder of H, called its collective part H,, is defined 
by the equation 


H=H,,+H.. (4.2) 


Since, by definition, the energy surface of H, is flat, it is necessarily of the 
O(6),, x O(6), form, Eq. (3.5), its parameters being given by the difference between 
those of H and H,,,. It is responsible for splitting the degenerate ground-state band 
and near-degenerate excited bands of H;,,, and may be interpreted as incorporating 
the collective motion of the intrinsic structures determined by H,,,. This collective 
motion is not only rotational (of O(3) type), but can include also O(5) or O(6) 
dynamics. The transformation (3.6) to the intrinsic basis, also of the 
O(3)< O(5) < O(6) type, may be thought of as a kind of “unfolding” of the 
collective motion in order to expose the building blocks of the intrinsic structure. 

In general, the intrinsic and collective parts of H do not commute, 
[H3..,4,] 40, so that H, not only splits and shifts the intrinsic bands, but may 
also mix them. The persistence of band structure in nuclei away from dynamical 
symmetries (where H,,, and H, do commute and the bands are exact) is thus 
dependent on the degree to which H, mixes the intrinsic bands. It is a quantitative 
feature, dependent on the details of the dynamics, and not an automatic conse- 
quence of the existence of an underlying intrinsic structure. In the collective nuclei 
where the IBM has been successful, it is empirically observed that band structure 
persists quite strongly. It is thus likely that the band mixing induced by H, is quite 
weak in these cases, though experience indicates that H, can bring about 
appreciable shifts in band-head energies. 

Given the richness and complexity of IBM-2, it is unreasonable to attempt 
anything like a complete survey of all possible intrinsic/collective resolutions, for all 
possible types of condensates. However, some cases of physical interest can be 
presented as illustrative examples of the technique. 


4.1. Spherical Condensate 


The point ~,=0=f, is always an extremum of the energy surface, i., 
0E/0B, =0, 0E/dy, =0, 0E/6Q =0 at this point, for any values of the parameters of 
the Hamiltonian H. For suitable choices of the parameters of H, this point can be 
a minimum of the energy surface, and in some cases it will be the global minimum. 
When this occurs, the equilibrium condensate is just (N,,! N,!)~ "7 (sf)%* (s})*" |0), 
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a spherical condensate with angular momentum zero. There is no spontaneous 
symmetry breaking, and the ground-state “band” is a single state. 

The Hamiltonian H’ (with primed parameters (2.5)) annihilates the spherical 
condensate provided «”” =0, ul?) =0, vl?) =0, ug =0, and vp = 0 (p =v or z). Such 
a Hamiltonian can always be rewritten in the form 


Aint = y {C,[stah+n,(dtdt)] ‘ (d,s, +n,(d,d,)] ae UAL? ae 1)} 
p=v,n 


+ Cohg Ag, + a} C(dtdt)™- (d,d,)™ 


L=1,3 


+ Co[spd} + nospdy + no(dpd})] [dys + nodes +n3(dyd,)), (4.3) 


where €,, C,, ",, ¢:,2, are arbitrary real parameters. This form is not unique, 
and other representations are occasionally useful. In arriving at this form terms 
have been discarded if they vanish identically for fixed values of N,, N, or if they 
involve the Casimir operators of O(5) and O(3), which do not contribute to the 
energy surface and are more naturally included in the collective part H,. The 12 
parameters of H;,,, determine its energy surface, and can be chosen to reproduce the 
shape of the energy surface of H. In terms of the energy-surface coefficients of H 
they are given by 


Ce NW Ga = Sl isla /Ti2)/(N,— 1) (4.4a) 
Cy = N (Gy — ri P12/Pa1)/(N, — 1) (4.4b) 
no=v~/C,  (p=v,m) (4.4c) 
CL=NoPol(No—1)+0,(1—2n7/7) = (p, =v, op) (4.4d) 
C, =4r2. — 8192r5/7 + Srjioro,/ri (4.4e) 
Cy = 2ryili2/le1 (4.4f) 
C3;= —16r,, —3072r,/7 (4.4g) 
N2=Pa/P12 (4.4h) : 
n= —\/7/2-ta/ry, (4.41) 


Co= Ft 41a, + 9216r5/35 + rip roy /Py2 + ry hy2/P21 — WiaPo1/P 1). (4.4j) 


Equations (4.3) and (4.4) define Hj,, for all cases when the equilibrium shape 
parameters are f, =0=,. (Modifications may be necessary in specific cases, such 
as r;,;=0, r;,=0 or r,,=0.) The structure of Eq. (4.3) is of general interest—each 
term is the scalar product of a pair-creation operator of definite rank with its 
conjugate pair-destruction operator. Each term is thus positive semi-definite if its 
coefficient ¢ is positive. The intrinsic Hamiltonian annihilates the spherical conden- 
sate because each individual pair-destruction operator does so. When all coefficients 
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¢ are positive, B,=0 is a global minimum of the energy surface. Experience has 
shown that H;,, always takes this particular form, so its construction is made 
simpler, being simply a search for all two-body destruction operators of fixed 
angular-momentum rank which annihilate the appropriate condensate. 

Two dynamic-symmetry limits [41, 44, 45] relevant to the spherical condensate 
are (I) U(6),, x U(6), > U(6) > U(5) > O(5) > O(3) and (II) U(6), x U(6), > 
U(S),, x U(5), > U(S) > O(5)> O(3). The corresponding Hamiltonians, when 
treated according to Eqs. (4.3), (4.4), and (4.2), separate naturally into mutually- 
commuting intrinsic and collective parts below the U(5) link in the chain of 
algebras. Then 


HY = eh, + Anffiyg—1)+ A,(stdt—stdt).(d,s,—d,s,)+ A, (4.5a) 
H® = By(Coys) — 4fig) + By(I* — 671g) (4.5b) 
Ahi = ephg, + fig, + A'tig fia, + Agta, (fig, —1)+ Afia (fg, — 1) + A" Ms (4.5c) 

Ho) = Bi(Coys)— 44) + BI? — 67) iy 


with energy-surface coefficients (I) p,=(N,—1)A/N,, 9¢,=e/N,+A1, v¥=0 
(p, ¢=v, 1;0#p); q=2A —2A4,+44A,/S, ry, = —A,/2, ri2=0=P1, Pa = —A,/14, 
fe —A/ 12, (l)p,=(N,—1)A,/No,' ¢,=€,(/No. vf*=0 (p,0=%, 2; o #p); 
a + 4 A/D, Fy, = 0 =P 9 =P 1, 12 = —AJ14, r5 = —A’/S12. 


4.2. Aligned Axial Condensates 


When the global minimum of the energy surface of H falls at non-zero values of 
the shape parameters f,, the condensate is deformed. If at this global minimum 
Y) =9 or 7/3, each individual condensate, neutron or proton, is axially symmetric 
(prolate if y=0, symmetry axis in z-direction; oblate if y=7/3, symmetry axis in 
y-direction). The symmetry axes of the two axial condensates may be parallel 
(aligned), at right angles (orthogonal) or at some arbitrary relative orientation 
(skew). In view of the strong attractive neutron—proton force in nuclei, it is to be 
anticipated that the neutron and proton condensates will be both spherical or both 
deformed, and that when they are deformed they will be both prolate or both 
oblate (if axially symmetric), and aligned. In specific nuclei, other cases could 
occur, and the method described here could be applied also to them, but only the 
more likely cases will be dealt with at any length below. The prototype case is that 
of aligned prolate condensates, with equilibrium shape parameters fp, >0, », =0, 
Q=0. This is a case of spontaneous rotational-symmetry breaking, so the double 
condensate will correspond to an exactly-degenerate ground-state band of the 
intrinsic Hamiltonian H;,,. 

It is noteworthy that all points in shape-parameter space on the two-dimensional 
surface y, =0, 2=0 satisfy the five extremum equations 0E/dy,=0, 0E/0Q =0, 
while the remaining two extremum equations 0E/0f,, =0 determine the values of f,, 


at extrema of the energy surface. 
The intrinsic Hamiltonian which annihilates the aligned prolate condensate 
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can be constructed from condensate-annihilating pair-destruction operators, as 
discussed in the previous subsection, and has the general form 


Ain =) {£,0B2(st)?—d} dS [6385 —d, -d,] 


Pp 


+C,[B,stdt + ./7/2 (dtat))] -[B,d,s,+./7/2 (d,4,))]} 
+ Co(B,Bystst — dt -dt)( (BBySy8,—4, dy) 


4 OS Cl(dta Oana 


=A 3 

+¢,(B, sid) — ise d,s,—B, des.) 

+ 5[B stdt+./7/2 (dtdt)®] -[B,d,s,+4/7/2 (d,d,)] 

+ CB stdt +./7/2 ae t)2)]. [B,d,s,+./7/2 (d,d,)™), (4.6) 


where the 10 ¢ coefficients are arbitrary. The energy surface of H;,, will reproduce 
the shape of the energy surface of H when the coefficients ¢ are determined by the 
energy-surface parameters of H as follows: 


C= LNs Pol Vg sll <) 2/7 v1 —B*)/B, 10 +.B2)77 


(p, T=7, V; p #0) (4.7a) 

Coa ./2/tup yp,  (p=n,v) (4.7b) 
Co= [9 + 4ro2 + 9216r5/35 + 2r,.(1 — B2)/B,, + 2r2,(1 — B2)/B, 

— 27 (Be + BY/BBy VC + Bz) +B) (4.7c) 

: = 269+ 41s — 5(r12/B, + 121/B,) — 8192r5/7 (4.7d) 

== fom 2ri/Pn By (4.7e) 

cs —2r 12/8, (4.7f) 

C2 = —2ra:/B, (4.7g) 

C4 = 20 9— 167, — 3072r,/7. (4.7h) 


Since 10 parameters ¢ are determined by 12 energy-surface parameters, there 
remain two conditions which must be satisfied by the energy-surface parameters, 
and these are just the extremum conditions 0E/0f,, =0 which fix the values of f.,,. 
All other cases of aligned axial condensates can be obtained from the aligned 
prolate case above by simple manipulations of the results. The aligned oblate case 
(y, =n/3, 2 =0) is obtained by reversing the sign of the operators ¥S s, everywhere 
in Eq. (4.6) and of f,, everywhere in Eqs. (4.7). Similarly the aligned prolate/oblate 
case y, = 0, y,=2/3, 6=0, O=n2/2, ¥=7/2) is obtained by reversing the signs of 
the operators s', s, everywhere in Eq. (4.6) and of B, everywhere in Eqs. (4.7). (The 
aligned oblatesproiate case receives obvious analogous treatment.) This is a reflec- 
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tion of the general property of the IBM that the distinction between prolate and 
oblate shapes is dependent on the choice of the s-boson phase. Reversal of this 
phase converts prolate into oblate and vice versa. The distinction between the two 
shapes is thus conventional, and can be traced to the assumed form of the E2 
transition operator. 


T™) = g[std+d's + y(d'd)], (4.8) 


where it is customarily assumed that q>0, while y can have any sign. A reversal 
of the phase of s', s would effectively correspond to a reversal of the sign of y and 
of g, so that q<0. It is the adoption of the convention that g>0 that confers a 
meaning on the distinction between prolate (positive quadrupole moment) and 
oblate (negative quadrupole moment) shapes once a phase has been chosen for the 
s-boson. The formal reversal of the s-boson phase can then be used to convert 
expressions appropriate to prolate shapes into those appropriate to oblate shapes 
and vice versa (as was done at the beginning of this paragraph), without blurring 
the physical distinction. 

Dynamic-symmetry limits of IBM-2 to which the case of aligned axial conden- 
sates applies include the SU(3), SU(3), and O(6) limits [41, 44, 45]. For the former 
two, the minimum of the energy surface occurs at fp, = /2= B,, and y,=y, =0 or 
m/3 respectively, while for the last-named it occurs at f,=1=f/, and arbitrary 
), =», SO it is not really axial. (Note that the one-body parts of J* and C,,;) con- 
tribute to the energy surface and can shift the exact minimum of the energy surface 
away from the f, values quoted by small amounts, of order 1/N,.) it should be 
noted that this statement depends on the choice of the sign of the Casimir operator 
of the algebra defining the dynamic symmetry. The choice which is relevant to 
nuclear spectra makes the coefficients of C5u3), Cama OF Coie) negative. This is an 
illustration of a general property of IBM-2. Although it is a very limited model, it 
contains within itself, as well-defined mathematical entities, forms of dynamics 
which are irrelevant to nuclear spectroscopy (such as repulsive pairing or “wrong- 
sign” SU(3) limits). It is important to restrict the parameters of the model to 
physically-relevant ranges of values in discussing general properties of the model. 

The aligned axial condensate has the prototype form (si+f,d!.)’* 
(st + B,d‘,)” |0>, so although it does not have well-defined angular momentum, it 
does have a well-defined projection K=0 (made up of K,=0=K,) along the 
intrinsic z-axis (the axis of symmetry). It is invariant also under 180° rotation about 
the y-axis, so it has positive signature. Because the Clebsch—Gordan coefficient 
(J,0J,0|J,0) with J, and J, even vanishes for J, odd, the aligned axial condensate 
has only even-J components, so the exactly-degenerate ground band of H;,, 
contains only states 0+, 2*,4*,...,(2N)* (one of each). 


4.3. Other Deformed Condensates 


Although the aligned axial condensate is the one most likely to be relevant in 
nuclear spectroscopy, it is illuminating to consider the intrinsic part of the 
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Hamiltonian in some other cases. For example, there might be a case where the 
global minimum of the energy surface occurred with fp, >0, y,=0, y,=2/3, 2=0. 
The double condensate is made up of a prolate proton condensate (axially sym- 
metric about the intrinsic z-axis) and an oblate neutron condensate (axially sym- 
metric about the intrinsic y-axis). This triaxial “cigar on an ashtray” configuration 
of orthogonal axial condensates is of the form 


(sh FBeaiay 4s, er Lea eas ee +dt_,)//2] Pro? 


and is a positive-signature combination of K=0 and |K| = 2, 4, ..., 2N, components. 
The Hamiltonian which annihilates this condensate is 


Hin =, {Cp 82(st)? — at «dt [6252 — 4, -d,] 
p 


+ C7 [B, std! + ./7/2 cos 3y, -(dh.dt) 7 


pp pp 


-(B,d,5,+ ./7/2 cos 3y, -(d,d,)?]} 
+ Co(B,,By sist — 2d! -d')(B,,B,5,5,—2d, -d,) 
+€,(dtdt)™.(d,d,)™ 
+ Co[B,stdt —B,stdt —,/7/2 (did?) ] 


-[B.d,5,—By dys, —¥ 7/2 CACM ae (4.9) 


where the coefficients ¢ are arbitrary. In order for y, =0, y,=7/3, 2=0 to be an 
extremum of the energy surface of the full Hamiltonian H, its energy-surface 
parameters must satisfy the two conditions. 


rif, t+r2,B,=90 (4.10a) 
rip try2By + (2r22 + 384rs/7) BB, =0 (4.10b) 


which arise from 0E/0y,=0. The values of f, are determined by the two further 
equations 0E/0f,, = 0. 

This is one of the cases alluded to earlier where H;,,, cannot reproduce the shape 
of the most general energy surface with a global minimum of the type considered. 
This can be seen by a simple counting argument. According to Eq. (4.9), H,,, has 
seven coefficients ¢, while the general energy surface has 12. The extremum condi- 
tions 0E/0y, =0=0E/0p, produce four relations among energy-surface coefficients 
(the three conditions 0£/02 =0 are then automatically satisfied), two of which are 
displayed in Eq. (4.10). For H;,, to reproduce the shape of the energy surface, there 
must thus be one additional constraint on the energy-surface coefficients. The 
intrinsic/collective resolution is allowed in this case only if the Hamiltonian 
parameters are chosen such that q+r,,(2+87B?)/B,B,+1r12(2B2+2B2+ B2B2)/B, + 
768r5/5 =0. This is a very mild constraint indeed, and there is likely to be no loss 
of physical relevance if it is imposed. Subject to this constraint (on the original 
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Hamiltonian), H;,, reproduces the shape of the energy surface provided its 
coefficients are chosen such that 


(',=,/2/T vl?) cos 3y,/8, (p=n,v) (4.11a) 
Ole Pe er) (LB Be og =n, vo 4p). (4.116) 
Cy = roy + 384r5/7 (4.11c) 
€, =20ro> — 5120r5/7 + 5¢5/2 (4.11d) 
ies Drie Pili Or, 18% (4.11e) 


The SU(3)* dynamic-symmetry limit of IBM-2 [43] falls into this category, and 
does satisfy the energy-surface constraint, so the above treatment is applicable in 
this limit. 

Another case of possible interest, even though there is as yet no evidence that it 
might be relevant to nuclear spectroscopy, is the case of the aligned non-uniform 
triaxial condensate, with ~,>0, 0<y,<2/3, Q=0, y,#y,. An_ intrinsic 
Hamiltonian for this condensate would have the form 


Hine, Cob BS 1 + ahd ILB35,— 4, - dy] 


~ 


AColiPaP cose.) sisi 4! -d!|[B.BjCOs(n=9s)SySe— 4,20] 
+ (dtaty®-(d,d,)™ 
+ €,[B, sin(2y, + yy)s,4} — B, sin(y, + 2),)sid} 
+4/7/2 sin(y, —y, (di at) ] 
[Bx Sin(2y,+7,)4,5q— By sin(y, + 2y,)da5, 
+ /7/2 sin(y, —7,)(d,d,) 1], (4.12) 


where the five coefficients € are arbitrary. Reproduction of the shape of the energy 
surface of the original Hamiltonian H requires matching 12 energy-surface 
parameters. These obey four relations imposed by the extremum equations 
0E/OB, =0, 0E/dy, =0, but it will still generally be impossible to choose the values 
of the @’s to reproduce the eight independent energy-surface parameters unless the 
parameters of the original H happen to satisfy three additional constraints. It is 
easy to see that two of these constraints are v'’=0, while the third is g—4r,. + 
1536r5/35 — 8(r2 + 192r,/7)B2B; cos*(y, — yy») — 2rvl BF sai (27.7) 
B2 sin?((y, + 2y,) — sin?(y, — 7)]/B, sin(2y, + 7,) sin(y, —7,) =9. Similarly, the 
extremum conditions dE/d),=0 impose the simple relation r,,f, sin(y, + 2),)= 
—r>,B, sin(2y,+y,), and a further, more complicated, relation. Subject to these 
relations and constraints, the parameters of H;,, are 


(j= Nopi(NSA2VEA BLY « (00 =2A; p FQ) (4.13a) 
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Co = Bry +: 1536r5/7 (4.13b) 
C, =20r., —5120r,/7 + 56, sin?(y, —y)/2 (4.13c) 
C5 = —2r12/B, sin(2), 3 Vv) sin(), = Vy). (4.13d) 


This particular example, with all its limitations, indicates another aspect of this 
approach—it allows the construction of IBM-2 Hamiltonians with predetermined 
properties. Thus, by choosing a Hamiltonian of the form of Eq. (4.12), with fixed 
values of B, and y, and suitable positive values of the ¢ coefficients, and adding a 
reasonable J* term, it is possible to produce an IBM-2 Hamiltonian which is 
guaranteed to have an aligned, non-uniform triaxial intrinsic structure. The 
procedure for choosing suitable ¢ values will become clear below. 


5. NORMAL MODES AND INTRINSIC EXCITATIONS 


The procedure described in the previous section allows any IBM-2 Hamiltonian 
to be resolved into intrinsic (H;,,) and collective (H.) parts. All Hamiltonians 
having the same shape energy surface (recall that there are only 12 combinations 
of the 30 Hamiltonian parameters which fix the shape of the energy surface) will 
have the same intrinsic Hamiltonian, but their final spectra will differ because of the 
differences between their collective parts. However, since they have the same H,,,, 
they will have the same equilibrium condensate and the same normal modes of 
intrinsic excitation. The structure of these modes is easily extracted from H;,, via 
the well-known Bogoliubov prescription for interacting-boson systems [39 ]. 

When the boson numbers N,, become large, the boson system approaches a 
classical limit. The equilibrium condensate is a good approximation to the ground 
state of the interacting system, with the correlations between the original s* and d* 
bosons partially subsumed in the mean-field hybrid bosons b! and 4*. For large 
N,,, the action of the condensate operators b,, 5, bt and 4t is to multiply the nor- 
malized condensate by a factor IN, up to corrections of order 1/N,,. The intrinsic 
basis is thus rewritten [22] in the form bt=./N, +t, bY; bt=./N,+ é, bt 
({= B, y, x, y, z), where the dominant terms are the c-numbers JN: and all the 
operators c', ¢', b!, 6! are of lower order in 1/N,. Any operator can be rewritten 
in terms of the intrinsic basis and expanded into a finite series of terms of 
decreasing order, with 1/./N, playing the role of small parameter. 

In particular, the intrinsic Hamiltonian H;,, can be expanded in this manner, 
with the following general consequences. (It will be assumed that one-body terms A, 
(=A, or fAy,), are rewritten as equivalent two-body operators (N, =) ONG 
for fixed values of N,,, so the ensuing discussion is couched solely in terms of two- 
body operators.) The highest-order terms, of order N? (either N . or N,N,), arise 
only from operators containing condensate bosons alone. They are c-numbers, and 
their sum is proportional to the expectation value of the intrinsic Hamiltonian in 
the equilibrium condensate—zero, by definition. Next follow terms of order N*. 
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These have a single lower-order operator (c’, c, é*, é, b!, b,, bt, 6,; i= B, y, x, y, 2), 
and their coefficients are proportional to the derivatives of the energy surface with 
respect to the shape parameters. Since the whole procedure is carried out with 
equilibrium shape parameters, these terms all vanish. The leading-order surviving 
terms are of order N, and each contains two operators. The fact that equilibrium 
shape parameters are used leas to the vanishing of boson-number non-conserving 
terms like bb’ or b'b’*, so the leading terms in the Bogoliubov expansion of Aint 
are Hermitian one-body number-conserving operators, and the resulting form 
is amenable to diagonalization. The leading terms constitute the Bogoliubov 
approximation to H;,,, to be denoted H?,. 

After diagonalization, H?, is in harmonic form, a sum of terms wa‘a, where a‘ 
is a specific linear combination of intrinsic bosons and q is a positive number. (The 
coefficients of H#, are related to the second derivatives of the energy surface with 
respect to the shape parameters. Since the equilibrium shape parameters are chosen 
at a minimum of the energy surface, the second-derivative matrix is positive there, 
and this ensures that the eigenvalues w in the diagonalized H?, are positive.) The 
combination a‘ of intrinsic bosons defines a normal mode of excitation of the 
system, of intrinsic excitation energy w. 

The number of terms in the harmonic form of H?, is at most 10, there being 
precisely 10 shape parameters in the formalism. Usually, the number actually 
appearing is less. This can be interpreted as the occurrence of zero-energy modes, 
modes of excitation for which w=0. These are Goldstone modes, associated with 
spontaneous breaking of symmetries in the equilibrium condensate. The method 
described here automatically distinguishes between physical modes of intrinsic 
excitation (wa >0) and modes of collective motion (Goldstone modes, m =0). The 
number and nature of the intrinsic modes come naturally from the formalism, and 
need not be guessed in advance. 

Although H,,,, via its Bogoliubov approximation H#,, dictates the form of the 
normal modes, it does not determine their observed excitation energies. The collec- 
tive part H.,, expressed in terms of the normal-mode creation and destruction 
operators, will contain diagonal terms which shift the observed normal-mode 
energies. In addition, H? will contain Goldstone-mode terms giving the leading 
approximation to collective energy shifts (such as band splitting) and, since H;,, 
and H, do not generally commute, non-diagonal terms which can mix different 
normal modes. Also, non-leading terms, of lower order in N, in both H;,, and H, 
will generally destroy the harmonicity of the normal-mode spectrum. Nonetheless, 
the harmonic form of H2,, together with the diagonal shifts from H?, does 


determine the nature of the intrinsic normal modes and, at least semi-quantitatively 
(corrections of order 1/N, are not negligible in IBM-2), their excitation energies. 


5.1. Spherical Condensate 


When f,=0 at the global minimum of the energy surface, the condensate is 
made purely of s,-bosons, and Hi, 1s given in Eq. (4.3). The Bogoliubov 
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approximation is obtained by replacing each 3 and s, by \/N, and keeping only 
the leading terms (of order N). The result is obviously 


HEe= Shy Nate d eel N, 4) +nov N, dt)-(y N,4,+m vy N, d,), (5:5 
p 


where ¢,, ¢, and 7, are given in terms of energy-surface parameters in Eqs. (4.4). 
This quadratic form is easily diagonalized, and the result is 


He =O, BB, to Bee ns (5.2a) 
og =MogNy + CN,) + Moln2N, +N) +[42+4N,Nyr2, J"? (5.26) 
A=4(0,N,—O,Ny) + 30.(03N, — Nz) (S:2e7 

2 
By =(d)—ndjy/J/1+n (5.2d) 
Bi =(dt+nd!)//1+17 (5.2e) 


n= —(4+./A4?+4N,N,r2,)/2r11 ./ Ng Ny. (5.2f) 


Not surprisingly, the harmonic approximation to the intrinsic Hamiltonian for a 
spherical condensate is a sum of two (five-dimensional) quadrupole harmonic 
oscillators, one symmetric between proton and neutron bosons, the other antisym- 
metric [46 ]. Which lies lower in excitation energy (note w_ <w_., , always) depends 
on the sign of the mixing parameter n, which in turn is opposite to the sign of the 
energy-surface parameter r,, (or the sum of H,,, parameters u3 + v9). If r,;, <0, then 
n>0, Bi, is neutron-proton symmetric, and the symmetric mode is lower in energy. 

There are several interesting features of this result. Since the condensate does not 
break rotational symmetry, there are 10 intrinsic normal modes of well-defined 
angular momentum (two quadrupoles) and no Goldstone modes. There is not 
much point in introducing the intrinsic shape modes here (such as distinguishing 
between f modes, : modes, etc.), since all are equivalent. The quadrupole excitation 
mode has five equivalent components, and a unitary transformation among the 
different 4 components can only confuse the issue. The coupling between proton— 
boson and neutron—boson modes arises solely from the parameter r,,. If r,, =0, the 
modes decouple, and the normal modes become just the unperturbed neutron and 
proton modes. Although the method developed conserves total boson number, the 
normal-mode creation operators B!, B}, involve combinations of neutron and 
proton bosons, and so do not conserve N,, and N, separately. The correct number- 
conserving form of the leading terms in excited intrinsic states is obtained by 
inserting appropriate factors b.//Ny or b.// Ny. For example, the lowest 
normal-mode state is obtained by acting on the s-boson condensate with the 
(unnormalized) operator (./N, d's, +n RANI dts). 

The structure of the normal modes is determined by H;,,, but their excitation 
energies can be shifted by H.. Thus the values w, must be corrected by adding the 
diagonal part of H.. This can be done in either of two ways. The form of H, can 
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be determined by subtracting H,,, from H. The resulting H, has a part involving 
only operators N,, which affects the intrinsic ground state (the condensate) and 
excited states (normal modes) in exactly the same way, and hence does not con- 
tribute to excitation energies. The rest of H can be rewritten in terms of condensate 
and normal-mode creation and destruction operators, and_ its Bogoliubov 
approximation will generally contain harmonic normal-mode terms and terms 
mixing the normal modes, The coefficients of the harmonic terms must be added to 
the corresponding coefficients of H,,, to get the correct normal-mode excitation 
energies. Alternatively, the expectation value of the full Hamiltonian H can be 
computed in the condensate (intrinsic ground state) and in the normal-mode state 
(intrinsic excited state), and the difference, to leading order (order N) in boson 
numbers, taken as the normal-mode excitation energy. Both methods lead to 
identical results. For the spherical condensate, the full normal-mode excitation 
energies are 


Ey, = {06 — 0 + 9(0— €8) + NgL us? — 2ug? + 9p —uo)] 
+ N,En?(uS? — 2u6) + u — up] +2n/N,N, us}/ +n?) (53a) 
E, = {(eP —e) +e) —e + N,Ln?(uy? — 2u) + uy — uo] 
+ N,[uS? — 2u?) + 9?(u —uo)]—2n ./N,N, us} +n?) (5.3b) 


with y defined in Eq. (5.2). [It is generally true in the IBM that single-particle 
energies are of a higher order in N than two-body interaction energies. This is 
evident from the transcription 4 (N—1)A/(N—1) with i=A, or fiz, so that the 
one-body coefficient ¢ is replaced in the equivalent two-body description by the 
coefficient ¢/(N—1). Thus the one-body coefficient ¢ is of the same order in N as 
N times a typical two-body coefficient. ] 

For the standard IBM-2 Hamiltonian, defined in Eq. (2.9), when the parameters 
No» > Xp» K kK’, %; are such that the global minimum of the energy surface occurs 
at $f, =0, the above treatment produces the normal-mode energies 


Em = (Eq + by) + (Na + Ny) 2 


+ [A(1—1?) +2 / N,N, n(x — a) /(1 +17) (5.4a) 
Eo= sen 8) ta(Nat Ny). 

—[A(1—1?) +2./N,N, n(k — 4) /(1 +77) (5.4b) 
A =H, —&,) +N, — Ny) 2 (5.4c) 


n= —(4+./47+ N,N, (2K — 02)" )/,/ NAN, (24 — 0). (5.4d) 


These depend only on the single-boson energies ¢,, the quadrupole-quadrupole 
strength parameter « and the single Majorana parameter a. In the special case 
&,=6,, k=0, these reduce to 7=./N,/N,, En=&), Ep=e, + (VN, +N,)a for 
a,>0, and to n= —/N,/N,, Em=€)+ (Nat Ny) eo, Ep =e, for a, <0. 
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5.2. Aligned Axial Condensate 


When the global minimum of the energy surface occurs at B, >0, 7, =0, 2=0, 
the intrinsic part of the Hamiltonian is given by Eq. (4.6), and the intrinsic boson 
basis by Eqs. (3.7). (As discussed in Section 4.2, the results for all aligned axial 
condensates can easily be obtained from the aligned prolate case, to which the 
following discussion will be restricted.) Since in this case b' =(s' + B,d‘'))/,/1+ Bz 
and bt =(s'+B,d',)/,/1 + B2, the leading terms in the Bogoliubov approximation 
to Hin, Will be those containing the most factors s*, s,, d'), or d,o. The Bogoliubov 
approximation in this case is 


p? 


+6,(btb, +616.) + é,(b1b, + 616.) +m,(b1b, + b1b, + b1b. + bt.) 
+e,(btb, + btb,) + é(b1b, + btb,) +m (bib, + bib. + b1b, +bb,) (55a) 


&p = (40, +05) Np Bz + (Cot bo +05) Ny Bo(1 + B2)/(1 + 82) (5.5b) 
Ep= (40, +O) NBS + (Cot lo +63)N, B21 + BS)/(1 + Bz) (5.5c) 
mp = (Co— 62) Br By \/ NaN, (5.5d) 
€, =90,.N,, B= /(1 + B2) + (C2 +05 +403 + 363) N, BS /(1 + B2) (5.5e) 
é,=9C,N, BS /(1 + B3) + (C2 + 402403 + 303) B2/(1 + B2) (5.5f) 
m, =(—C, +205 + 207 ~— 303) BB, /NAN,/(1 + B2)(1 + BS) (5.5g) 
Ex = (Co +05/4405/4 + 30,/10+ 63/5)N, BS /(1 + B°) (5.5h) 
Ex = (0. +05/44+03/4 + 30, /10 + 5/5) N,,B=/(1 + B2) (5.5) 


m= — (C24 5/4 + 65/4 + 304/10 + 63/5) ByBy /NaNV/L+ B20 +82) (5.53) 


so the normal modes fall into three groups: two fB modes, four y — z modes and four 
x —y modes, while only 2 x2 matrices need be diagonalized. (The y—z and x—y 
modes clearly occur in degenerate pairs.) 

The diagonal coefficients ¢ and mixing coefficients m in Eqs. (5.5) are all simply 
related to second derivatives of the energy surface with respect to the shape 
parameters. As a result, the conditions that all normal-mode frequencies be positive 
are equivalent to the conditions that the equilibrium shape parameters fall at a min- 
imum (not just an extremum) of the energy surface. These normal-mode frequencies 
will generally be shifted by H,, even when the mixing of modes due to the 
off-diagonal terms in the collective part is weak. 

Consider the generic case, H = eb'b + €b'b + m(b'b + b'b). It may be diagonalized 
as H=,b}b,+@_b},b,,, where, defining 4 = 5(¢—é), the normal-mode frequen- 
cies are mw, =3(e+6é)+./A4*+m?’, and the normal-mode creation operators are 


bt =(bt+nbty./1+177, bt = (bt —nb*)/./1 + n?, with n= —(4 + ./42 +m?) 


that my <0. Thus the modes will occur in pairs, one “neutron-proton symmetric,” 
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the other “neutron—proton antisymmetric,” depending on the sign of 7, which is 
opposite to that of m. Since w_ <q, in every case, the symmetric mode is lower 
whenever m <0. 

It follows from Eq. (5.5) that the aligned prolate condensate has two f modes, a 
“symmetric” and an “antisymmetric” one. The symmetric f mode will be below the 
antimsymmetric f mode (the situation to be anticipated in cases of physical 
interest) when €)<¢,. Each £ mode is approximated, in lowest order, by a 
one-dimensional harmonic oscillator. On the other hand, the y modes occur as 
degenerate pairs, or as isotropic two-dimensional harmonic oscillators. This is a 
well-known feature of axially-symmetric intrinsic states. The y vibration breaks the 
axial symmetry by rendering the state triaxial, but the fingerprint of the axial 
symmetry remains in that the orientation of the other two principal axes is 
arbitrary. The two coupled degenerate oscillators are those in b! ~d}+d"_, and in 
b!~d}—d*.,, and they may easily be transformed into degenerate K= +2 and 
K=-—2 oscillators. This familiar situation can be thought of in terms of two 
degenerate orthogonal oscillators or in terms of a single isotropic two-dimensional 
oscillator, with one degree of freedom the “radial” oscillation (b!) and the other a 
rotation (b') about the axis of symmetry. In the present context, there are two such 
y vibrations, a symmetric and an antisymmetric one. The symmetric y vibration lies 
lower if €5+05 <(2¢,+(,)/4. (The expressions for the ¢ coefficients in terms of the 
parameters of H are given in Eqs. (4.7), (3.4), and (2.5).) 

Finally, there remain the four x—y modes, also occurring in degenerate pairs. 
Since, by inspection, ¢,é,—m<=0, one of these pairs occurs at zero energy. There 
are thus two Goldstone modes, associated with broken rotational symmetry in the 
condensate. Note that the condensate remains axially symmetric, so only two of the 
axes, those orthogonal to the symmetry axis, are associated with broken rotational 


symmetry, and there are only two Goldstone modes. The x — y part of H#, is easily 
rewritten 
H® =o,,(BiB,+ Bi B,) (5.6a) 
Oxy = (02+ 05/4 + 05/4 + 30, /10 + 03/5) May (5.6b) 
Noy = N,By/(1 + BY) + NpBz/(1 + Be) (5.6c) 


BY =[B, /N,/(1+ 2) b! 
ih GEN at (dicts) 01 Vay Neriomvad Soby (5.6d) 


an isotropic two-dimensional harmonic oscillator plus (implicitly) a pair of zero- 
energy modes. The modes orthogonal to the “antisymmetric” ones displayed in 
Eq. (5.6d) are the “symmetric” combinations 


BY=(6, /N,/( + B2) b+ B, JN /A+ Bi) OD / Nays i= x,y. (5.60) 


This is precisely the creation-operator part of the Bogoliubov approximation to the 
angular momentum J; (up to a numerical factor), which confirms the identification 


38 LEVIATAN AND KIRSON 


of the Goldstone modes with the collective rotations of the intrinsic system about 
the x and y axes. The genuine x—y modes displayed in Eq. (5.6d) can thus be 
identified with relative rotations (or counter-rotations) of the proton and neutron 
condensates about axes orthogonal to the symmetry axis. This is just the famous 
“scissors” mode of IBM-2 [47]. It corresponds to an isotropic two-dimensional 
oscillator because of the axial symmetry—the orientation of the orthogonal scissor 
axis is arbitrary. Its “unperturbed” excitation energy (before adding in the diagonal 
shift due to H,) is w,,,, Eq. (5.6b). 

For the standard IBM-2 Hamiltonian, Eq. (2.9), when the global minimum falls 


at B, >0, y, =0, Q=0, the parameters of H#,, as given in Eqs. (5.5), become 
Eg = Ny (a2 — 2k + ./2/7 Kx, B,) BV + BZ)/B.U1 + BS) (5.7a) 
Eg = N, (02 —2e + /2/7 Kx Bx)Bx(1 + B)/B,(1 + Bz) (5.7b) 


mp = \/NaN, } 2x —a,+2| a3(By— Ba)? — 2n(82 + 62) 


2 Mi by , 
— FerB.0— 63) Ferb.t ras) 


2 
+5 NtedoBaBy |/(1 + 62,11 + 82)} (5.70) 

&,= {503 ACY cick Ta Lo, = 2K st V 2/7 K(x, B, + 47,8.) 1/B,B,} 
-N, B/C. + B?) (5.7d) 

Ey = {303 — 4% nH, /7 + [a — 2 + ./2/7K(X2B 2 + 4x8, BBY} 
-N,,B7/(1 + B2) (5.7e) 


mM, = [(4K74%./1 — 503), B, + 2k — a2 +2 2/7 K(X2B, 7 XP 


say (1 Pot py) (5.7f) 


O xy/N gy = 30/10 + 03/5 — KY nx, /7 
a3 [a,—2k + 2/7 ye Bate tale) Pals (5.7g) 


and a harmonic estimate of the corresponding normal-mode energies and structures 
can easily be obtained for any given set of standard parameters. 


5.3. Other Deformed Condensates 


In Section 4.3 it was shown that an intrinsic/collective resolution of the 
Hamiltonian is possible in other deformed cases, in particular for the orthogonal 
axial condensate and for an aligned non-uniform triaxial condensate. Each of these 
abe has its own normal modes, which can be found by the same technique utilized 
above. 


For the orthogonal axial condensates (B,>0, y,=0, y,=2/3, Q2Q=O~—prolate 
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protons with symmetry axis orthogonal to that of oblate neutrons; “cigar on an 
ashtray configuration), the intrinsic Hamiltonian given in Eq. (4.9) is rewritten 
in terms of the intrinsic basis, Eqs. (3.7), and the Bogoliubov approximation is 
extracted. The result is simple but lengthy, namely, 
gee as a pif ‘Reg a ftf 
Hin = €pb php + Egb phy + mg(bpby + bybg) + £,b1b, + 6,615, 


a (hihi Me eee es 
+m,(b, 5, + b)b,) + mz,(bpb, + bi bg) + rig, (bb, + bt b,) 
+ mp,(b,b, +b) by) + my (bib, + btb,) +e.btb, + é,b15, 


+m,(btb, +6'b,) +0616, +0, b1b, (5.8a) 

p= (40, + CL) NBx + (Co +62) N, B21 + B2)/(1 + B2) (5.8b) 
Ep = (40, + 01) N, B2 + (Co +65) N,,B2(1 + B2)/(1 + B2) (S.8c) 
mp = (Lo — 362) / NN, BeBy (5.8d) 
&, = 90/,.N,,B>/(1 + B2) + 3(Co +62). N, B2/(1 + B?) (5.8e) 
(5.8f) 


&,= 907 N,B2/(1 + B2)+ 3(Co + 6.) N,B2/(1 + B2) 
i Ese —3(6)—362)./N,N, B.By/,/( + B2)(1 + B2) (5.82) 
me Od oo NP. ett eB) (5.8h) 
thtpy = —s/3 (bo +62) Nn B2 /1 + B2/(1 + B2) (5.81): 
my = —s/3 (Co — 4b2) NaN, Ba Bo//1 + Be (5.8)) 
Hi'y, = /3 (Co— 40a) NN, Ba By/a/1 + B2 (5.8k) 

y= (30,/10 + 96,/4) N, B2/(1 + B?) (5.81) 

é, = (30/10 + 9C,/4)N,,B2/(1 + Bz) (5.8m) 
m,, = —(3¢,/10 + 96/4) \/NN, BeBy/s/(1 + B2)(1 + B2) (5.8n) 
w, =9C,.N, B2/(1 + B2) + (36, /10 + 96,/4)N,,B2/(1 + B%) (5.80) 
wo, =9C,N,,B2/(1 + Bz) + (3; /10 + 96/4) N, BS /(1 + B:). (5.8p) 


In this case, in general, the B and y modes of each condensate couple to one 
another and to the coupled B—y modes of the other condensate. There are thus 
four coupled f — y modes. The x modes of the two condensates couple only to one 
another, and the resulting 2 x 2 matrix has a vanishing determinant. There is thus 
a zero-energy x mode and, by inspection, a finite-energy antisymmetric x mode. 
The former is generated by the total angular momentum operator J,., the latter by 
the relative x rotations of the two condensates. These are then, respectively, the 
Goldstone mode associated with the spontaneous breaking of rotational symmetry 
about the x-axis and the one-dimensional scissors mode of relative angular oscilla- 
tion about the axis orthogonal to the symmetry axes of the prolate protons and 
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oblate neutrons. There remain the » mode and the z mode, each the remnant 
of relative angular-oscillation modes involving one symmetry axis, while the 
orthogonal y and 7 modes are essentially the zero-energy Goldstone modes of 
collective rotation associated with spontaneous breaking of rotational symmetry 
about the y- and z-axes. In this case, where the total system has no axis of 
symmetry, there are thus three Goldstone modes—rotational symmetry is broken 
for all three orthogonal axes. 
The scissors mode is created by the antisymmetric combination 


Bt=(./N, B,bt/./1 + B2—./ Np Brbt//1 + B2 J New (5.9a) 


with .V,, defined in Eq. (5.6c), and its unperturbed (by H.) frequency is 
@, = (30, /10 + 9605/4) Vay. (5.9b) 


The coupled B —y modes are generally complicated, but in the specific case y = 5€5 
they simplify considerably, since then m,=0, m,=0, m;,=0 and m,,=0. The B 
and y modes of each condensate then couple to produce two normal modes, but the 
neutron and proton B—y modes remain decoupled from one another. In this 
special case, the only neutron—proton coupled mode is the scissors mode. 

The dynamical symmetry U(6), x U(6), > SU(3), x SU(3), > SU(3)* > O(3) of 
IBM-2 [43] belongs to this class of Hamiltonians. With the parametrization 


H = ACsy3) + By CMa) + BY Coty (5.10) 


the energy-surface coefficients are p,=—7(N,—1)(A+B,)/N,, q,=8(N,-—1) 
(Ada S\N. (p,o=7,V; CAP), Q=Gnt+Qy, TH =4A, r= mee rn =,/2 A, 
ny = —5A, rs=0. The minimum falls at B,= /2= By. 9.39, 7,.=33) Qe 
(provided A<0, A+8,<0), and the energy-surface constraint for intrinsic/ 
collective resolution (quoted just above Eq. (4.11)) is satisfied. The parameters of 
the intrinsic Hamiltonian (4.9) are (,= —(A+8,), (',=—2(A+B,), Co=—A, 

1 = —15A, €,= —2A, and all are positive. Since €)= 45, the proton and neutron 
f —y modes decouple. The intrinsic normal modes are then the proton B — y modes, 
(bt + bt)/,/2 at —12N,(A+8B,)—12N,A and (bt —bt)/./2 at —12N,(A+B,); 
the neutron fB—y modes, (bt —6ty,/2 at —12N,(A+B,)—12N,A and 
(6 + Bt)/,/2 at —12N,(A+B,); the proton symmetry-axis mode 5b! at 
—12N,(A+B,)—6N,A (degenerate with the proton y mode before the latter’s 
coupling to the f mode); the neutron symmetry-axis mode bt at 
—12N,(A+B,)—6N,,A (degenerate with the neutron y mode before the latter’s 
coupling to the 6 mode); and the scissors mode (/N, bt—./N, Bt) N, +N, at 
—6A(N,+N,). The three Goldstone modes of collective rotation occur at zero 
energy. Each of the intrinsic (non-Goldstone) modes can be associated with a 
specific [(A,, U,)(A,, Hy) (A “) representation of the dynamical symmetry, and the 
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energies agree, to order 1/N. For example, the scissors mode represents the 
[(2N,,, 0)(0, 2N,)](2N,,— 1, 2N,—1) band. 

The above example has been given in detail because of its correspondence with 
a dynamical symmetry of IBM-2. A very similar treatment is applicable to the 
general case of aligned non-uniform triaxial condensates, as discussed in Section 4.3. 
The Bogoliubov approximation to the intrinsic Hamiltonian, Eq. (4.12), is very 
similar to Eq. (5.8a), except that the y and z terms appear, like the x terms, in the 
forms b!b,, 616, and bfb,+ 6! b, (i=x,y, z). Despite the superficial complexity of 
the expressions for the coefficients ¢;, é;, m; (i= x, y, z), it can be shown that there 
are three zero-energy modes, the Goldstone modes of broken rotational symmetry, 
with normal-mode creation operators exactly the creation-operator parts of the 
Bogoliubov approximations to J;=J'?+J° (i=x, y,z). The three modes 
orthogonal to these in pairs are the one-dimensional scissors modes for relative 
angular oscillations about the three intrinsic axes. The remaining four modes are 
coupled $—y, neutron—proton modes, and the extraction of their frequencies 
requires the diagonalization of a 4x 4 matrix. 

It was noted at the end of Section 4.3 that the method here described allows the 
tailoring of IBM-2 Hamiltonians to produce predetermined physical properties. 
A Hamiltonian like that of Eq. (4.12) is guaranteed to produce a global aligned- 
triaxial minimum in its energy surface at preset values of B,, y, (y,#y,), for any 
choice of positive values for the coefficients ¢. The values of € can then be chosen 
so that some of the normal modes described above fall at desirable frequencies. 
Upon adding reasonable collective terms (like a J* term with an appropriate 
moment of inertia), a Hamiltonian is obtained whose exact numerical diagonaliza- 
tion will produce a spectrum which should reasonably approximate an aligned- 
triaxial nucleus with “band-heads” at reasonable excitation energies. 


5.4. The Structure of Intrinsic States 


The method described here rests on the identification of the equilibrium conden- 
sate as an approximate representation of the intrinsic structure of the ground-state 
band of a nucleus. This ground intrinsic state has a simple product structure, in the 
intrinsic basis. In the deformed case, states of well-defined angular momentum 
projected from it should be good approximations to the states of the ground band. 
Excited bands are now identified with intrinsic states in which normal modes have 
been excited. The leading component, in a 1/N expansion, of the excited intrinsic 
state is the one in which a single condensate boson has been replaced by a normal- 
mode boson. As previously mentioned, since the normal modes generally couple 
protons to neutrons, proper conservation of nucleon numbers requires the rewriting 
of a normal-mode creation operator, of generic structure ab'+ fb", as 
ab'b././Nq + Bb*b./,/N,, and suitable normalization of the state obtained by 
acting with this on the condensate. In this way, the leading term of an excited 
intrinsic state is determined, and the states belonging to the corresponding excited 
band are obtained by projecting states of well-defined angular momentum. States of 
the same J projected from different intrinsic states are generally not mutually 
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orthogonal. Components of higher order in 1/./N are needed in the intrinsic states j 
to ensure orthogonality of projected states. The number of independent states of a. 
given angular momentum J contained in a given band can generally be found by — 
analysis of the K-values associated with the specific intrinsic state concerned. 

In evaluating transition matrix elements between eigenstates of a given IBM-2 
Hamiltonian, it is generally necessary to have explicit expressions for the eigenfunc- 
tions. However, when there is a well-defined intrinsic structure the matrix element 
separates, approximately, into an intrinsic factor and a collective (essentially 
geometric) factor. Thus some indication of the scale of matrix elements can be 
obtained by looking at matrix elements between intrinsic states, a task which 
is facilitated by use of the intrinsic basis, or even the normal-mode basis, for 
expressing the transition operator. 

The usual forms of the M1 and £2 electromagnetic transition operators in IBM-2 
are 


Digs = 4/3/48 (Sad cca (5.11a) 
Toe ye old yral ee yale ke (5.11b) 
p=T,v 


where the g, are effective boson gyromagnetic ratios and the e, are generalized 
boson effective charges (containing implicitly information on the “mean-square 
radius” of the boson). For any given equilibrium intrinsic structure, these operators 
can be rewritten in terms of the corresponding intrinsic basis, and the latter in turn 
rewritten in terms of the normalized normal-mode creation and annihilation 
operators. In this process, the Bogoliubov approximation is invoked by the replace- 
ment b',b.>,/N,; 5',b.+,./N,. The leading approximation to any intrinsic 
matrix element is then given by the coefficient of the appropriate product of 
normal-mode operators. Some illustrative examples will be presented here. 

For the spherical equilibrium, where the intrinsic ground state is an s-boson 
condensate and the normal-mode operators are linear combinations of d-boson 
operators (see Eqs. (5.2)), the intrinsic states have good angular momentum, and it 
is easy to evaluate their g-factors and M1 transition rates to leading order. The 
relevant wavefunctions are 


sae Mle Ng Niel aie cl WA) ia eg ee (5.12a) 
IpP>=(1+1’)-"? [d} | N,,N,—1>—ndt|N,-1,N,>] (5.12b) 
|m>=(1+°)-™ [dt |N,—1,N,>+ndt|N,,N,—1>], (5.126) 

where y is defined in Eq. (5.2f). The results are 
Sp = (nen +8,)/(1+n7) (5.13a) 


8m =(8n+N78,)/(1 +17) (5.13b) 
B(M1; p = m)=9n?(g, —g,,)°/2n(1 +7). (5.13c) 
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Similarly, the leading-order approximations to intrinsic quadrupole moments and 
£2 transition rates are 


mel) 2n/od(e, 7%, +n-e27,)/(1 +4) (5.14a) 
Orme) (cates | 6.7) (L+H) (5.14b) 
B(E2; g > p)=5(e, ./N,—ne, JN, )/(1 +1?) (5.14c) 
B(E2; g > m)=5(e, /N, + ne, ./N,)?/(1 +n?) (5.14d) 
BE op = tn nes. ena) (LN). (5.14e) 


Recalling that 7>0 implies that the lower-lying normal mode (m) is neutron— 
proton symmetric, while the higher-lying mode (p) is neutron—proton antisym- 
metric, while the reverse is true for 7 <0, it is easy to understand the pattern of 
reinforcement or cancellation in the transition rates. It is noteworthy that transition 
rates from the ground intrinsic state to the singly-excited intrinsic states are of 
order N, in this vibrational case, while transition rates between singly-excited intrin- 
sic states are of order unity. The expressions in Eqs. (5.12)-(5.14) agree to leading 
order in N, with the analytic results in the U(5) dynamic symmetry limit 
[41, 45, 46]. 

For aligned prolate condensates, where the normal-mode structure is given in 
Eqs. (5.5) and (5.6) and the discussion between those equations, the transcription 
of the transition operators is somewhat more tedious, but still straightforward. 
Relevant intrinsic wavefunctions are 


le>=(N,! N,!)7 1? (bt) (bt) |0> =|N,, N,> (5.15a) 
a rimibane) oe -LO,INueNe dD =obh Naas (5.15b) 
|Bm> =(1+2)—"? [bt IN, —1,.N,> +105} |Na»Ny—1>] (5.15c) 


pe) Se (ating ANS = Spd), INZ=1,.N,> ]0> (5-154) 
lym > = (L+3)~? [dl, neo at Uvagi Nicest Dilaue as( Sle) 
Isc) =(1+?)-¥? [dt |N,,N,—1>—m.d',|N,-1,N,>] — (5.15f) 


m=B,/N1 + BR/Be/ NC + By), (5.15g) 


where |sc) denotes the “scissors” mode, and 7x is the mixing coefficient for the 
B(K=0), »(K=2), or scissors (K=1) mode. The two-fold degeneracy of the y and 
scissors modes has been exploited to allow the use of wavefunctions with well- 
defined axial projection number K. The forms above have positive K (K= +1 for 
the scissors mode, K = +2 for the y modes); the related K <0 forms are self-evident. 
Some representative leading-order intrinsic transition matrix elements are 


<2] Ty Ise>|7=9N,N, B2B2( on — 8) (40D xy (5.16a) 
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I< gl] Tr |Bm>|? = Le, J Nx (1 — XB, — B2)/(1 + B2) 
+noey/N, 1—X,By— BVA + B27 / +5) — (5.16b) 


I< gl Tro |Bp>I? = Le, /N, (1 -— ZB, — B2)/(1 + B32) 
—Noens/ Nag (1—ZpBu—B2/U + B2)V/(1 +03) (5.160) 


Ig! Ts lym>|? = [en J Na (1+ teBu)//1 + B2 
+ trey /N, (14+ ZB )//1 + B27/(1 +173) (5.16d) 


Ig] Tes lyp>|2=Le, JN, (14+ XB //1 + B2 
— en / Nu (1+ XeBuVs/1 + B217/C1 + 73) (5.16e) 


Ke T isc>|7 = NN, Le, p,(1 —%nB./2)—e, BU — 7%, B,/2)]7/D ay (5.16f) 
Dry= Nap AL +B) NBL + Be); . Xp 5/41 tp 
The in-band £2 transition rate is given in terms of 


<i] Ter 11? = DN nee B(2— XB x)/(1 + Bz) 
tN Gabel Zoe Xe Beli Label 3 (5.17) 


where / is any of the intrinsic states (g, Bm, Bp, ym, yp, sc). The in-band £2 rate 
is of order N°’, the ground-to-singly-excited-band E2 rate is of order N, and the £2 
rate between singly-excited bands is found to be of order unity. Expressions 
(5.15)-(5.17) coincide to leading order in N,, with the corresponding analytic results 
in the dynamical SU(3) limit [41, 45]. 

A number of interesting results follow from the above explicit expressions for 
intrinsic matrix elements. In the spherical case, the sums g,+g,,, 0,+@Q,, and 
B(E2; g— p)+ B(E2; gm) in Eggs. (5.13)-(5.14) are independent of the mixing 
parameter 4. Similarly, in the deformed case, adding the squares of intrinsic matrix 
elements from one type of band to another (e.g., |g> to |Bp> and |Bm) or |yp> and 
lym> to |Bp> and |fm)) results in an expression which is independent of the 
mixing parameters 1. These results provide sum-rules (appropriate for large N) for 
moments and transitions between the various bands. 

As shown in Eqs. (5.16b)-(5.16c), intrinsic E2 matrix elements from |fm) or 
|Bp > to |g> involve the factors V, = 1—7,fB, — Bi, p=, v. If these factors are zero 
then the above intrinsic matrix elements vanish. This is not so for the E2 matrix 
elements from the y-bands (type p or m) to the ground-band nor from the f-bands 
to the y-bands. The equations V,=0 are precisely the extremum equations for 
the Hamiltonian xQ,-Q, (defined as in (2.9)). Thus if the £2 parameters Xp» are 
chosen such that V,,~0, then as a direct consequence the B > g £2 transitions 
are predicted to be “weaker than the By or yg transitions. Such behaviour 
was first noted in the context of IBM-1 [13, 14]. Here it is seen to hold also in 
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IBM-2 and to apply to both proton—neutron symmetric and antisymmetric bands. 
It is interesting that an experimentally confirmed IBM-1 characteristic of E2 
transitions is also present in IBM-2 (with a completely different Hamiltonian). 


6. SUMMARY AND DISCUSSION 


Incorporating proton-neutron degrees of freedom in the interacting boson model 
enlarges the set of possible one- and two-body interactions. The spectral 
significance of a given algebraic interaction in the abstract second quantized form 
of the Hamiltonian is not transparent. As a result, the role played by most of the 
interactions allowed has not been investigated so far. Even for the restricted IBM-2 
Hamiltonians which have been used in calculations, the choice of parameters (e.g., 
the Majorana parameters) is not clear. Dynamical symmetries can only illuminate 
part of the model’s capabilities and moreover are broken in most nuclei which are 
fitted by IBM-2. In numerical computations one deals each time with a specific 
choice of parameters and boson numbers. All these issues indicate a need to discuss 
the physical content of the general IBM-2 Hamiltonian in geometric terms. This is 
the aim of the approach reported in this work, which focuses on the identification 
of normal modes and on relating abstract algebraic terms to observables such as 
bandhead energies and band splitting. 

The main ingredients of the approach, first developed for IBM-1, are the intro- 
duction of shape parameters through the use of non-spherical proton—neutron 
bases, exact resolution of the Hamiltonian into intrinsic and collective parts, the 
extraction of normal modes from the intrinsic part of the Hamiltonian and the 
construction of intrinsic states. 

Two commuting sets of possibly deformed bosons are introduced, for protons 
and for neutrons. Each set forms a complete orthonormal basis whose members 
depend on two quadrupole deformation parameters, and the bases are rotated with 
respect to one another. One member of each set serves as a condensate boson. The 
overall shape of the valence-nucleon distribution is described by an intrinsic state 
which is a product of the proton and neutron condensate wave functions. The 
expectation value of the Hamiltonian in this intrinsic state defines an energy surface 
which depends on the x — v deformation parameters as well as on the relative orien- 
tation of the proton and neutron shapes. The global minimum of the energy surface 
defines an equilibrium intrinsic state for the ground-state band. The latter is the key 
element in resolving the IBM-2 Hamiltonian H exactly into intrinsic (bandhead 
related) and collective (in band related) parts. The intrinsic part of the Hamiltonian 
H,,, has the equilibrium intrinsic state as an exact zero-energy eigenstate and has 
the same shape for its energy surface as that of the full Hamiltonian. The collective 
part of the Hamiltonian H,, obtained from H,= H— Hj,,, has a flat energy surface 
and is found to be connected with particular chains of orthogonal groups. The 
coefficients of the various rotational terms are related to moments of inertia. By 
construction, the equilibrium condensate is an exact eigenstate of the rotational 


46 LEVIATAN AND KIRSON 


invariant H;,,. In situations when this condensate is deformed, the rotation sym- 
metry is spontaneously broken in it. As a result, all states of good angular momen- 
tum projected from the condensate form an exactly degenerate ground-state band. 
This degeneracy is removed by rotation terms in H,. Other eigenstates of H;,, also 
tend to cluster into bands. In general H, and H;,, do not commute, so that H, can 
mix as well as shift and split the bands generated by H;,,. 

The normal modes appropriate to a given Hamiltonian are identified, in the limit 
of large boson numbers, by application of the Bogoliubov treatment to the intrinsic 
part of the Hamiltonian and subsequent diagonalization of the result. The normal 
modes of the combined proton—neutron system are determined from the dynamics, 
and are in general a mixture of particular members (other than the condensate 
boson) of the two separate bases, with the equilibrium deformation an orientation 
parameters. The mixing depends on these parameters and on the boson numbers 
and reflects the proton—neutron interactions. The normal mode frequencies are 
positive for a local minimum and provide an estimate, for large boson numbers, of 
the position of the bands. In general, the diagonalized form of the Bogoliubov 
image of H;,, displays the intrinsic modes as a sum of harmonic oscillators. The 
spurious modes are absent (i.e., they are zero-energy modes) and _ therefore 
decoupled. The latter are the “massless” Goldstone bosons associated with 
spontaneously broken symmetries in the condensate and represent the modes of 
collective motion. Once the genuine intrinsic modes have been identified, they are 
used for the construction of intrinsic states by exciting the condensate ground-state 
wave function. This form of intrinsic states, appropriate for large boson numbers, 
confers an intuitive geometric interpretation. The intrinsic states are used to derive 
approximate expressions for intrinsic matrix elements contributing to static and 
dynamic moments. 

There have been previous attempts at a geometric interpretation of IBM-2 
[26-38]. The popular approach of Hatch and Levit [15] is based on a classical 
limit of the boson Hamiltonian. This is achieved by replacing the boson operators 
by classical commuting variables. The latter are related to nuclear deformation 
parameters and their conjugate momenta. The potential function is obtained by 
setting all the momenta to zero. Next the classical Hamiltonian is treated in the 
oscillator approximation by a 1/N expansion about the minimum of the potential. 
The calculation of the oscillator frequencies involves a separate calculation of a 
spring constant and of a reduced mass. As stated in Refs. [27, 30, 36, 38], the 
completely general result involving five proton and five neutron coordinates and 
their conjugate momenta is quite complicated and difficult to obtain. This explains 
why until now this approach has been confined to aligned configurations, in studies 
of the potential energy [27], and to simplified treatments dealing with one mode 
at a time: the scissors mode [30, 31, 32], 2* states in the U(5) limit [36] and B 
vibrations in the O(6) limit [38]. Furthermore, since the above approach is 
classical in nature, there is no derivation of the quantum normal modes in terms 
of the boson variables. 


In contrast, the formalism presented in this work is fully quantal and can 
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accomodate arbitrary mv shapes whether spherical, axially deformed or triaxial. 
All quantum normal modes are derived simultaneously with equal ease and thus a 
complete comprehensive picture is obtained. The structure of the normal modes 
comes automatically from the formalism, e.g., the scissors mode shows up as two 
dimensional in the axially-deformed case and the 2+ symmetric and antisymmetric 
excitations of the spherical condensate are both five dimensional oscillators. 
Normal frequencies are calculated directly by a well defined procedure without the 
need to assume a form for the reduced mass. 

A second approach to the study of the ground state and excitations in a system 
of interacting bosons is that of Dukelsky et al. [48]. Here a Hartree—Bose basis 
is derived self consistently as a solution of an average (distorted) one-body 
Hamiltonian which is obtained by minimizing the expectation value of the full 
boson Hamiltonian in a condensate wave-function. Excited intrinsic states are 
obtained by solving Tamm—Dancoff (TDA) and random-phase ((RPA) equations. 
A difficulty in the Hartree—Bose approach is the fact that broken symmetries in the 
self-consistent average distorted field lead to the appearance of spurious states. 
TDA energies of these spurious excited states do not vanish. This is clearly seen in 
Ref. [29] where the Hartree-Bose method is applied to a semiclassical description 
of the scissors mode. The resulting normal-mode TDA matrix has no zero 
eigenvalue. The spurious mode associated with a rotation of the system as a 
whole cannot be identified from the eigenfunctions of the above matrix since 
neither-normal-mode eigenvector is proportional to J7+J}{ acting on the aligned 
axially-deformed condensate. The simple Hartree-Bose method does not naturally 
identify spurious, collective modes. The decoupling of the spurious states from the 
physical states is achieved [29] only through the use of the RPA equations. The 
RPA restores the symmetry and brings the spurious states to zero energy, at the 
cost of the loss of the simplicity in the structure of the wave functions that was 
inherent in the TDA. Moreover, the RPA equations do not follow from a 
variational principle [49 ]. 

The formalism presented in this work encompasses both the simplicity in 
structure of TDA wave-functions and the decoupling of spurious from physical 
modes. This can be achieved since in the process of deriving normal modes one 
deals with the intrinsic part of the Hamiltonian H;,, and not with the full 
Hamiltonian H. The energy surface of H;,, has the same shape as that of H, but in 
addition has the equilibrium condensate as an exact zero energy eigenstate. When 
acting on this condensate with a broken-symmetry generator (which commutes 
with H,,,) the resulting new state (which contains the Goldstone boson) is still a 
zero energy eigenstate of H;,,. This ensures that the Goldstone mode is indeed 
“massless” and is absent from the Bogoliubov image of H;,,. Thus a clear separa- 
tion and identification of genuine intrinsic and spurious collective modes of 
excitation is achieved. Carrying out the normal mode analysis on H;,, rather than 
the full H, with the use of dynamically-determined 2 — v bases, leads also to normal 
modes composed of creation operators only. This is different from the usual 
approach for bosonic systems [49], where the normal modes derived are quasi- 
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particles, which are linear combinations of both creation and destruction operators. 
As a consequence, an inherent ingredient of IBM-2—conservation of boson 
number—is preserved in the structure of intrinsic states. Only genuine intrinsic 
modes appear in the dominant component of these states, which endows them with 
a transparent geometric and physical interpretation. Such a structure of intrinsic 
states conforms with that of known intrinsic states in the SU(3) limit [35]. 

Van Egmond and Allart [33] have studied rotational and intrinsic excitations in 
IBM-2, for axially-symmetric systems, by combining a mean field approximation 
with a generator coordinate method. In their calculations of small oscillations 
about the minimum of the energy surface for symmetric and antisymmetric f vibra- 
tions, the authors assume a linear relation between f, and f,. In the formalism 
presented in this work such an assumption is not made, but rather the route of 
departure from the minimum is determined from the dynamics (see the mixing 
parameters in Eq. (5.5)). 

The symmetry preserving approach of Hahne and Scholtz [37] is based on a 
positional representation. The monopole bosons are eliminated by means of a 
Holstein—Primakoff realization of U,(6) x U,(6). The remaining bosons are related 
to shape operators whose eigenstate is used to give a geometrical interpretation for 
IBM-2. Excited energies, moments of inertia, and transition rates are calculated in 
a 1/N expansion. The method has been applied so far only to systems with axial 
symmetry. It produces normal modes composed of both creation and destruction 
operators and not involving the monopole bosons. 

Cranking procecdures for calculating moments of inertia [34] involve a basic 
assumption that all collective motion is of O(3) rotational character. This is also 
assumed in the 1/N expansion technique of Kuyucak and Morrison [50]. This 
technique involves a variation after projection, followed by a gaussian approxima- 
tion for matrix elements of the Hamiltonian between states of good J projected 
from intrinsic states. This leads to an infinite expansion in power of J(J+ 1) 
and 1/N. 

In the formalism presented in this work the variation is carried out before projec- 
tion. The finite 1/N expansion used in a normal-mode analysis is an outcome of the 
Bogoliubov treatment of the Hamiltonan itself and not of the evaluation of specific 
matrix elements. The collective part of the Hamiltonian (see Eq. (3.5)) allows for 
more general types of collective rotational motions than the usual O(3) rotations. 
The presence of these additional rotations influences the moments of inertia of the 
different rotational terms in H, and dictates a splitting pattern which may differ 
from the J(J+ 1) type. Furthermore, because the intrinsic and collective parts do 
not in general commute, their coupling may destroy the regular band-structure and 
the “adiabatic” nature of the spectrum. 

The resolution H=H,,,+H, of the general IBM-2 Hamiltonian into intrinsic 
and collective parts, as reported in this work, is exact. It is obtained without any 
expansion or truncation scheme. (The latter is used solely for the sake of extraction 
of normal modes in the limit of large boson number). Both H,,, and H, are full 
quantum mechanical, hermitian, number-conserving, rotation-invariant operators. 
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The resolution amounts to a rewriting of the Hamiltonian in a manner more 
accessible to physical interpretation. Once the form of H;,, and H, is given, it 
allows the construction of IBM-2 Hamiltonians which will have specified normal 
modes and frequencies. By choosing interaction terms appearing in a particular H,,, 
(which annihilates a x — v condensate of a given shape) and adding a reasonable J” 
term, it is possible to produce an IBM-2 Hamiltonian which is guaranteed to have 
a prescribed intrinsic structure. By examining the explicit expressions for the 
normal-mode frequencies, one can select the coefficients of the above terms to 
reproduce the corresponding bandhead energies (in the limit of large boson 
number). This can serve as a first step in a fitting procedure where one starts with 
an adequate intrinsic Hamiltonian and adds terms, in a controlled fashion, from the 
collective Hamiltonian. The efficiency of this procedure can be appreciated by 
comparing the small number of normal modes against the large number of possible 
one- and two-body interactions. 

The method presented in this work is both simple and general enough to cope 
with any shape of the valence 2—v distributions (not just spherical or axially 
deformed) which is described within the general IBM-2 Hamiltonian without 
regard to limiting symmetries (e.g., dynamical symmetries or F-spin symmetry). In 
each case all relevant quantum intrinsic normal modes and the decoupled spurious 
modes are identified in a well defined procedure. These virtues allow an intuitive 
geometric interpretation for arbitrary algebraic interaction terms which are 
otherwise abstract in nature. Knowing how a given interaction is distributed among 
the intrinsic and collective parts of the Hamiltonian permits the study of its effect 
on physical observables such as bandhead energies and moments of intertia. This 
provides also a criterion to decide which interaction terms to choose and to reduce 
the number of free parameters needed for the description of specific experimental 
data. These ingredients give the present method the potential of being useful in 
exploring inherent properties and revealing the underlying intrinsic and collective 
structure in proton—neutron systems. It opens the possibility of investigating 
capabilities and limitations, choice of parameters and role of conventional and 
non-conventional terms in the general IBM-2 Hamiltonian. For practical 
applications the method may be used for interpreting numerical calculations as 
well as providing a suitable initial guess for multi-parameter least-squares fitting 


procedures. 
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It is shown that in the W-condensate phase reached in the electroweak plasma when the 
fermion density J, is increased above some critical value (J, ~ M},/6z) the residual Upy(1) 
symmetry of the Weinberg—Salam model is spontaneously broken. Starting from the effective 
action of the W-condensate phase, calculated within the approximation known to guarantee 
the Bose-Einstein condensation of W+*+-mesons, we diagonalize the mass matrix of bosons 
and calculate the photon magnetic mass that proves to be different from zero as a conse- 
quence of the spontaneous violation of the Ug,y(1)-symmetry. By solving the linearized set of 
coupled equations for the photon, W- and Z-boson fields, we find that a small magnetic field 
applied from outside penetrates into the W-condensate medium down to the Londons’ depth 
equal to the photon magnetic mass inversed and also induces W- and Z-fields in the same 
layer of the medium. This Meissner effect is performed by a polarization charge of weak 
nature induced on the surface and by an electric and weak supercurrents concentrated at the 
depth of inversed weak mesons masses (My ~-@.). © 1990 Academic Press, Inc. 


1. INTRODUCTION 


Considering electroweak matter with high density of leptons at zero 
temperature, Linde [1] found a new nontrivial ground state characterized by a 
nonvanishing average value of the charged vector meson field W, present together 


-with the usual Higgs average. This result is understood as the Bose-Einstein (BE) 


condensation of W-mesons and it has stimulated various investigations [3-12] in 
the recent years. 

The BE W-condensation, which gives rise to the W-meson condensate phase, can 
be simpliest understood for the case which includes only leptons [1] along the 
following lines. Let one have a degenerate gas of neutrinos whose density, J,, 
exceeds the critical value of J¢ =M4,/6x, where My is the mass of the W-boson. 
Then, among the neutrinos occupying the Fermi sphere, there are such whose 
energy exceeds M,,. Every neutrino of this sort is able to convert into a W *-meson 
and an electron (the neutrino chemical potential exceeds the W-boson mass). The 
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W+-mesons and electrons thus created may take part in the inverse reaction to 
convert back into neutrinos. However, the first reaction v-> W* +e~ is energeti- 
cally favorable as compared with the inverse one. The final state is characterized by 
a finite density of the W-mesons forming a BE condensate, a Fermi sphere of elec- 
trons that balance the electric charge of the W-condensate and the correspondingly 
reduced (remember, that the overall number of neutrinos and electrons conserves) 
Fermi sphere of neutrinos. In Section 2 we outline formally the derivation of the 
W-condensation following Ref. [1]. Analogous results concerning the BE conden- 
sation of W-mesons, hold true for electroweak matter with baryons (quarks) 
included [2]. 

The study of the condensation phenomena at finite temperature was realized in 
[3, 4] (see also [5, 6]). It has been demonstrated in [4, 6] that for the system with 
electric and weak-neutral net charges equal to zero the W-condensate present at 
T=0 for J, >J{ evaporates prior to the Higgs condensate when the temperature 
increases. 

The above-mentioned results have been obtained neglecting the effects of the 
fermion anomalies, because they are O(g’) corrections to the values of the conden- 
sates, and therefore insignificant for the determination of the phase transition 
curves. The inclusion of fermion anomalies gives rise to a spatial inhomogeneity of 
the W-condensate [7]. The behaviour of the inhomogeneity of the W-condensate 
at high temperature has been studied in [8], with the result that it is weakened by 
the heating of the system. We do not find it timely to take into account these small 
effects in the present work, however. 

The appearance of an electrically charged condensate in the electroweak system 
must bring new consequences in what concerns the long- or short-ranged behaviour 
of the gauge fields. It is already known from the way the Higgs mechanism operates 
in the Weinberg-Salam (WS) model that all the fields whose associated charge 
operator transforms the average value of the condensate field <¢> = & turn massive. 
It was the case, that as € remained invariant under the action of the electric charge 
operator, the photon field remained massless. Thus, once the W-condensate appears 
and transforms nontrivially under the action of the electric charge operator, it is 
expected that the photon should become massive through a mechanism analogous 
to the one which served the Z,, and W * fields under the Higgs condensation. These 
expectations have been realized in our brief publication [11], where also it was 
argued that the Meissner screening associated to the photon magnetic mass is due 
mostly to the effect of an induced polarization charge of weak nature. We shall 
further develop this theme in the present article. In Refs. [9, 10] we went beyond 
the simplest approximation capable of producing the W-condensate and took into 
account the influence the latter has on the fermion spectrum and hence on the fer- 
mion loop contribution into the polarization tensor responsible for the appearance 
of a superconducting electromagnetic current. We are going to present a more 
detailed and up-to-dated version of that investigation in a forthcoming paper [12]. 

The fermion densities necessary for the W-condensate to appear are very high. In 
[13] a scenario is suggested for the evolution of the post-inflationary universe with 
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very high densities of baryons and leptons. In spite of the large fermion asymmetries 
present in the scenario [13] they are erased at temperatures about 200 GeV, 
thanks to the action of a mechanism described by Affleck and Dine [14] and Linde 
[15], the baryon asymmetry nz/n,~10~° observed at present being finally 
obtained. 

Within this scenario the W-condensate phase could be passed in the course of the 
evolution, giving rise to interesting physical effects, as for instance, gravitational 
waves [ 16, 8] caused by the small effects of the inhomogeneity of the W-condensate 
[7,8], as well as of the above-mentioned effects of superconductivity, as was 
pointed out in [9, 10] and the Meissner screening by induced weak charge [11]. 

The phenomenology of the W-condensate phase present in some stages of the 
universe in evolution might have important consequences for cosmology. In 
addition to the just-mentioned physical effects, this phase could supply the natural 
conditions for annihilation of the monopoles produced together with cosmological 
strings and other objects [17] at the end of the inflationary era. This point will be 
discussed in more detail in the concluding section. 

In the present paper we deal with the high-leptonic-density WS plasma in a 
simplest approximation capable of reproducing the W-condensation phenomenon. 
This approximation may be roughly reffered to as a tree approximation with 
respect to bosons and one-loop approximation with respect to leptons. One of our 
main results is that already in the approximation under study all the bosons, 
including the photon, acquire (electric and magnetic) masses through a Higgs-like 
mechanism, as a result of the shift of the Lagrangian by the average vector boson 
field of the condensate. These masses provide the infrared finiteness of the theory 
in the W-condensed phase and the short-range character of all interactions 
mediated by vector particles, in other words, the spatial damping of all the field 
strength, including the conventional electric and magnetic fields, known as Debye 
and Meissner screening. The latter effect, is gained through a spontaneous sym- 
metry break down of the residual Ugy,(1)-symmetry. 

In analogy with the way adopted in the usual theory of the Meissner effect, we 
consider the response of the W-condensate medium to an application of a (small) 
magnetic field by studing the (linearized) field equations characteristic of this 
medium. We give the solutions of these equations showing that the applied 
magnetic field, together with the induced quasimagnetic field associated to the 
weak-neutral field component Z, and the induced quasielectric field associated to 
the weak-charged component W(), fall down exponentially inwards the 
W-condensate phase as it is usual for the Meissner screening. The fields inside the 
W-condensate phase change on two essentially different scales: the shorten one is 
of the order of the inverse W-meson mass and the longer one is given by the inverse 
of the photon magnetic mass, found. The cooperative screening effect is attributed 
to induced weak charge concentrated near the surface of the medium and to accom- 
panying electromagnetic and weak nondamping currents flowing in a somewhat 
deeper layer. Thus, already in the lowest approximation able to produce the 
W-condensation solution, there appears the superconducting behaviour of the 
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W-condensate phase, earlier obtained in a more sphisticated approximation in our 
publications [9, 10]. 

We organize the main results of the paper as follows. In Section 2 the effective 
action for the many-particle WS model is presented (Subsection 2.1) and we shortly 
discuss the derivation of the W-condensate solution obtained in Ref. [1], emphasiz- 
ing the approximation used and the symmetries of the W-condensate phase broken 
(subsection 2.2). Working within the lowest approximation especified above, we 
prove in Section 3 the massiveness of all the physical bosons involved in the WS 
theory. We also find in the weak condensate approximation the new combination 
of fields that forms the photon in such a phase, together with other eigenfields 
diagonalizing the mass matrix. It is proved that in the W-condensate phase not only 
B,, and Wa enter to form the photon field as it was the case in the Higgs phase of 
the WS model but also the weak component W'?? gives its contribution to this 
combination, where the mixing angles depend now on the W-condensate amplitude 
(Subsection 3.3). The behaviour of the applied magnetic field when it penetrates 
inside the W-condensate phase is investigated in Section 4. We obtain the linearised 
field equations and solve them with the boundary conditions provided by a small 
magnetic field applied from outside of the W-condensate medium. Finally, in 
Section 5 we discuss a possible cosmological implication of the nonvanishing 
photon magnetic mass and summarize the main results of the paper. 


2. W-CONDENSATE PHASE 


2.1. The Many-Particle Weinberg—Salam Effective Action 


Introducing the chemical potentials relative to each of the conserved and 
mutually commuting charges into the Hamiltonian of the WS system [4, 6] the 
following many-particle WS Lagrangian is found after the continual integration 
over canonical momenta 


Pie PUA E (2.1.1) 
Here the effective Lagrangian of the boson sector ¥? is 


L*(Wi, By, d)= — 364, Gm — 1B, BY +B, |? Ag* + m24?, (2.1.2) 


where 
Gi, =0,Wi—0,Wi+ ge W> Ws (2.1.3) 
By = 0,B,—0,B,, (2.1.4) 
peat 12s eel ieee 
eat rag A: asa (2 loot 
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1 
Wi WEL (He Hy 008°0y) 5,05” (2.1.6) 


Fe I oe 
Oa Lilet hg sin“O,,) 0,0; (2.1.7) 


#. and u,, are chemical potentials associated to the electric and weak-neutral 
charges which enter effectively in the theory as the shifts to the WS) and By, 
components of the fields in (2.1.6), (2.1.7) through the combinations 


H3=Ue—-H, cos’@,, (2.1.8) 
B= heey sin’6,,, (2: 1:9) 


respectively. 0,, is the known Weinberg angle. 
The effective Lagrangian of the fermion sector is given as 


eee Was Bi d, Y) = Py", bias as ery" (id, i g'B, Vs L100) CR 


—A(P i degp+eph* ,) (2.1.10) 
with 
v.=(7") (2.1.11) 
er 
9, = id, +5 we ee Pattie oe, (2.1.12) 


where 1, is the leptonic chemical potential which has entered in the many-particle 
WS Hamiltonian as the Lagrange multiplier to the conserved leptonic charge 
density 


J, = Goe +5VeVo(1+ys5) ve. (2.1.13) 


2.2. W-meson Bose-Einstein Condensation 


The W-meson BE condensation phenomenon found by Linde in [1] when an 
increase of the lepton number is considered can be obtained in our description as 
the solution of the extremum equation for the zero-temperature effective action I” 
of the many-particle WS model with only one generation of massless leptons’ 


i, 
of 6 


— 2241 
pe (2.2.1) 


> 


Tt is considered that A, is small with respect to the rest of the parameters of the theory. We do not 
include hadrons as they will not change the qualitative properties of the W-condensation with leptonic 
density alone, as has been shown in [2]. 
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where ¢,, represents all the boson fields of the theory. With the disregard of virtual 
bosons, which makes a valid approximation in weakly coupled theories (A > e*) the 
zero-temperature effective action J is given by 


Col Cre. linsion (2.2.2) 
Boo 


I?’ denotes the bosonic part of the effective action taken in the tree approxima- 
tion, ie., PY) = LH (2.1.2), and lim, ,, /’':’ is the one-loop fermionic contribution 
in the effective action taken at zero-temperature (f is the inverse of the absolute 
temperature). The leptonic density enters into /’\*’ through the chemical potential 
mw, via (2.1.10)-(2.1.12). Further, in I“) we neglect the contribution of the 
W-condensate amplitude C considering that we work close to the W-condensate 
phase-transition point where C<y, [1]. This is what we referred to above as the 
simplest approximation capable to produce the BE condensation of the W-mesons 
[1]. (The inclusion of the W-condensate amplitude into the fermion loops is impor- 
tant as long as the contribution of the restructured fermion spectrum, producing the 
supercurrent [9, 10], is concerned, but they give small corrections, as long as we 
work close enough to the W-condensation phase transition point as not to be taken 
into account in the present paper.) 

It was shown in [1] that if the leptonic charge density is larger than the critical 
value J, > J< =M },/6n* the solution of (2.2.1) with I given by (2.2.2) is found in 
the class of constant fields and chemical potentials to be the set of nonzero values 

a me BO" Cee 

S = 103 vee \6 ’ ia)! hang ORR Eg) oe uh. (2.2.3) 
where ¢ is the Higgs field, while WY) is one of the electrically charged SU(2)-field 
components; the bar over the field means that the latter belongs to the equilibrium 
solution (the ground state average of the field). The zero components of the gauge 
fields which in [1] have average values different from zero, are represented in 
(2.2.3) by the nonzero chemical potentials mu, (2.1.8) and y,, (2.1.9). The point is 
that Eq. (2.2.1) also contain among them the equations for the electric and weak- 
neutral charge equilibrium, with the averages of these charges being equal to zero. 

The solutions (2.2.3) can be expressed in general as functions of the leptonic 
chemical potential ,, the Higgs mass, and coupling constants. Their explicit 
dependences can be found for the limiting situation of superdense matter x, > m in 
Ref. [7]. The chemical potential 4, can be equivalently reexpressed as a function 
of the leptonic charge density J,, taking into account the additional equation 


lim —=J,. (2.2.4) 


Now we can introduce the following definitions: the W-condensate phase is the 
one characterized by the nonzero values of the average fields and chemical poten- 
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tials (2.2.3), while the phase with C=0, which occurs for J,<L‘{, we name the 
finite-density Higgs phase, to be distinguished from the Higgs vacuum characterized 
by ¢ 40, C=y,=y,=p",=0. 

It is interesting to note that the solution (2.2.3) of the extremum equations 
(2.2.1)—(2.2.2) is a pure many-particle effect, ie. the fermion one-loop correction to 
the effective action leads to the nonzero average solution of the fields (2.2.3) 
because precisely the fermion one-loop level possesses an additional parameter, the 
leptonic chemical potential 1, , which may be large enough to equalize the one-loop 
and the tree contributions of the effective action, although the one-loop contribu- 
tion is smaller by a coupling constant factor. This compensation is a common event 
in the situation with phase transitions, the role of the large parameter being some- 
times also played by the temperature (we refer to the symmetry restoration in the 
WS theory [18, 19]). 

Let us now discuss the symmetry of the W-condensate phase and the choice of 
the components in (2.2.3). Whereas the vacuum Higgs-solution implies the spon- 
taneous breaking of the global SU(2) symmetry, the solution (2.2.3) is characterized 
by further breakdowns. The introduction of the (external) leptonic current J, has 
caused the violation of the Lorentz invariance that is not spontaneous. Even before 
J, reaches the W-condensation critical value the vector components W{, By 
appear. They characterize the finite-density Higgs phase, together with the Higgs 
field ¢. The component W'?) specializes, apart from the special Lorentz frame, also 
the isotopic direction 3. This fact however, does not mean any further violation of 
the isotopic invariance as compared to that already inherent in the Higgs vacuum, 
since the Higgs average ¢ = ( » is an eigenstate of the matrix t*. After J, exceeds 
the critical value J<¢ the appearance of the isotopic vector component W? 
specialized in an occassional way an extra isotopic direction 2 in the (1, 2) plane (as 
well as the spatial direction 3). This means that at this step we face the further 
spontaneous breakdown of the isotopic (and rotational) symmetries. Namely, what 
is broken now is the U;,,(1) symmetry, left after the Higgs breakdown, as the one 
under global rotations in the (1, 2) isotopic space. To see more directly the Ugy(1) 
noninvariance of the W-condensate phase note the transformation law of the 
W-field 


a Fe ay eo a b 
SWi= 10. Wile Wo, (2.2.5) 
induced by the electric charge operator Q, 


a | t+] if 
o.=[ax| win +i(* 5 p—p* > 4) —zy%e (2.2.6) 


=e 


. . . . b . 
via the canonical commutation relations. Here 2? and p, p* are the canonical 


momenta conjugated to the fields W?, ¢*, and ¢, respectively: 


On 
d0)W, 


le Ole es 


(2.2.7a) 
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OL 


= D°¢ =——_ 2.2.7b 
len 
p* =(D* 2.246 
Equation (2.2.5), in particular, reads 
IWO=[(0,WYJ=aw): (2.2.8) 


By taking the ground state average of Eq. (2.2.8) we conclude that according to the 
Fabri—Picasso theorem (see Appendix A for an explanation how this theorem 
works in the case of quantum statistical theory) it implies that the ground state is 
taken out of the space of physical states by the action of the charge operator Q, 
(which is just the U;y(1)-symmetry generator), once WY) £0 is solution (2.2.3). 

Therefore the initial SU(2) x U(1) global symmetry inherent in the WS model, 
after being broken at the first (Higgs-condensation) step, down to U{},, breaks 
down completely at the second (W-condensation) step. It is, therefore, naturally 
expected that the U{), (electromagnetic) field should become massive under 
the W-condensation through the same mechanism as the one that served the 
non-Abelian vector fields to acquire their masses under the Higgs-condensation. 
We shall trace this mechanism explicitly in the next section. 


3. MASSIVE PHOTON IN THE DENSE WEINBERG-SALAM MODEL 


Our goal now is to find the infrared mass matrix of the boson fields against the 
background of the W-condensate solution (2.2.3) and specifically to study its sector 
which contains the spatial photon field components 4,, i= 1, 2, 3, responsible for 
the magnetic mass. Once this matrix is known, then the corresponding mass eigen- 
values and eigenvectors can be obtained. 

Taking in mind that the W-condensate solution (2.2.3) is obtained from the 
effective action J” (2.2.2), that contains the contribution from the fermionic loop, 
the mass matrix of the fields in the condensed phase must be defined as 


a or 
Ui =p 5P.9Ps|s 


144 = 


(K,=0, |K| +0) +177 


PaPb 


(K,=0, |K| > 0), (39 


bes Pb 


where ¢~, again runs the set of all the boson fields, the subscript S designates that 
the corresponding quantities are taken on the solution (2.2.3), Ite », 18 the boson 
part of the polarization operator (3.1) at the tree level, 
or? 
60,59 5| 5° 


(K,=0, |K| +0) = (3.2) 


HV te 


PHOTON MAGNETIC MASS AND MEISSNER EFFECT 59 


where By is the tree WS action on the general class of constant fields, and 


6277(1) 
TTF 9, (Ka = 0, |K| +0) = li , 
eet 4 |K| > 0) ob 60,095\5 ie 


is the zero temperature, zero-momentum one-loop polarization operator with 
boson fields for external legs and fermions for internal ones. 

The fermion propagators, taken for the internal lines, in the adopted approxima- 
tion are calculated against the background fields (2.2.3) neglecting the 
W-condensate amplitude (C ~ 0). 

The infrared limit K,=0, |K| > 0 taken in (3.1) is the one required to establish 
the screening of static configurations of electric and magnetic charge and the 
presence of infrared divergencies. This limit is provided within the temperature 
Green functions method once the functional I in (3.1) is calculated on the class of 
constant homogeneous fields g,, to which class the solution (2.2.3) also belongs. 
The point is that when working in the temperature Green function formalism we 
deal only with discrete values of K,. Therefore, K, may either be or not be strictly 
equal to zero, the limiting transition K,—0 not being possible. The other limit 
|K|=0, K)—0O in the analytically continued polarization operator serves the 
elementary excitation or plasmon masses of various transverse and longitudinal 
modes. This is not our concern in the present paper. The absence of zero eigen- 
values of the mass matrix (3.1), that we are going to prove in Subsection 3.3, 
implies the short range of all fields, electric and magnetic screening, as well as the 
infrared convergence of the theory. 


3.1. Mass Matrix; Boson Contribution 


In order to obtain the tree contribution to the mass-matrix (3.1), we must 
perform the shift of Y, (2.1.2), omitting the terms that contain derivatives, in the 
average fields (2.2.3), 


Wi =Cb,367 + WA (3.1.1a) 


b=(2)+o (3.1.1b) 


The quadratic part # 7 of the shifted Lagrangian thus obtained contains the first 
matrix of the l.h.s. of (3.1) as 


ero) 
“d0,6P» 
B= SWOT 27C?( Spy + 5435s) + 13(5,0500— Sw) + 2M jy By] WO 
+ LW p?(505.0— Suv) + 2M yy Sy] WO 
+44 [g2C? sin?0,( Sy + 535y3)) A” 


LU= 


S 
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+4Z,[.g2C? c08?0,( 8, +5435)3) + 2M 3 By) Z” 
—44 [?C? sin 20,,( 2 yy +5,36)3)] Z” 

+ A,[2gCus; sin 0,.5,05)3] W" 

— WT gC, cos 0,,5,05,3] A” 

—Z,[2gCps cos 0,595,511 WX? 

+ WT g?CE5,3] 6 — M20? 

PALA Gee ea en Ee 4 cil 


In (3.1.2) the SU(2) unitary gauge [20] and the Feynman gauge é,,B“ = 0 for the 
U(1) gauge symmetry have been taken; the metric g,,=(1, —1) is used. In the 
unitary gauge, the field o has only the bottom component. The fluctuating 4, and 
Z,, fields in (3.1.2) are the known combinations 


A, =cos 0,,B,+sin 0,,W°) (3.1.3a) 
Z,,=sin 0,,B,+cos 0,,W. (3.1.3b) 


In (3.1.3), WD = WO, since W‘*) does not exist. The combinations (3.1.3a), 
(3.1.3b) coincide in form with the fields that diagonalize the quadratic Lagrangian 
of the Higgs vacuum B,, = B,, W\ = W\) = W). The same combinations (3.1.3) 
for A, and Z, (i= 1, 2,3) continue to diagonalize the quadratic Lagrangian of the 
finite-density Higgs phase, ie., £7 (3.1.2) with C=0, W\=W in it, but Zp 
(3.1.3) does not. It is seen from (3.1.2) with C=0, that Z, mixes with o. Further, 
My and M, in (3.1.2) are the W- and Z-meson masses, respectively, (M3, = 497€?, 
M2=34(g?+ 8’) &), and M? is given by 


M? = 628? —m? + 42?C? —1(u— 3). (3.1.4) 


The other notations in (3.1.2) are standard. 

In (3.1.2) the breakdown of all the symmetries that we had pointed out above 
can be explicitly observed. This is, the appearance of the W-condensate, given by 
C in (3.1.2), produces the symmetry breaking in the isotopic (1, 2) plane, as well as 
the rotational noninvariance among different components of the vector fields. Only 
the invariance under the rotation in the spatial (1, 2)-plane is retained. 

The matrix elements 6°/'!))/d~,6@, in (3.1.2) will be used in calculating the 
complete mass matrix (3.1) in what follows. 


3.2. Mass Matrix; Fermion Contribution 


The only diagrams that can contribute to the one-loop fermion polarization 
operators (3.3) are drawn in Fig. 1. In accord with what was mentioned above, the 
condensate field C is put equal to zero in the fermion propagators. 
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Fic. 1. One-loop fermion diagrams for the polarization operator components: (a) /74,.10 ,1; 
(b) Ti y%, (C) MTG 2, My yo; (4), (©) Ti yo; (f), (8), (2) 755,35 Ws Gi) 15, 4. The 
meanings of the lines are indicated in the drawing. 


The Green functions of each internal line are given by the expressions 
i 
(p, -_ i, Ova) Vv 
I : 
5 : —____—_, right electron (3.2.1b) 
(py — iMepOya) Vy 


: left electron (3.2.1a) 


1 
iene inee fe eh ctitncutrind. (3,216) 
(yt Ome) Ye 


where the chemical potentials of the left electron, ,,, right electron, y,,, and left 
neutrino, p,,, are given by 


He, = He — Le cos 20 ty (3.2.2a) 
fie, = Hehe psin® 0, + py (3.2.2b) 
My, = AUMe etre (3.2.2c) 


All the polarization operator components of the type of /7 we yw) contain only 
left massless leptons in the loop and are gathered in the following expression, 
corresponding to the diagrams (a) to (e) in Fig. 1. (This expression is obtained 
using a common propagator G for the left fermion coloumn Y,, 
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= 
mM : 
p*)=| ist + +20, , pi=p.— (5-1) by 


2 


TT iyo) wi?) CYT. 7) Ties 2 4 [5 yp 9 av + C0 a ope Soa 7 Shape) 


(27) 
A, Ai BB’, 
§T Sab _ sa35b3 Lip 4 MeN PA A 
x {[6 oy [ye atp om d‘p| 
iA, BB, 
a3 Sb3 sty dale a pura 4 
+55" | Ae ap a oe ap 
A,B’ BA’ 
.ab3 4 ee pak ea 
+i } is -¥ - apt. (3.2.3a)_ 
where 
1 
4,=-i| (p? 518) ot 2 rtd. A,=A,(p*>p*+K)  (3.2.3b) 
si 1 3 , 
B,=| ns ptes—(p*?—718) dy | B= B,(p*— p*+K) — (3.2.3¢} 
and 


dp int d 
Yaa p>) ay 


as it is usual for the Feynman rules in statistics (taking the limit B > oo in (3.2.3) 
we obtain the 7=0 many-particle contribution). 

Now, the polarization operators represented in Fig. 1, (d) to (j) are of the type 
of the many-particle QED polarization operator; it is a known fact that the static 
K,=0, and homogeneous |K|— 0 limit of their space-space components both at 
high [21] and at zero temperature [10], is zero. This conclusion cannot be directly 
extended to the space-space components /7{,u.2 ,u.2 presented in Fig. la-c, 
since the latter differ both from the polarization operator components of the 
many-particle QED [21] and also from the many-particle SU(3) QCD with only 
one chemical potential included for which case the calculations are available [22 ]. 
We shall not, however, need to know the components /7* wh 2) yl) for our present 
purposes for the reasons to become clear later. 

Next, using the covariant decomposition [21, 23] of the polarization operator 
IT, z, Valid also for IT), wo) and IT yy) w) that are at least within the one-loop 
approximation [22] sickle to the polarization operator of finite-density QED and 
hence transversal, one can prove that once there is not Ma vector at one’s 
ee the space-time components /7/ Bo B,? IT we) ws ah w) Obey the relation 

IT 9 = (K;Ko/K*) IIo and hence disappear in the point Ky=0. 
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For the static and homogeneous limit of the polarization operator components 
IT yt. 2) y4.2), the same manipulations cannot be done, because, as we have under- 
lined above (see Fig. la—c), this case is not equivalent to the many-particle QED 
[21]. Out of these components only /7‘ we we) might be important for our purposes. 
It is demonstrated in Appendix B that this component disappears in the static and 
homogeneous limit. 

We are to calculate now the time-time components of (3.3). To this end we will 
start with the effective action [’\") which includes only the fourth components of the 
gauge fields as the arguments for the differentiations. Thus, to serve the derivatives 
with respect to By, W\>’, one can use p, 1 (2.1.8)-(2.1.9), respectively. After intro- 
ducing, moreover, ,,.=gW{'?)=const, we have the complete set of auxiliary 
parameters needed to make the required derivatives in (3.3). 

The corresponding one-loop fermion contribution in the effective action with all 
the mentioned parameters included is 


Ji? 04 (ae PEP) fin iepre afqe)) 


lin(ttee =} rinse = =) 


+In(1 + e—ALE+ — 41)1) 4 In(1 +e PUES A Be)1) 1 (3.2.4) 
where 
E=\|p| (3.2.5a) 
ry: lt 
==——p, +— 3.2.5b 
pi: S ig peti 2s ( ) 


and ji is the vector with the components (1,, >, [3). 

The nonzero time-time components of the static homogeneous polarization 
operators in the zero-temperature limit obtained from (3.2.4) via (3.3) are sum- 
marized in the following expressions: 


2 3 3 
& He Hy 
TT iy) wo = IT yo Tg eT Le (3.2.6a) 
2 2 
Me a LM, 
tie (2 Sly ke 2 cos 0 w) qa (3.2.6b) 
2 p) 2 
; He eros He, — Her 
aH a’ *1c68" 0), a — 5 88" sin 20. an 
2 2 
or Hy, 
To a= (g cos Oe, + a * sin *0 a) An? 
2 2 2 
1 ; He, + BY 
+29." sin-0,, Pen 7 gg’ sin 20, a (3.2.6c) 
1 
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: pried a4 we +B tic Me 
heres =(g*— g’*)sin 26, 3 que — 2g’ sin 260,, a 
eed eA 
+ gg’ cos 26, 5 (3.2.6d) 
4n- 


3.3. Magnetic and Debye Masses of the Photon 


The infrared masses of the fields of the many-particle WS theory in the 
approximation considered are to be found by diagonalizing the quadratic matrix 
obtained as (3.1) from the effective action [ (2.2.2) in the static and homogeneous 
limit. The static, or infra-red, electric, and magnetic masses, which are our only 
concern here should be distinguished, in the case of finite temperature and/or den- 
sity, when we go beyond the tree approximation, from the plasmon masses, i.e., the 
masses of longitudinal and transversal elementary electromagnetic excitations 
obtained as the poles of the Green function G\*) at T #0 in the limit Ky 40, |K| =0 
[24]. The latter are normally (already in QED [21]) both nonzero, but it is irrele- 
vant to the problem of the screening of the corresponding fields or to the infrared 
divergency [19]. 

Let us represent the quadratic part of the effective action (2.2.2) in the K,=0, 
|K| > 0 limit as 


r,=@11,®,  i,j=1,2. (3.3.1) 


Since our main purpose is to investigate the mass of the photon field components 
the following arrangement for the generalized fields @, is taken 


®, 
o-(4] (3.3.2) 


in such a way that ®, includes all the fields that are mixed with the magnetic 
(spatial) components of the photon potential (3.1.3a), ®* =(43, Z;, W®, Ay, Z,, 
A,, Z>), while ®, includes the rest of the boson field components + = (Ao, Zo, 
WP), 0, W'), WY), W), It follows from (3.1.2) and (3.2.6) that in this represen- 
tation the mass matrix /7 has the following box form 


II 0 
ne 11 
te vad (3.3.3) 


Following the order of the field components given in ®, the matrix IT,, is expressed 
as 


M, 
I,, = M, (3.3.4) 
Ms 
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with the matrix .4%,, which is related to the field components 4,, Z;, WY’, given 
by 


0 0 LITE ya) 
WU, 2 0 —1y2 LT? xe (3.3.5) 
alT 2) 4, 4172 wz, $[M74+ Tye) we) ] 


Te wo = Tye 4,= =28Cp, sin’ 6,,; TZ,wo= Tyo ,= 2gCu3 cos 6, 


and the matrices ./, and .@,, related respectively to the two pairs of components 
A,,Z, and A,, Z,, given by the coinciding expressions 


— 16202 cin2 nly aloha 
= ea ( 28 C 3 (Ged ae in 20., (3.3.6) 
agC’sin20, —3g’C* cos? 0,—4M2 
It follows from (3.3.4), (3.3.5), and (3.3.6) that 
I 6776.2 OFA 6 
det IT, =578 Con,M sin’ 0). (3.3.7) 


This is positively definite, which means that all fields linearly combined of the fields 
from the set ®, are massive, including the spatial part of the photon field. Here the 
following important remark is in order. Formally, in obtaining the matrix IT above, 
the condensate field was, as a matter of fact, treated as external. The external field 
like (2.2.3) particulally breaks the gauge invariance of the system [25], so the 
appearance of extra nonzero masses in the spectrum of gauge particles is not 
unexpected and sounds trivial. Moreover, the use of gauge conditions is not 
justified, since there are fewer degrees of freedom [25]. Only when taken on the 
extremum, i.e., on solutions of Eq. (2.2.1), the effective action restores its gauge- 
invariance properties (in the present context this general theorem [26] is directly 
checked in Appendix C). That was the reason why we kept the one-loop fermion 
contribution to II; only this contribution makes the field (2.2.3) spontaneous and 
not external. Now, to get a final conclusion about the masses we must use the 
extremum solution in (3.3.7). It is technically difficult to perform this substitution 
explicitly. Nevertheless, the evident positive definiteness of (3.3.7) guarantees the 
fact that (3.3.7) remains nonzero after the parameters C, 3, and ¢ (hidden inside 
M.) are all expressed in terms of uw, according to the extremum solution. 

The photon temporal component mass squared m7(Aj) is one of the eigenvalues 
of the matrix II,,. This eigenvalue is already nonzero in the finite-density Higgs 
phase and is responsible for the Debye screening. The appearance of such an 
infrared-massive component of the A,, field in this phase is a finite-density effect for 
which the nonvanishing of the four-four components of the zero-temperature 
polarization operators (3.2.6) is responsible (also finite temperature alone would 
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give the same). We neglect the small correction introduced by C in the 
W-condensate phase to write 


m?(Ao) = Lis Avy Ag a as Mz) es { (17 ‘, Avy Ao — Ip .z4- Mz) + 4[1T" 2,17} se 
(3.3.8) 


In obtaining this result we have also neglected the quantity Z = — p because 
it is of the higher order in e? compared with the other average values of the fields, 
as it can be corroborated from the extremum equations equivalent to (2.2.1) given 
in Ref. [1]. 

It is worth stressing that in the W-condensate phase a redefinition of the mixing 
angles is needed as it is evident from the non-diagonal character of the mass matrix 
II. Thus, by diagonalizing the mass matrices ./, » ; the following eigenvectors and 
eigenvalues in the small condensate (J, ~ /{.) approximation are found: 


4 g°C? sin 20, 
Asa Gautihe mayypae 12 (3.3.9a) 
—m*(Ai 5) = —4g?C? sin? 0, (3.3.9b) 
Oy a Pa = 
: g Cf; sin 2e, gCu; sin @,, 
A ——4 OP = SS ee SS RRL Te Ee Se eae Ww?) a . 
; 2M5[Miy+ IT iyo) we) ] ] Miyt+ Tye we) u (33. 10m 
Cae Sine Oe 
a2. 2: At pi ie & a 3 Ww te: 
y oC “sin 20, 
Za Maaaae 5g eal ria (3.3.11a) 
—m*(Z',»)= —M2—49?C? cos? 6, (3.3.11b) 
, g’C7p3 sin 26, 
Ls~ SET MET MEE 
7(M5+M;,4+i1 we) we] 
gC; cos 6, c 
+ Z,-—- >> _ WW) 
MaMa pie 325) 
2C*u2 cos? 0 
ert) ean eeciah r s SR  e 
(23) Z M3 +M3,+ howe (3.3.12b) 
gCu, sin 0, Cu; cos 6, 
Wey = 3 Bats Z;+W®  — (3.3.13a) 


ML te-tdT fe gp 2) M3 + M3, +140 yo 
m(W2))= M2,4+ 174, w?) we) 

reraw yee + ITiy2) wot M2 sin? 6,,] C? 
eg 


-- ; 
[M7+ M jy + Tye wo ILM { wt ITy, wi) we] 


(3.3.13b) 
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For the spatial field components the eigenvalues of the mass matrix are their 
squared masses taken with the opposite sign, due to the Minkowskian metrics effect 
(cf. the standard mass term m*(A2— A”)). Here the primed fields are the eigen- 
vectors of the II, matrix. In these notations A‘ denote the new photon field spatial 
components in the W-condensate phase, and Z;, W”, are the weak-neutral spatial 
field components and the zeroth component of the weak-charged field, respectively, 
in the W-condensate phase. The criterion for adopting this terminology is that each 
new eigenfield must turn into its counterpart in the many-particle Higgs phase in 
the limit C0, ie, A;>¢_.9 A; Zi>o50Z;, and WEY >-_,, W®), as well as 
their mass eigenvalues should also turn into their counterparts, ie. m?(A/) >¢_,9 0, 
m(Zi)>c10MZ, and m(WP me. M jy. 

It ought to be noted as peculiar characteristics of the system in presence of a 
charged background, that the new mixing angles depend on the condensate solution 
as it is evident from (3.3.9)-(3.3.13) and that the rotational symmetry in the 1-2 
plane is the only remnant of the Lorentz invariance. 

The eigenfields of the matrix IT,, will not be given here, since they were already 
all massive in the many-particle Higgs phase, as we have pointed out before, for the 
zeroth-component of the photon field, A), and then the contribution of the 
W-meson condensate amplitude, C, is not crucial for them. 

Thus, from (3.3.8), (3.3.9b), (3.3.10b), and (3.2.6) we have that when the phase 
transition from the W-condensate phase to the finite-density Higgs phase occurs 
(C—0), the static electric mass squared (3.3.8) of the photon survives, while the 
magnetic masses (3.3.9b), (3.3.10b) do not. 

It must be stressed that the acquirement of the magnetic mass by the photon in 
the course of the W-condensation does not contradict the principle of conservation 
of the number of degrees of freedom. The point is that the mass that matters in the 
degrees of freedom counting is not the infrared mass, determined by the static 
homogeneous limit K,=0, |K| > 0 which is the main concern of our investigation, 
but the “plasmon” mass determined by the opposite limit in the polarization 
operator |K|=0, K,—0. The extra degree of freedom that appears when a vector 
field becomes “plasmon-massive” is that connected with the medium oscillations, 

-e.g., there are the well-known longitudinal charge-density (Langmuir) waves in the 
electrodynamical plasma. The plasmon mass becomes nonzero when the density 
and/or temperature are introduced [27], and so it is not connected with the 
W-condensation phase transition, the number of degrees of freedom remaining 
unchanged under this transition. 


4. MEISSNER SCREENING 


In this section we will investigate the penetration of an applied magnetic field 
into the region occupied by the W-condensate phase of the dense electroweak 
matter. True enough, the short range of the electromagnetic field inside the 
W-condensate region, found in the previous section, is already sufficient for con- 
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cluding that the screening of an applied magnetic field takes place. The reason is 
that an applied external field penetrating the W-condensate medium, must split into 
the new modes characteristic of this medium (3.3.9a)-(3.3.13a) which are all 
massive, once the only gauge particle, which remained massless in the common WS 
model, the photon, has turned massive in the dense medium. 

In analogy with the study of the common Meissner effect in solid state physics 
we have to solve the field equations in the medium of interest with the boundary 
condition corresponding to a constant magnetic field applied at the border. The 
field equations in our case are nonlinear, so we shall handle only the small 
amplitude applied field case and employ the correspondingly linearized field 
equations. The other peculiarity is provided by mixing the electromagnetic field 
with other fields. This will give rise to the effect of induction of quasielectric and 
quasimagnetic fields by the applied magnetic field, whose damping in the depth of 
the medium is described by the same field equations. The same mixing will be 
shown to become responsible for appearance of a weak surface charge, which is 
more important in providing the Meissner screening than the superconducting 
current. The corresponding mechanisms are studied here in more detail as com- 
pared with our previous publication [11 ]. 

By solving the field equations we will establish the connection between the 
photon magnetic mass found above and the Londons’ penetration depth which 
characterizes the screening of the applied magnetic field. We also establish the 
connection of the damping parameters of the induced accompanying fields with the 
photon, W- and Z-masses. 

As pointed out above, we consider that the dense electroweak region has a 
border, beyond which the dense Higgs phase is spread. There are, in principle, 
various ways to realize this border. As an example we can suppose that the lepton 
density or temperature beyond the border may be lesser than their critical values 
needed for the W-condensation to appear [1, 2, 4,6]. The density or temperature 
inhomogeneity does not seem unprobable in the cosmological matter distribution in 
the course of the Universe evolution. 


4.1. Linearized Set of Field Equations in the Dense Electroweak Matter 


Before writing the set of field equations we should take into account that, once 
an external magnetic field is switched on it breaks the spatial isotropy of the free 
system, which means that the condensate solution loses its freedom in orientation 
(i.e., the system in absence of external field cannot distinguish any spatial direction 
for the condensed solution, only the modulus of W') being determined by 
Eqs, (2.2.1)), 

Specifically, it has been demonstrated in Ref. [10] that once and external field is 
applied, the condensate field W°? alignes parallel or antiparallel to the vector 
potential A. So, in the equilibrium case we only need to consider the component 
A,, as long as the W-condensate field has been chosen in (2.2.3) to possess only this 
spatial component WY). 
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In order to obtain the needed linear field equations we must start from the quad- 
ratic many-particle effective action of the W-condensate phase. 


P'4,=34307,43-3W222 WO 412,822 
+5431, yoW?+5WOlMi4+ Tiere] We) 
= 32,M52Z,+ 52,117, yaw®, (4.4.1) 


which is obtained from (2.2.2), taking into account all the quadratic terms of the 
fields that are mixed with 4, and making the supposition that the potentials 4;, 
W, and Z, depend only on the coordinate x,, orthogonal to the border. The 
subscript 1 for this coordinate will be henceforth omitted. Inside the W-condensate 
region x >0. 

From the extremal conditions 614, /64,=0, 614 ,/OW? =0, and 6r4 ,/0Z4=0, 
we obtain the mentioned linearized equations anh are respectively given by 


CiA.—— 311 47a s (4.1.2a) 
—-@WO= [M247 we) we] Wo) _ 3174, woAs;— 5112, WaZ; (4.1.2b) 
Cg = M4, — all pall « (4.1.2c) 


Now, considering that the border coincides with the (y, z)-plane we may define 
the magnetic H4°, quasimagnetic H%! and quasielectric E°’ fields respectively 


Hd=—0,A, (4.1.3a) 
Heo. 2, (4.1.3b) 
EW. =—d,W®. (4.1.3c) 


Then, introducing the definitions (4.1.3) into (4.1.2) we can arrive at the 
following equations for the magnetic, quasimagnetic, and quasielectric fields: 


{[02-M3][- 62+ Mi, + Tyo welt 412,72) } 0. F, 
=a (ils. wer)? [QZ aM Z\Fone f= 1, 2,3: (4.1.4) 


Here, for brevity we have denoted by F%, j= 1, 2, 3, the fields H°, A, and E} we 
respectively. That is, we have obtained a ae differential equation (4.1. 4) for 
each field (4.1.3). 

Being higher order differential equations, the three equations (4.1.4) contain an 
ampler class of solutions than the three original equations (4.1.2). It can be shown 
that in order to exclude the redundant solutions it is sufficient to supplement 
equations (4.1.4) by the following two equations also derived from (4.1.2): 


[2 — M2] AP =— 1178 yak PO (4.1.5a) 


2 fF Aa TT awe DI 2) 72 
plils = ———_ (07 — M3) H;?. (4.1.5b) 


FG wi?) 
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A nonzero solution of Eqs. (4.1.4), (4.1.5) may be provided by fixing a nonzero 
value for the magnetic field on the inside border of the W-condensate region AS 
and zero values for HZ? and EWS ' 

This formulation just corresponds to the problem of penetration of a magnetic 
field applied to the W-condensate from outside accompanied by an induction of the 
quasielectric and quasimagnetic fields inside it. 


4.2. Londons’ Penetration Depths 
The solution of Eqs. (4.1.4), (4.1.5) must not grow infinitely at large distance and 
must satisfy the boundary conditions pointed out above, 


A®|,o=AY, AZ|,.9=0, EY |,_)=0. (4.2.1) 


Once we impose all these restrictions we arrive at the solution of the set (4.1.4), 
(4.1.5), 


~ — 


FP(x) =A) (Z) Bwe-** + (A) (W) Bre ** + 9(Z) WW) Bye 


(4.2.2a) 
AF(x) = (A) (Z) y(W) [Bye "* + Bre °)* + Bye" 4)*] (4.2.2b) 
EY'(x) = —y(A)1(Z) 1 W)EBW) Bye ** + B(Z) Bre *?)* + B(A) Be] 
(4.2.2c) 
with 
=e etd» 
B,=5 bux > (BU) — BK), R= 1, 2,3, (4.2.3) 


2 


where we assume following order 1 > W, 2<> Z, 3+ A and ¢;x is the unit totally 
antisymmetric tensor with €,5;= 1. Further, 


D=[y(A)—y(W)ILB(Z) — B(W) J (Z) 
— [y(Z) — y(W) ]LB(A) — B(W)] (A) (4.2.4) 


and (i) and f(i) are given as functions of «(i) as 


1 2,we) a°(i) 
hg we? o?(i) — M2 
2[a?(i) — M2] 


ES 


(i) = (4.2.5) 


Bi) = — (4.2.6) 


The exponents «7(i)= y are the three roots of the cubic equation 


y+ay?+by+c=0, (4.2.7) 
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where 
a=Mi,+M2+ Tye w) (4.2.8) 
b=M7Z(M y+ iyo wo) + 9° Cu; (4.2.9) 
t= M (e-Coyesin” 0 .)), (4.2.10) 


In finding an explicit expression for «(i) we will restrict ourselves to the 
small-condensate approximation (g°C*<M23~Mj,) already used in writing 
Eqs. (3.3.9)-(3.3.13). So we find 


a(W) ~ My (4.2.11) 
a(Z)~ M, (4.2.12) 
a(A) ~ m(A4)<Mz~ My. (4.2.13) 


In this approximation the general solution (4.2.2) reduces to 


f143(x) z Hegaisve (4.2.14a) 
Me B yas 2 
Mz Ww? My—Mz 
M? 
tem] (4.2.14b) 
2 —2m?(A5) HY : 
pone: isla) [oe Mx pms] (4.2.14c) 
Tw? 


from where we can assert that, while in the given approximation the applied 
magnetic field AH falls down inside the W-condensate phase with Londons’ 
penetration depth given by 12) ~m—'(A%), the induced weak quasimagnetic 7? 
and weak quasielectric E” ° fields fall down on two essentially different scales: 
the short one, pie etn aud gph , and the long one, 1°) ~m~'(A5). We must 
remember that we are considering the small-condensate oc igamien (C~0), 
where the photon magnetic mass m(A3) (see Eq. (3.3.10b) is much smaller than the 
meson masses My ~ Mz. 

The grafical representations of solution (4.2.14) are given in Fig. 2, where we can 
observe how the applied magnetic field falls from its boundary value H4 down to 
zero at the distance 4‘) (Fig. 2a), while the weak-quasimagnetic ie aad weak- 
quasielectric E! w® fields combine their different decay velocities fhe ones related 
with A?) and 4) to make the following picture: they grow first from their zero 
values on the boundary to their respective maximum values at a length 
approximately equal to 4°), to fall then to zero at A{’ (Figs. 2b,c). The sign in front 
of EY ©” will meade if one reverses the direction of the vector C, since the polariza- 
tion Esitod 174,, and I74,, depend linearly on C. Remember the statement made 
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Fic. 2. Behaviour of the magnetic, 4°, (a); quasielectric, E*’, (b); and quasimagnetic, AZ, (c); 
fields inside the W-condensate medium as given by Eqs. (4.2.14). The coordinate x is directed from the 
boundary (x =0) into the interior of the W-condensate medium. A‘ is the Londons’ penetration depth, 
which coincides with the inverse of the photon magnetic mass. aio is the Londons’ penetration depth, 
which coincides with the inverse of the photon magnetic mass. jis is a second characteristic length of 
the order of M ;,'~M_'. In drawing (b) we accepted C to be oriented anti-parallel to A. 


in Section 4.1 that both the orientations of the W-condensate are possible, parallel 
and antiparallel, with the vector potential of the applied magnetic field. 

The appearance of induced weak quasimagnetic H% and weak quasielectric pa wy 
fields tangled with the applied magnetic field 43 through the mechanism of the 
Meissner screening in the W-condensate phase (i.e., as solutions of the set of 

Eq. (4.1.2)) can be understood as a reflection of the fact that the magnetic screening 
in the present approximation is realized at first instance by the generation of an 
induced charge of weak nature jv = =4 2 Te 4, As, as it has been reported in 
Ref. [1 1]. Taking into account the Heaiiaors (4.1.3) we see that once the induced 
charge J; Wo" is nonzero, already at the border, where it makes the only non- 
ones contribution into the r.h.s. of Eq. (A.1.2), it starts the development of the 
screening process via equation (4.1.2b) giving rise to the field W), which in its 
turn produces the change of the magnetic field by contributing to the r.hs. of 
Eq. (4.1.2a). The latter makes an electromagnetic superconducting current induced 
by the field W{?’. These two quantities have their maximum at a depth of about 
A‘). In this point we face a difference with the ordinary Meissner effect in solid state 
physics, where it is completely due to the supercurrent whose maximum density is 
at the surface. The superconducting currents carrying weak charge in Eq. (4.1.2) are 
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ods: we) Wand M? ae and the weak charges taking part in the screening pro- 
cess are (M2, alleen w)) W 44778 we) Zs. 

Finally, we want to call attention to the fact that the appearance of a photon 
magnetic mass in the W-condensate phase and the possibility of realizing the 
Meissner effect, in such a phase, are not independent events. This can be 
corroborated in a rough way, making m(A4)—0 in Eggs. (4.2.14). Then the 
magnetic field in the W-condensate phase AH: does not suffer any screening, main- 
taining at any depth its boundary value H4°, while there is not any other induced 
field, ie., H73=0 and EV. =). 


5. CONCLUDING REMARKS 


As was discussed in Refs. [4, 6] the WS model in presence of a finite density of 
leptons exhibits two phase transitions when the temperature is decreased. The first 
one is from the totally symmetrical phase to the finite-density Higgs phase, and the 
second, obtained for lower temperatures, requires that the lepton number density be 
larger than the critical one at zero temperature (J¢ = M},/6z7), is the one which 
turns the finite-density Higgs phase (€40, C=0) to the W-condensate phase 
(c= 0, C40): 

In the finite-density Higgs phase, as well as in the Higgs vacuum, some boson 
fields acquire masses (those of the W --mesons ad Z,-mesons) and become thereby 
short-range, which implicates that some weak current superconductivity appears 
responsible for the Meissner screening of the sources of the meson fields W * and 
Z, [28], which may be thought of as providing the short-range character of these 
fields. But even in this phase the U;y,(1) subgroup remained unbroken, and this 
was interpreted as the permanence of a long-range character of the U,;y,(1)-gauge 
field: the photon. Therefore, an electric current superconductivity could not be 
expected in this phase. 

What is peculiar for the phase transition towards the W-condensate phase is that 
all the gauge symmetries break down and no boson remains massless. Thus, we 
found that in this phase the photon acquires the infrared mass providing the 
Meissner effect for the WS medium with a high density of leptons. 

The nonzero magnetic mass of the photon obtained certainly implies the finite- 
ness of the penetration depth of the magnetic field inside the region occupied by the 
W-condensate phase. As distinct from the usual Meissner effect, this screening is in 
first place due to the weak charge J, We) = [78 w2)4, 43 induced on the surface of the 
W-condensate phase by a magnetic field applied from outside of this phase. Here 
the Ereucdy magnetic field is contained in the potential A,. The polarization 
operator 7? w()4, 1S One of the components of the matrix .@, (3.3.5). This polariza- 
tion “operator also provides the existence of an electromagnetic supercurrent 
—IT¥, Ww) 43 W°) that flows inside the W-condensate at the depth of the order of 
inverse W-meson mass. However, this current should not be thought of as carrying 


wy 
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charged fermions because // we) 4, does not contain the fermion contribution. The 
role of fermion within the approximation adopted in the present paper is only to 
maintain the existence of the W-condensate phase. However, when we went beyond 
this approximation by calculating the polarization operator as a loop of fermions 
considered against the background of the W-condensate [9,10] we saw that 
electrically charged fermions do contribute directly into the magnetic screening by 
forming a usual supercurrent, flowing along the surface. This fermionic super- 
conductivity is accompanied by the restructuring of the fermion spectrum. The 
full investigation of the related phenomena will be published in a forthcoming 
paper [12]. 

In accord with the promise given in the Introduction we shall discuss now how 
the existence of the W-condensate phase may bring a solution for the problem of 
relic monopoles [29 ]. 

As is known, the primordial monopole problem [29] is one of the most difficult 
problems in compatibilizing cosmology and the theory of elementary particles [30]. 
Despite the great success of the standard hot universe scenario, the primordial 
monopole problem together with others makes such a scenario incomplete.” 

The problem is that the ’t Hooft-Polyakov monopoles [32] can be copiously 
produced during the phase transitions in GUTs at temperatures T~ 10'*— 
10'° GeV [29] and their ulterior annihilation is very slight [30]. This leads to 
catastrophic cosmological consequences, since the consequent increase of the 
density of matter, would have made the universe collapse a long time ago. 

With the advent of the inflationary universe scenarios [33] this contradiction 
was overcome. The inflation stage of the universe is able to dilute the density of all 
objects which existed before the exponential expansion, including monopoles. 

But recently it was proved [17] in the context of the new [33] and chaotic [34] 
inflationary scenarios, that some phase transitions may occur during the last stages 
of inflation (due to the change of the inflation field ® and the Hubble parameters) 
which may lead to the creation of strings, monopoles, and other objects. 

Particularly important here is the fact that if monopoles are produced towards 
the end of inflation, their density, being not totally suppressed, should survive this 
stage to resurrect the primordial monopole problem. 

In this sense the existence of the W-condensate phase as a post-inflationary stage 
of the expanding universe [13] may bring the possible solution to this problem. 
The matter is that starting from the mechanism of monopole confinement in a 
superconductor suggested by Nambu [35], Linde found the way through which the 
confined monopoles may be annihilated [36]. Within Linde’s mechanism [36] it 
was proposed that the temperature may become responsible for the infrared cutoff 
needed to generate the superconducting medium. But up to now the thermic 
photon mass doubtlessly has not been found. In contrast, if the universe really 
passed after the inflation [13] through the dense phase, J, ~ M}, [1], the photon 


* For a discussion of the general incompatibility between cosmology and elementary particle theories 
see Ref. [31]. 
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gained the magnetic mass in that time in a natural way, as we have proved in this 
work, bringing an adequate context for Linde’s mechanism [36] to work, thereby 
cleaning the universe from the excess of relic monopoles. 


APPENDIX A 


Here we present the following special character of the spontaneous symmetry 
breaking mechanism in quantum statistical theory (i.e. the generalization to 
statistics of the Fabri-Picasso theorem). Let Q be an infinitesimal operator of a 
symmetry transformation, [Q, p]=0, with p being the density matrix. Let a field 
@ be transformed nontrivially by Q in a linear way, ic. 69 =[O, 9]=a@ with a 
a matrix coefficient. Then, the nonvanishing of the statistical average 
~ =Tr(p@) £0 implies that the operator Q cannot leave vectors of the full space of 
physical states in this space (this wording just expresses the notion of the spon- 
taneous symmetry breakdown). To see why this happens, consider the average of 
the symmetry field transformation 


ap =a Tr pp=Tr plQ, p]_ =Tr(Qpe) —Tr(peQ). (A.1) 


To maintain the nonvanishing of the |.h.s. of this equation one must point to a 
reason why the operator Q cannot be cyclically permuted under the sign of trace 
without changing the value of the trace, since if it could the r.h.s. of (A.1) would 
be zero. If every vector |n» of the full space of physical states might be transformed 
by the action of Q into a linear combination of other vectors |n’> of the same space 


OQ |n> =e Qnn' tas <n| sy, Gin, (A.2) 


the freedom of the cyclic permutation would be proven in a direct way. So, to 
forbid this permutation is to forbid Eqs. (A.2) for at least one vector |n>. When the 
temperature is zero the only state that contributes to the trace (A.1) is the ground 
state; ie., the statistical and ground state averages become the same. Then, for 
T=0 the spontaneous symmetry breakdown means, naturally, the violation of 
(A.2) for |n> being the ground state. It is unclear whether this situation can occur 
when (A.2) is violated, not for a ground state but for excited states. If that were the 
case, the spontaneous symmetry breakdown might appear for a nonzero tem- 
perature although it did not for a zero one. The case of W-condensation under 
study in the body of the paper is characterized by the fact that the vacuum is not 
taken out of the physical space of states by Q, whereas the ground state is. 
Normally, as the temperature increases Eq. (A.1) may become zero at the 
symmetry restoration point, although Eqs. (A.2) cannot be restored, since they are 
temperature independent. This is not surprising; once the violation of (A. 2) is only 
a necessary, but not sufficient, condition for (A.1) to be nonzero. 
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APPENDIX B 


As was promised in Subsection 3.2, here we shall show that in the limit Ky =a 
|K| +0 the polarization operator /7/, we) we) is equal to zero. To this end we 
apply the method of Refs. [9, 10]. Thus, we introduce the auxiliary coordinate- 
independent parameters , and x in the fermion WS effective Lagrangian (2.1.10), 
as the shift to the fields WY) and W?, 


(2) (2) 4 2) 
eee ae ees ee 


(B.1) 


W°) is the fluctuating field remaining after the shift. We have specialized Ww?) 

to be directed along the spatial third component (i= 3) appealing to the rotational 

invariance of the problem (remember that C=0 within the present calculation). 
Then the polarization operator component under consideration can be calculated 


as 


ie hi ove B.2 
WoL saert a Ou, 0K ond baat { , 

where 
ry =5 Bp" IndetG' (B.3) 


and G_' is the Dirac operator in the external fields W‘?) = (u5)/g) 5,0 +k6,3, 
W'S) =,/g, By) = and with the leptonic chemical potential 


G~'=-iy-(p*—E) (B.4) 
* _ PJ= Dj, peel 253, 
tprepaeie Ms) eRe 
2 
E;= 8k > 9j35 Hea RA 
E,= . (B.6) 
; T 
f= Maz a=2,3 


Taking into account that the functional determinant in (B.3) includes the opera- 
tions iB~' >, | (d°p/(27)*), after the sum over p, is carried out (B.3) is given by 


PHOTON MAGNETIC MASS AND MEISSNER EFFECT Vi 
Py= (55 of 6, +6 In(l +e #4+-®) 


1 
A eurn ng * In(1 + e78@- +?) 


1 


tee +p TInt Beg) 


E+ tind +eM—myt, (B.7) 


where the spectrum of the Dirac operator is presented implicitly as 


eg =ayg +459 (B.8) 
5 /q?+4r +44 (B.9) 


694 
J 
II 


re eit 

f=t—p, (B.10) 
ae q° 

r=(a?+4)-F— Gee a(O: Gp Aye o: — (B.11) 
pe q° 

p=( 02+ 48) 54 go HA) FiO —H (B.12) 

q’ ie 1/2 

a= exips| F—# (02+ 82) + ui0% -H| (B.13) 

@* = p*+ 4g°K? (B.14) 

H = 487k U3 — 3°K" D3. (B.15) 


In the same way as in Refs. [9,10], instead of solving Eq. (B.13) for g we shall 
list the first derivatives of g with respect to uw, (¢=0q/0u>), and to xk (q'=0q/¢ek), 
at 1) = =0, which is enough for the task we are involved in 


G(0)=4\,=x=0=9 (B.16) 
q' (0 J=q'|wan-0=9 (B.17) 
9 (0) = 4 ,,=xn=0 = & COS &/|H5|, (B.18) 


a being the angle between p and the axis 3. From (B.16), (B.17), (B.18) and the fact 
that r and 7 only depend on x? and (5)? we have at p,=K =0, 


£4(0) = ./r(0) = |p — |H3|/2| (B.19) 
€4(0)=,/7(0) =|p + |u3|/2| (B.20) 
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(0) =é', (0) =90 (B.21) 

é’, (0) = &, (0) = + $4'(0) = + g cos a/2 |p3|. (B.22) 

Then, carring out the derivatives with respect to , and x in (B.7), and making 
the substitutions 1, =« =0 we obtain 

ery 


=| d*p 1 
Of, 0K a 


o | (ny (0b 
w=K= 


ef 1 ms 1 
— €_(0) eo + ete) + &', 


i+ ehlé+(0)— A] 


i 1 
Ss een eras EO (B.23) 


Finally, the zero-temperature limit gives the polarization operator in question 


(1) 
IT fh 2) w2)= ITs) yw) = lim asi =e 
a peep oe Of Ok 


w2=kK=0 


apace = re be 
= | 55s 0) OL —e 0) +2. (0) OLE, (0)1} 


Lise Riis gcosa 
ery add 0 > 0 


a oli (B.24) 


= é[a—é,(0 
2I 3 | [a#—€,(0)] 


which turns to zero after the integration in the a-angle. @ is the step function. 


APPENDIX C 


Let us now show that on the mass shell, the product of the masses of physical 
particles (3.3.7) does not depend on the gauge fixing conditions. With this purpose, 
instead of working in the unitary gauge used in developing the result (3.3.7), we will 
employ the covariant gauge conditions which depend on an arbitrary parameter «, 


a 7 a n t= ’ 
F = o'W; + ign (3 Sd—4* £4) =0 (C.1) 


a= 192)33 


f= 0'B, + ig’ 5 (6° b—§*9) =0, (C.2) 
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s-(°") (C3) 
Po 
mee 60 
é-(1). (C.4) 


When we repeat all of the procedure carried out in Section 3.3, but introducing 
in the WS Lagrangian (2.1.1) the gauge contribution, L,, corresponding to the 
conditions (C.1)-(C.2), 


where 


b= —5,| 0°W5-+iea(3* 56-4" 53) | 
1 ig’ ee e 
= 3, [oa Sod 8°) ; (C5) 


we find that the isolated block in the mass matrix, where the contribution of A; is 
contained is now a 4x4 matrix (instead of 3 x3 matrix (3.3.5)), whose new row 
and column refer to the Goldstone field h, 


peas C2 athe tee 
vyoslwahbuekidetrd hae ccost/Tda niin on tL rans 
HI, Hyer, (MY +i owe UTE. |’ 
Fs ME Ten ITP I Babee ri 


where apart from the known polarization operator components given in (3.3.5), 
(3.2.6) we have 


Hill 7. = cee CE cos 6, (G7) 
He. = 1174, = 288 Cé sind, (C.8) 
TT w2 = Tiyan, = —2gKe (C9) 
m= 4(ut U3)? — 59°C? + 2m? — (44 + ag’) &. (C.10) 


The contribution of (C.6) to the quadratic part of the effective action (2.2.2) in the 
infrared limit is given by 


re=x My (C.11) 
with 
C= (AG Zan 5 oP) (C2) 
1 
fee a 01 te) (C.13) 


595/201/1-6 
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On the other hand, the contributions given by A,, Z, and A,, Z, to the mass 
matrix in the covariant gauge (C.1)-(C.2) remains an isolated diagonal blocks 
which coincide with those obtained in the unitary gauge (3.3.6). 

Taking the determinant of the new matrix Il (C.8) we obtain 


i 2 / ps , M2 
det = (5 Cus) (= ce) ect 


[3\> m;, te gf 2 
<{ (2) mi so rele (Miy+ Tip wp) | (C.14) 


Now in order to take into account the mass shell conditions let us write explicitly 
the extremum equations for the W-condensate phase (2.2.1), 


Go 1 272 I 2 2 12 
oe 48 Chg (Hs) = at ah eae = 0 (C.15) 
DOO een Be ee 
dv 2 1 Z a 3 
qe Hs C* +5 (HM Hs) O° 7 He, = 9 (C.17) 
dv 1 ay : : , 
“Beg Ba) Sm Goa Ee Bee + Ae Oe (C.18) 
Then, taking into account Eq. (C.15), we have that 
y= 42°? = M?,= M2, cos’0,, (C.19) 


and from Eq. (C.15) the Goldstone mass m,, Eq. (C.10), reduces to 
m?; = 2pp, — 2ap. (C.20) 
Therefore, substituting Eqs. (C.19) and (C.20) in Eq. (C.14), we arrive at 


Ma M7e7C 3 P 
det I =— sen [2?C? + + (L= a) 13 = Mes + Tye wo). (C.21) 


Now, from Eq. (C.17) and the definition of /7%, w?) we) given in Eq. (3.2.6a), which 
is not affected by the change of the gauge, we have that 


Tiy2) wer = —29°C* + 2up,;— 23. (Czas 


Finally, substituting Eq. (C.22) in (C.21) and taking into account (C.19) we find 
that det II, on the mass shell, reduces to 


det I zal (det Biter 5 (det tb fet: are (C.23) 
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where 
as MeN eC 
det IN),,.,; =—-* —* 
( € re 2 > 5 (C.24) 
(det TY) aateceone a —aM j,. (C.25) 


Here we have written det II as the product of two terms: one, (det IM) Goiastone> 
which includes the gauge parameter «, and the other, (det ae which coincides 
with det .@,, where .%, is given by Eq. (3.3.5) in the unitary gauge. The latter coin- 
cidence must be understood as a reflection of the fact that the masses of the physi- 
cal modes (in this case corresponding to the components 4,, Z;, and W®) are 
independent of the gauge-fixing conditions when evaluated on the mass shell. We 
must observe that the extremum equations (C.15)-(C.18) coincide in the covariant 
and in the unitary gauges, so the evaluation of C, €, u,, and yu on the mass shell, 
1.e., as functions of 4, (once the system (C.15)-(C.18) is solved) will give equivalent 
results in both gauges. 

The dependence of det [I on «, as a factor, is natural, because det [I includes as 
one of its eigenvalues the mass of the nonphysical Goldstone h (this is what we 
have denoted by (det TM) gotastone in (C.23)), which on the mass shell must be a pure 
gauge quantity (i.e., a quantity proportional to the arbitrary parameter «). 

From (C.23), (C.24), and (C.25) we can conclude that the magnetic mass of the 
photon third component m(A3), which is one of the eigenvalues of II, is on the 
mass shell nonzero independently of the gauge conditions. The masses of the other 
components m(A{ 5) remain nonzero since the determinants of .4, and .@, coincide 
in this general covariant gauge with their values in the unitary gauge, as we have 
already pointed out. 
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The dynamics of charged point particles interacting with point vortices, as in the idealized 
Aharonov-Bohm experiment or in Chern-Simons physics, possesses a dynamical SO(2, 1) 
symmetry. Ramifications of this symmetry for the physical problem are presented. We also 
find an integral representation for the scattering wave function, discuss the angular momen- 
tum spectrum, and establish the absence of self-interactions in Chern—Simons electrodynamics, 
for which the two-body scattering state is explicitly constructed as a definite superposition of 
free one-body states. © 1990 Academic Press, Inc. 


I. INTRODUCTION 


The dynamics of a charged point-particle interacting with a magnetic point- 
vortex (flux tube) arises in various physically interesting circumstances. It provides 
an idealization for charged particle motion around a solenoid, and therefore 
captures the essence of the Aharonov-Bohm effect. When free motion along the 
(infinite) vortex is ignored, the description becomes essentially planar (two- 
dimensional) and summarizes center-of-mass dynamics for two point-particles that 
carry charge as well as magnetic flux and interact according to the laws of planar, 
Chern-Simons electrodynamics. It has been conjectured that such structures enter 
into the physics of the quantized Hall effect and of high 7, superconductivity. 
Equations identical to the particle-vortex system are encountered also in the 
context of (2+ 1)-dimensional gravity, which is physically realized with infinite 
cosmic strings. 

The quantum mechanical theory of the particle-vortex system is governed by the 
time-dependent Schrédinger equation, defined on the two-dimensional plane, 


ih (ts) = HW). (1.1) 


* This work is supported in part by funds provided by the U.S. Department of Energy (D.O.E.) under 
contract #DE-AC02-72.116ER03069. 
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_ Department of Physics, Massachusetts Institute of Technology, Cambridge, MA 02139. 


83 


0003-49 16/90 $7.50 


Copyright © 1990 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 


84 R. JACKIW 


The Hamiltonian 
1 e a 
H=—(|p--A 12 
sp(P-= At) (1.2) 
is determined from the Lorentz-force Lagrangian 


LS 4 
L=~ Mv? +<v-A(r). (1.3) 
Z c 


Here M, e, v=r are the particle’s mass, charge, and velocity. The vector potential 
A in (1.2) and (1.3) is externally prescribed, 


A(r)= onto (1.4a) 


and gives rise to a vortex concentrated at the origin, carrying magnetic field B 
Bir) =VxA=@ 87(r) (1.4b) 


and flux @, 
=| d*rB(r). (1.4c) 


The magnetic field is invisible when the Hamiltonian is expressed in terms of the 
velocity v, rather than the canonical momentum p, 


Gn 
l 2 
H=; Mv’. (1.6) 


However, B reappears in the dynamical quantum algebra, 


[r’, r/]=0 | (1.7a) 
[r', Mv/] = ih 6! (1.7b) 
[Mv', Mv’] =ie’h : B(r) = ie!’2nvh? 62(r). (1.7¢) 


The velocity commutator (1.7c) is extended by an (infinitesimal) 2-cocycle that 
involves the flux quantum, 


eP 


Y= athe’ (1:8) 
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However, since the 2-cocycle does not obstruct quantization, v can be arbitrary; if 
it happens to be an integer, the vortex has no physical effect. 

The energy eigenvalue problem that emerges when time is separated in the usual 
way in (1.1), 


Wtr)=e "Wy ,(r) 
Ay .(r) = Ev ,(r) 


has of course been solved in many ways: first by Aharonov and Bohm [1], again 
by Ruijsenaars [2] who made use of a partial wave expansion. More recently, 
solutions on a conical surface have been given [3]; these are relevant when 
gravitational interactions are included [4]. 

Here we demonstrate that the problem admits a hidden, dynamical SO(2, 1) 
symmetry group of conformal transformations, which has not been previously 
identified. The symmetry group is present because, as we show below, the action 
i= i) datL, is left invariant not only by translations (t-> t+ fo) but also by dilations 
(t— At) and special conformal transformations (1/t— 1/t+1/to) of the time coor- 
dinate ¢. Commutators of the three associated constants of motion, H, D, and K, 
respectively, close on the conformal SO(2,1) Lie algebra. We describe the 
ramifications of this higher symmetry for the particle-vortex quantum theory and 
present a group theoretic analysis, which supplements the known [1-3] “direct” 
treatments, and in a sense explains “why” an analytic solution is available. 

The role of SO(2,1) as a dynamical symmetry was first recognized for the 
inverse-square potential [5]. More relevant to the present research is our earlier 
discussion of the SO(2, 1) dynamical symmetry enjoyed by the charged particle- 
magnetic monopole interaction [6]. Indeed much of the present paper consists of 
a transcription to the vortex problem of formulas developed for the magnetic 
monopole. Evidently the vortex is in many ways the planar analog of the 
three-dimensional magnetic monopole. (Another point of similarity, which will not 
concern us here, is that the Dirac operators for both systems require self-adjoint 
extensions [3, 7, 8 ].) 

The paper is organized as follows. In Section II, we establish the symmetries of 
the vortex Lagrangian (1.3)-(1.4): the obvious rotational invariance and the hidden 
conformal SO(2, 1) invariance. Also the constants of motion and their algebra are 
obtained, and the conventional nature of the angular momentum spectrum is 
stressed. Section III is devoted to a review of the known [1-3] “direct” solution to 
the energy eigenvalue problem (1.9). Since the spectrum is continuous, interest 
resides in the eigenfunctions. We derive a contour integral representation for the 
scattering solution, which separates in a natural way into an incoming wave and a 
scattered wave, with explicitly determined scattering amplitude. Our analysis takes 
over techniques developed for the gravitational problem [3, 4], complementing and 
clarifying the older treatments [1,2]. The group theoretic discussion based on 
representations of SO(2,1) is given in Section IV. In particular we show that 
quantum motion at fixed angular momentum is described by a single, irreducible, 


(1.9) 
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unitary, and infinite-dimensional representation. (This is also true for the magnetic 
monopole problem [6].) The group theoretic analysis can be alternatively 
motivated by an unconventional separation of variables in (1.1) or by an unconven- 
tional quantization procedure, wherein quantum mechanical evolution is not 
effected by the Hamiltonian, but by another generator of the conformal group. This 
is demonstrated in Section V, where it is also shown that our group theoretic 
approach provides a natural infrared (long-distance) regularization for the particle- 
vortex interaction. The last Section VI is devoted to Chern—Simons theory. In con- 
trast to the earlier discussions in Sections II-V, which concern a particle moving in 
the externally prescribed vector potential A of (1.4), we now allow A to be an inde- 
pendent dynamical variable, governed by Chern-Simons dynamics. After a careful 
treatment of self-interactions, which are found to be absent, we show that space- 
translation symmetries and Galileo boosts supplement the conformal and rotational 
symmetries, with rotations generated by an angular momentum operator that 
acquires an additional contribution from the gauge field. As a consequence, the 
angular momentum carries in units of A non-integer eigenvalues, unlike in the 
external field case, where the spectrum comprises the conventional integers. Also we 
confirm that two-body center-of-mass motion obeys the external-field equations 
discussed earlier [9 ], and we show how the two-body wave function is constructed 
by superposing products of one-body wave functions. 

Various formulas involving special functions that are used in the analysis are 
collected in an appendix. 


II. INVARIANCES OF THE ACTION 


A. Spatial Rotation Symmetry 


The charged particle-vortex Lagrangian (1.3), (1.4) is rotationally invariant; it 
does not change when the dynamical variable is rotated. Infinitesimally we have 


ér'= —e!ri 
2.1 
dL=0 (rotation). vy 


The conserved constant of motion, whose general form for invariant Lagrangians 
is 


OL 
C marred Leap 168 (2.2) 


becomes in the present case the angular momentum, 


J=rxp. (2.3a) 
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According to (1.4) and (1.5) this may also be written as 


J=Mrxv— & 
2the 
= Mrxv+hy. (2.3b) 


Nevertheless, the spectrum of J comprises integer multiples of # because in the 
quantum theory, where p is realized by —ihV, J is realized in circular coordinates 
r=(x, y)=(rcos 6,rsin@), by —ih 0/00 acting on single-valued functions of 0. 
Thus contrary to occasional statements in the literature [10], the angular momen- 
tum spectrum of a charged particle in an external field is conventional [11]. The 
situation changes when the vector potential becomes an independent variable with 
Chern-Simons dynamics, see Section VI. 


B. Conformal Symmetries 


A transformation may be a symmetry operation, giving rise to a constant of 
motion, even if the Lagrangian is not invariant, but the action is; 1e., if under 
a transformation d6r of the dynamical variable r, it is determined without using 
equations of motion that the Lagrangian changes by a total time derivative, 


6L=— X, (2.4) 
then the constant of motion acquires an addition to (2.2), 
C=p-or-X. (2.5) 


It is in this extended sense that conformal redefinition of time is a symmetry 


operation for (1.3), (1.4). 
To see this, let us consider first the interaction part of (1.3), 


d aternction = 


fv-A(r). (2.6) 
G 


With arbitrary Or, Linteraction Changes as follows: 
CHE ie Cr oon 
OT niocacton a ov'A’ = 2 v’ 0, A’ or! 
Cc 


EE (5 or) Ai4” vi, A! Sr! +5 v'(3,A! —0,A/) or! 
dt C eat 


= 5 (Ea-or) +£orxve 6°(r). (2.7) 
GENE c 
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The first term in the final equality is a total time derivative for arbitrary or and 
time-independent external vector potentials A. For an evaluation of the last 
contribution to OLinteractions Whose form is specific to the vortex, we take or as 
arising from an arbitrary redefinition of time. If 


RS Tea} (2.8) 


the dynamical variable also changes 
ro-R (2.9a) 


by a transformation that can involve a Jacobian factor with arbitrary weight e, 


R(T) =(+) r(t). (2.9b) 

Infinitesimally, this gives 
T(t)—t=6,t=—f(t) (2.10) 
R(t) —r(t) = 5, r(t) = f(t) v(t) + ef (¢) r(2) (2.11) 


and we see that the last term in (2.7) vanishes. Thus the particle-vortex interaction 
is invariant against arbitrary time reparametrization, and r transforming with 
arbitrary weight. (This large invariance is also enjoyed by the charged particle- 
magnetic monopole interaction in three dimensions [6 ].) 

Note that for arbitrary, time-independent vector potentials v-A(r) changes by a 
total derivative, and its action { dt v- A(r) is invariant, when time is reparametrized 
and r(t) transforms as in (2.11) with zero weight, ¢=0. This is most readily seen by 
rewriting the time integral as a line integral [dr-A(r), which is obviously 
reparametrization invariant. The special and additional feature of the vortex (and 
of the magnetic monopole [6]) is that the interaction remains time reparametriza- 
tion invariant when r(t) changes with arbitrary weight «.' 

The charged particle’s kinetic energy 


Livatticle = 5Mv° (2.12) 


changes under (2.11) by a total derivative only when e= — 4 and f corresponds to 
the SO(2, 1) conformal group: f=1, t, (°° 


Ore ¥ (time translation) (2.13a) 
or=tv—tr (time dilation) (2.13b) 
ov=f?v—ir (time special conformal transformation). (2.13c) 


' In fact, an even larger invariance holds for both systems: for the vortex, we can allow or = fv+A(r), 
because the last term in (2.7) vanishes provided the arbitrary quantity 4(r) vanishes at the origin; for 
the magnetic monopole, see [6, 12]. 
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For these, the change of Lyaricie is a total time derivative, 


d if 
6 ¢ Lvarticle = de bescece: = ja (2.14) 


By putting together (2.5), (2.11), and (2.14), we arrive at expressions for the three 
constants of motion that arise, respectively, from the three symmetries (2.13), 


H=%3Mv? (2.15a) 
D=tH—4M(r-v+v-r) (2.15b) 
K=—PH+21D+1mr. (2.15c) 


These are also generators of the transformations (2.13), as is seen by using the 
quantum algebra (1.7) to reproduce (2.13) by commutation, 


1 


, Lit l=¥ (2.16a) 
=e r]=tv—ir (2.16b) 
7 UK tJ =Pv— ir. (2.16c) 


The quantum algebra (1.7) also establishes that the generators satisfy the 
SO(2, 1) commutation relations, 


[D, H]=—ihH (2.17a) 
[D, K] =ihK (2.17b) 
[H, K]=2ihD (2.17c) 


which can be presented in the Cartan basis by forming linear combinations with the 
help of a fixed, positive parameter a of time dimensionality, 


=5 (7K + att] (2.18a) 
2a 
Lid 
7 =5({ Kan) (2.18b) 
DING 
) OF = CF +e 119); (2.18c) 
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Y and D act as non-compact two-dimensional boost generators, while # generates 
the rotations that form the compact SO(2) subgroup of SO(2, 1), 


[h-'#, L,J=+L, (2.19a) 
[Li yD == 2A s. (2.19b) 


With these commutators, the time independence of the generators may be 
established by use of the formula 


dC i ac 
cea Ge ae 2.20 
He ne i 


It follows from (2.20) that all three generators are time-independent. Note however, 
D and K do not commute with the Hamiltonian; their total time derivative vanishes 
owing to the explicit time-dependence seen in (2.15b) and (2.15c). 


C. Combined Symmetries 


The Casimir operator for SO(2, 1) is 


J°=R — SF? —D? =}(KH+ HK)—D*. (2.21) 
The angular momentum (2.3) commutes with the conformal generators since they 
are rotational scalars, and the total symmetry group is SO(2,1)x U(1). The 


SO(2, 1) Casimir (2.21) may be expressed in terms of the angular momentum. 
From (2.3b) and (2.15) it follows that (2.21) also is given by 


Sf’? =-(J—fvy ——. (2.22) 


Therefore, ? is diagonalized when angular momentum is, 


J=hj ~ j7=0) £1; +2... 


rR 2 (2.238 
yh se 
Upon defining the Casimir eigenvalue by 
f° =h'd(d—1) (2.24a) 
we find 
d=$+3|j—vl. (2.24b) 


We shall show below that only the upper sign is acceptable, hence 


2d—1=|j-dol 6. (2.24c) 
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III. SCHRODINGER THEORY 


Group theory is not needed to solve the time-independent Schrédinger equation 
(1.9). Here we reproduce known results [1-3] by techniques used to solve related 
problems in (2 + 1)-dimensional gravity [3, 4]. 

Observe that the vector potential (1.4) can also be written as 


@ h 
A(t) =—-Vo=—-9 V0, (3.1) 
2n e 
Hence (1.9) requires 


h 
ghee We (r)= Ey, (r) (3.2) 


whose solutions necessarily have the form 
Wp (r) =e Weir, 8), (3.3) 


where w?, although satisfying the free equation, 


(V2+k2) pr, 0)=0, kk? =2ME/h? (3.4) 


is not a conventional plane wave owing to a non-trivial boundary condition, 


n= er 0) (3.5) 


which must be met so that w,(r) be single-valued. Since (3.4) holds, w? may 
be expressed as a superposition of plane waves; we choose a contour integral 
representation [3, 4], 
0 Az ice) 
v2r, =P = e™*p(2). (3.6a) 


Tl 


Here k(z) = (k cos z, k sin z), and (3.4) is obviously obeyed. The contour C and the 
weight function p must still be determined so that (3.5) is satisfied; alternatively so 
that y,-(r), given by 


Wel) = 0 FF 08 *p(2) (3.6) 


will be single-valued. . 
We determine C and p by considering the scattering problem, the radial equation 


and the phase shifts. 
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The Ansatz ui,(r) e”°/,/2n is made for y,-(r) in (3.2); j is an arbitrary integer to 
insure single valuedness, j=0, +1, +2,...; u/.(r) satisfies the radial equation, 


(-25 5+") ul. (r) = ud.(r) (3.7) 
dr r 


r dr 


and is given by a Bessel function, 


wh (r) = Jy (Kr) (3.8) 
The normalization is fixed by 
fr r drul.(r) uj.(r) = 6(E— E’) (3.9a) 
and insures 
[ dEui.(r) w).(r') =~ 5(r- r’) (3.9b) 


(see Eqs. (A.2), (A.4), (A.8), and (A.12) in the Appendix). 
When the plane wave identity 


eikrcosé = y EarenP OP ART) (3.10) 


j=—@ 


is recalled, we are led to form the scattering solution by 


ee ei? 
(Fr) = y elt 2) Dyd (pr) 


j=—c Jan 


where the phase shift 6, of u/,(r) relative to J,(Ar) is identified from their large r 
asymptotes, 


(3.11) 


3= | JziLy) 


—vn/2—jn j<[v] Fae 


Here the brackets [ ] indicate integer part. Thus 


We(t)= /—s5 sy eM +I27  (kp)ei 
2nh J=(vJ+1 
2M Wl 


Ha Sey aot gi een MBCNA TY tel icy Jel (3.13) 
f=— 0 
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The sums are performed by using the Schlafli contour representation for the 
Bessel function, 


dz a 
yw) — pita/2 Lp = IRI COs e 2iz6, 
J, (kr) =e ¢. ae ee (3.14) 
The Schlafli contour C, begins at z= —3n/2+ico, descends to slightly above the 
real axis, passes from z= —3z/2+i(0*) to z=x/2+i(0+), and ascends to 


z=m7/2+ic. The sums are now geometric, and give for the two terms in (3.13), 
respectively, 


—1 
—ikreosz,,i([v]x—{v}z+[v]@) 
We(r)= Gee 2) Wo e 7 pe e2®) 


1/2 = 
4 M ¢ =e O82 iv Ae v2 Eo) I 
c, Ss Ta) 
2nh? 2n 1+e@—% 


1/2 - 
= en ¢ — ikreosz 5i( Lym + {v}z+[v]@) l (3 15a) 
2nh* pe .: 1+e%?-% ‘ 
1/2 
M Gz | ikrooszgillvIn+ (y}2 + 110) 1 
2nh? 25 1+e@-% 
{vi =v—[v] 
In passing from the first to the second equality, the change of variable z > —z is 


performed in the first integral. As a consequence, the integration contour for that 
integral, now called C_,, becomes the mirror image of the Schlafli contour C,. 
(C_, starts from 32/2 —ioo, ascends to 3/2 below the real axis, passes to —1/2 
and descends to —2/2—ioo.) As a further consequence, the integrands of the two 
contour integrals become identical (we use e’'’1*=e~"!"). To proceed, contours 
are shifted: C_, is shifted by 7/2 to the left, and C, by 2/2 to right, so that the 
vertical portions of both contours are at z= +7. The last step is to redefine the 
integration variable by z= —z’+6—vn. The z’ integral now runs over the contour 
C depicted in Fig. 1a, and w,,(r) is represented by (z’ is renamed z) 


M 1/2 —i{v}z 

w (r)= ef dz elkreos(z -0) € 
E ae —iz 
: 2n* vi 


2nh l-—e 
M 1/2 bm dz oe e vz 
Ee iv efk@) 6 —___ Eyl 
ea <1 On 1—e-* ahd 


(A constant phase factor has been suppressed.) 
Thus we have derived the representation (3.6b) with the contour C as in Fig. la, 


and p(z) given by 
M 1/2 eyez 
Any (aint = 3.16 
p(z) (=) eee ( ) 
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Im z 

creel ae Maa«, C] nae 
(a) 
Imz 

ert tt g Rez 
(b) 


Fic. 1. (a) Integration contour C for the scattering wave function (3.15b). The pole at the origin in 
avoided. (b) Contour C equivalent to contour C. The pole at the origin is enclosed giving rise to the 
incoming wave. The vertical contours produce the scattered wave. 


That w,(r) as given by (3.15b) satisfies (3.2) is obvious from (3.15b); that it is 
single-valued—periodic in 6 with 2x period—is more easily seen in (3.15a). 

The contour C avoids the pole in p(z) at z=0. However, we may alternatively 
enclose the pole, and replace the contour C by the three-segmented contour C, 
depicted in Fig. 1b. The portion encircling the pole is evaluated by Cauchy’s residue 
theorem, contributing (M/2nh’)'”? e'(*r°°s¢ +»). the portions arising from the vertical 
axes are presented in terms of real integrals by setting z = 0 — 2 + iy and z=@ + iy. 
Evidently this separation decomposes the total scattering wave function W.(r) into 


an incoming wave (pole contribution) and the scattered wave (vertical contour 
contributions), 
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M \1 ; 

vel)=(s) WIM + HE) (3.17) 

wor) = ellkrcosé + v8) (3,175) 
a omy eee re 

WS(r) = ele" sin yx if | = Beha! ae (3.17¢) 


The large-r asymptote of yS°(r) defines the scattering amplitude f(@) through the 
formula 


Wet) firey (3.18) 


Although the integral (3.17c) for w(r) cannot be performed, its limit at large r 
can be evaluated. The circular wave form (3.18) is found, with scattering amplitude 


1 oY} Opiv + 1/2)(0 + 2) sin v7 


/2nk sin 6/2” 


Equations (3.17b) and (3.19) are essentially the results of Aharonov and Bohm 
[1]; note especially that the incoming wave is not a plane wave, but is modulated 
by the additional phase e’”’. Ruijsenaars [2] finds a plane incoming wave e“’°°’? 
and a scattering amplitude containing 6-functions. This can be reconciled with the 
above by writing (3.17a) as 


f(0)= (3.19) 


Mi\ tame, 
Welt) = lee (eer? + FEE), (3.20a) 
where by construction 
Wb S(r) = elrors%(e? — 1) + WE(r). (3.20b) 


Since a plane wave possesses in its large-r asymptote a circular wave times 
a “scattering” amplitude that is a delta function, Ruijsenaars’ result can be 
understood as an alternative description of the solution (3.17). 

Finally we remark that the energy independence of the phase shifts (3.12), and 
of the scattering amplitude (3.19) (apart from a kinematical 1/./k factor) is a 
consequence of scale symmetry [5], (2.13b). 


IV. Group THEORY 
We give an algebraic analysis of the charged particle-vortex system, using its 


SO(2, 1) x U(1) invariance group. The spectrum of SO(2, 1) generators is known to 
be continuous or discrete, depending whether one is considering the non-compact 


$95/201/1-7 
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generators or the compact one.’ Since the Hamiltonian belongs to the former 
category, it has a continuous spectrum. An algebraic approach is therefore more 
interesting in the diagonalization of the compact generator &, and then the proper- 
ties of H follow by further group theoretical reasoning. 


A. Spectrum of & 


The unitary, irreducible representations that diagonalize #* and # are deter- 
mined by the group algebra (2.17), (2.18), and (2.19), and are well-known [13]. 
They are labeled by ,,, the eigenvalues of #, and are divided into four distinct 
types. Two spectral families for # are unbounded above and below; they are called 
the continuous series. In the other two, the # spectra are bounded, respectively 
below or above by +d, where d is related to the Casimir eigenvalue by (2.24); these 
are the discrete series Dj . 


Dj :Anp=d+n 
Di th4n=—d—n Rael) 1 2. 


(4.1) 


To ascertain which representation is appropriate to the magnetic vortex, we 
examine the explicit form of #, given by (2.15) and (2.18). Since it is time inde- 
pendent, we may set r=0 to find 


M ie 
Pyles G 4 a (4.2) 
4 a 


This is a non-negative operator, hence its eigenvalues must also be non-negative. 
Consequently, only the Dj series can occur in our problem. Moreover, the lowest 
eigenvalue must be non-negative, which means that d>0. In fact, as we show 
below, d> 4, in agreement with (2.24c). 

Of course, the angular momentum J is also diagonalized with eigenvalues hj, 
j=0, +1, +2, .... Therefore, the eigenstates of # and J can be represented by |n, />, 
where we have suppressed the label d, which determines the Casimir eigenvalue, 
since it is given by j and y. In the coordinate representation (always at t=0) we 
have 


ij0 
«rin, J> = @i(") . 
rT ey 
where ~/(r) is a function, determined below. 


An equation for ~/(r) follows by considering the eigenvalue equation in the 
coordinate representation, 


(4.3) 


<t| B |n, j> =hd, <r |n, j> =h(d+n)<r|n, j>. (4.4) 


* The SO(2,1) group, its properties and representations are discussed and applied to quantum 
problems in [13]. However, care must be exercised in using formulas from this reference since some are 
garbled. 
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# is expressed, with the help of (2.15), (2.18), and (2.21), by operators that have 
simple matrix elements, 


1 a 
R=— K+ —(D*—ihD+ F?). : 
x ap (P inD+ $-) (4.5) 


The coordinate representation of the conformal generator K, at t=0, is easy, 


(4.6) 


that of the dilation operator D is obtained by observing that r-Mv=r-p, since A 
has no radial component, see (1.4) and (1.5). Thus 


ih( @ 
D=5(ro+1} (4.7) 


Of course Y is given by its eigenvalue h*d(d—1). In this way (4.4) implies 


} 1d Vde2d 21)? M7 
a me 
dr ip 


: 4M ; 
2 J = J 
+H 2 hapa \ oir) © (d+n) pi(r) (4.8) 


2d—1 
5 . 


eAMy4 2n! a: 2 M 
J esta 9 (ei (ele 2d—1,,.—Mr*/2ahy 2d—1 | _— 12 49 
Balint iz bee + an base fs by & { ) Ce 


Here «,, is a phase, which is still to be determined. It follows from formulas (A.1), 
(A.2), (A.5), (A.6), and (A.13) given in the Appendix that 


whose normalized solution is given by generalized Laguerre polynomials L 


{- le drop} (r) ph (r) = Onn! (4.10a) 
0 


¥ ofl) of (=o) (4.10b) 
n=0 


The phase is fixed by considering the operators L,, (2.18), which raise and 
lower eigenvalues of Z.° 


Ly In, fy =((d+n)(d+n41)—d(d—1))"? |n £1, f>. (4.11) 


3 There is a sign misprint in the corresponding formula (3.13) of Ref. [6]. 
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To evaluate the above in the coordinate representation, we set 


AL, =K/a—&+iD (4.12) 


and use (4.5), (4.6), and (4.7) to obtain differential recursion relations between ¢/ 
and g/, ,. By exploiting known properties of generalized Laguerre polynomials, we 
learn that the wave functions alternate in sign with 7. 

Therefore, the eigenfunctions ~/(r) are 


: My? 2n! 4/2 ’ M 
Pe arent 2d—1,—Mr/2ah 7 2d—1[ A 2 \ 4.13 
aA aA Gray ee aa wpe " tee! Cae 


For small r they are proportional to r74~'; requiring regularity at r=O gives 


2d—1+>0, as anticipated in (2.24c). 
B. Spectrum of H 


If we were dealing with a compact group, one could reach H from & by a group 
rotation, and then the eigenvalues and eigenfunctions of H would be simply deter- 
mined. In our non-compact problem, this is not possible. One way of reaching the 
non-compact generators is by analytic continuation [13]. We prefer, however, to 
use a different method, based on group theoretic reasoning. 

Consider the eigenstates of H, 


H\|E)=E|E). (4.14) 


(We take angular momentum also to be diagonal, but do not exhibit the relevant 
label.) From (2.17) is follows that the effect of D and K on |E> may be realized by 
differentiation with respect to the continuous eigenvalue FE. For D we have from 
(2.17a) 


av a 
D|E>=ih| E—+-=)|E 
JE) = ih (E545) IED (4.15) 
where the inhomogenous term is chosen so that the operator will be Hermitian. The 


action of K is now uniquely determined by the remaining commutators (2.17b) and 
(2.17c), as well as by (2.21) and (2.24a), 


lyeifun Pd oadereld 1/2) 
KE) = 7 ( Sere iat es ie. (4.16) 


In order to obtain the eigenfunctions of H in terms of those of #, we need the 
overlap <n|E). 


|E>= 3 ln ><n| E>. (4.17) 
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An equation for <n|E) is derived by taking matrix elements of @ and using 
(2.18a), (4.4), (4.14), and (4.16). 


(n| &|E> =h(d+n)<n| EY 
=|" (-24 pC ae 
Ty eu es \ nie cat) 


By consulting the Appendix, it is recognized that <n|E) also involves generalized 
Laguerre polynomials, see (A.1) and (A.3). 


! 1/2 d 
ous ey gaara I pi eS) (4.19) 


It further follows from formulas (A.5) and (A.6) given in the Appendix that 


Sy <E|n)<n| EB’) =6(E—E’) (4.20a) 


n= 


iL EGA Eo (4.20b) 
(0) 


The phase e‘* is again evaluated with the help of L,, except in the energy 
representation it is not convenient to use (4.12), but rather 


AL , =R#—aH+iD. (4.21) 


One finds no variation of phase with n. The overlap therefore is 


n! V2 /JaE\4 a 2aE 
ee ee eee ee), 4.22 
SED (aan) ( ji ) " n ( h ) CRE 


This amplitude is non-singular at E=0 when d>3. 
It remains to evaluate the sum (4.17). In the coordinate representation, restoring 
the angular momentum label, we have 
el? 
rE, j> =uZ(r) = 
<7 2h 


(4.23) 


oO 


uz(r)= Y) er(r)<n| E>. 


n=0 


Again formulas (A.7), (A.12), (A.13), and (A.14) in the Appendix are used to 
evaluate the sum. We find 


wetr) = a, kr (4.24) 


That this agrees with (3.8) is established by (2.24c). 
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In conclusion, we see that the entire quantum mechanical problem of the 
particle-vortex interaction is described at fixed angular momentum by a single, 
irreducible, unitary and infinite-dimensional representation of SO(2,1), with 
Casimir eigenvalue determined by the difference between angular momentum / and 
flux quantum vy. 


V. ALTERNATE APPROACHES 


A. Alternate Separation of Variables 


While the calculation in the previous Section IV is motivated by the SO(2, 1) 
invariance group enjoyed by the particle-vortex system, it is also possible to arrive 
at our equations by separating variables in the time-dependent Schrodinger 
equation (1.1), not in the conventional fashion (1.9), but in a different way, which 
is available because of the higher symmetry. We set in (1.1) 


a ea i Mr’t z,t fat eae 
Wer)=(145) exp (55 ao) ¥(atan ur a( Ica) r) (5.1) 


Upon defining (compare (2.8) and (2.9)) 


T=atan-'~ (5.2a) 
a 
t? —1/2 dt —1/2 
R=(1+— =| — 
( +a) : i : (2h) 
it is readily established that ¥(7; R) satisfies 
0 ern e wee 
ih — Y(T; R)=<—|-Ve-- — ; 2 
in ar (7; R) tag(s = A(R) ) +53 MR } wrR), (5.3) 


Here A is still the vortex potential (1.4), but now taken as a function of R. The 
differential operator on the right-hand side of (5.3) may be viewed as a 
“T-Hamiltonian” H,, which is T independent; hence the 7 variable can be 
separated. 


YT; R) =e 27a (R), (5.4) 


We see that ¥,(R) is an H, eigenfunction with eigenvalue 2h/,,/a. Since H; may 
be written as 


MV =F YAR) (55) 
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we further recognize from (4.2) that H coincides with (2/a)Z, at t=0, so that A, 
is just the # eigenvalue in the Dj discrete series of (4.1). The factor (1 + 12/a2)~ 1” 
in (5.1) insures that the probability density normalization is unchanged 


w*(t;r) W(t;r) d?*r= Y*(T; R) YT; R) aR. (5.6) 


We now see that a solution to the time-dependent Schrédinger equation (1.1) can 
be constructed from (5.1), (5.2), and (5.4), 


rae i Mr’t 
B = (ail == sais aes 
Watt) ( “ 5] “AP Gx a+ a 


F 2\-12 
x exp ( —2i/, tan—! =I J (1 + =) r) (5.7) 
a ae 


Here ¥,(r) is an & eigenfunction, e.g. p/(r) e”/./2n of (4.3) and (4.13). The 
solution (5.7) gives the coordinate representation for a state that has evolved in 
ordinary time ¢ from an eigenstate of &, 


WAlGT) = <rle In. (5.8) 
B. Alternate Dynamics 


In the unconventional separation of variables described above, # emerges as the 
evolution operator, see (5.3) and (5.5). This may also be achieved in an alternate 
formulation of dynamics for the particle-vortex system, where a manifestly SO(2) 
invariant formalism is used. To this end, we define variables, 


2ta 
1 PEP 
PP (5.9a) 
PEP 
which form a circle, 
Cero L. (5.9b) 
# acts linearly on €; by rotation 
Oali=—e'¢;. (5.10) 
The circle may be parametrized by an angle 27/a, compare (5.2), 
a 
21 
Cp COS = (5.11) 
a 
att 


(SO ein 
a 
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and & translates 7, 


Sie Testaseas. (5.12) 
- 
Also the dynamical variable is redefined as in (5.2), 
ie —1/2 
R(T)=(1+55) r(f). (5.13) 
R(7) transforms under # with zero weight, 
aed a 
=—-—— R=. 5.14 
daR sar 73 (5.14) 
The action, which in terms of old variables, reads 
r={ar(; Mv? + v. A(r)) (5.15) 


is expressed in terms of the new variables (5.11) and (5.12) as 


leln bene L d (MR? 
i: 1 ey. bad Nalin bv > 
I far(5 my +=V-A(R <a $s tan =) (5.16) 


The total derivative contribution may be dropped, leaving a 7-translation invariant 
“T-Lagrangian,” 


1 ‘ems. 
L,;=~MVv2+°V-A(R)——> MR?, (5.17) 
2 (6 2a 


A Legendre transform on L, gives rise to the “7-Hamiltonian” of (5.5), 


OL, 1 eRe 
Hp=— .V—Le= 5M(v247) 
= 


av bo 

. (5.18) 
p=—‘= ; 

aront Mae < A(R) 


Canonical quantization then leads to (5.3). 

The above exemplifies the Dirac program of alternative quantization [14], which 
in quantum field theory is realized by light-cone quantization [15] and radial 
quantization [16], while another quantum mechanical application is provided by 
the magnetic monopole [6]. 

In conclusion we note that there is also available a manifestly SO(2, 1) invariant 
formalism which makes use of a null three-vector yy, »7+”3—n3=0, with 
n/N; =¢€;. We do not pursue this here. 
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C. Infrared Regularization 


Because 


hee) 
lim —R#=H, (5.19) 


a-~a dq 


& provides an infrared (long-range) regularization for the Hamiltonian. The con- 
tinuous spectrum of H is attained from the discrete spectrum of # at large quantum 
numbers. According to (4.4) and (5.19), lim, ,., (2/a)h(d+n)=E, which is 
satisfied if a grows as 2hn/E for large n. The eigenfunctions of &, p/(r), determine 
those of H, u/.(r), as lim, , . @/(r)|g—2%n/e. The limit is evaluated from (A.11), 


' ines 
ONE al Sak Heat aes ata (5.20) 


The mismatch in the normalization reflects the fact that g/ is normalized to unity, 
while w/. is continuum orthonormalized to an energy delta function. 


VI. CHERN-SIMONS DYNAMICS 


Rather than considering the vector potential in (1.2) and (1.3) to be the exter- 
nally given field (1.4), one may take A, as a dynamical variable, governed by the 
kinetic action of an Abelian gauge theory. The posited action need not consist 
solely of the conventional Maxwell electrodynamical term, 


I 

lem = | PxF!(x) F(x) (6.1) 

FeSO), Ae 0 A (6.2a) 

Fy, = —e"B, Fo; =E' (6.2b) 

(metric: g“”=diag(1, —1, —1)), but can also include the Chern-Simons term 
pi7,18 J, 

Pay ie ee) 65 

LS ey d XE 6,A p(x) AAS ( . ) 


When the action for the matter-gauge field interaction, [interactions 18 presented in 
terms of a conserved matter current, j“ = (cp, j), 


2 
_ © OFinteraction _ (x) (6.4) 
6A (x) 
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the gauge field equations 


0,F +5 oF yy = j*/c (6.5) 


have an important consequence, which follows from the time component of (6.5), 
V-E—KB=p. (6.6a) 


Integrating this Chern—-Simons modified Gauss law over all space produces a 
formula summarizing all that is topologically interesting about the Chern—Simons 
interaction, 


ba oy (6.6b) 
K 


(The spatial integral of V-E vanishes, because the gauge invariant electric field E 
decreases at large distance due to damping by the mass x.) According to (6.6) 
particles carrying charge Q necessarily possess magnetic flux ® = —(1/«K)Q. Since 
B=V~xA, we further see that the gauge-variant vector potential A is long range (so 
that [d*x VxA is non-zero) while the gauge-invariant magnetic field B is short- 
range (so that | d*x B converges). In other words we are dealing with a vortex-like 
object [18]. 

Since (6.6b) encapsulates the non-routine ,aspects of three-dimensional gauge 
theories, it is plausible to consider a truncation of (6.5) so that (6.6b) holds locally 
in space. This is achieved when the kinetic action for the gauge field is just the 
Chern—Simons term, with no Maxwell term [19]. Such a model can be viewed as 
the k > co limit of (6.5); it is a physically meaningful truncation at low energy, or 
equivalently at large distance, where the lower-derivative Chern—Simons term 
dominates the higher-derivative Maxwell term. 


A. Equations of Motion and Canonical Formulation 


According to the above, we take for the gauge field kinetic Lagrangian the 
Chern—Simons term, 


Les =5-|a?x eA (x) A,(x)—K | d°x Ao(x) B(x) 
(6.7) 
Teg=| dt Les. 


(Spatial, but not temporal, integration by parts if freely performed.) This shows 
that the gauge field dynamical variables are the spatial components A,(x)= 
A,(t,x), which depend on the three-vector x“=(ct,x) (denoted for short also 
by x), while Ay acts as a Lagrange multiplier. 
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The matter kinetic Lagrangian for N point particles with masses m,, p=1,..,.N 
and coordinates r,(t), which serve as the matter dynamical variables, is 


N 
Ematier = 5 ¥ m,v>(t). (6.8) 


(Our use of x as the first component of r=(x, y) should not be confused with 
shorthand notation for the three-vector. ) 
In the interaction Lagrangian 


L 


interaction —_ 


1 
e 


i Me 


€pV,(t)-A(t,r,(t))— >) e,Ao(t, r,(t)) (6.9a) 


jo p 


the e, are the charges carried by the particles and the notation A,(1,r,(t)) or A,(r,) 
for short, denotes an object that acts as a dynamical variable in two ways: as a field 
A, and also through its dependence on r,(t). This double function may be 
separated by presenting the interaction Lagrangian as 


1 
Derctachon = -| d*x A,(x) gy (oc), (6.9b) 
where the conserved current j“ depends on the matter dynamical variables, 
N 
jx) =, e,vl(t) 5°(x —4,(t)) = (p(x), (2) (6.10a) 


Ou (6.10b) 


The Euler-Lagrange equations of motion consist of the Lorentz force equation 
for the matter variables, 


ate bie, 
m,t', =e, (z%,) + ~elv} B(r,)) (6.11) 


and a field-current identity that relates the electromagnetic fields to the matter 
currents, 


E(x) =— e%!(x) (6.12a) 
CK 
B(x) = ~= px) (6.12b) 


In a canonical formulation, we recognize from (6.7), (6.8), and (6.9) that the 
phase-space variables are r,, pp =m,v, + (e,/c) A(ty) and A(x). The symplectic 
structure of the matter coordinates is conventional, leading to conventional Poisson 
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brackets for r, and p,. Not so for the gauge fields: since the Lagrangian (6.7) is first 
order in time-derivatives, the Poisson bracket is [20] 


[4,(x), 4,(¥)]pn = ~~ £! (xy). (6.13) 


(Quantities that are bracketed are at equal time, so their time argument is 
suppressed. ) 

The Hamiltonian arising from the total Lagrangian—the sum of (6.7), (6.8), and 
(6.9 )—is 


H=; Y, m,v7+ | d?xAg(x)(xB(x) + p(x)). (6.14a) 
p=1 


It is recognized that the Lagrange multiplier 4, may be set to zero (by choosing 
the Weyl gauge) provided Eq. (6.12b) is imposed as a constraint. Thus the 
Hamiltonian is just the free particle one, 


1 N 
Elo yim, v3. (6.14b) 
p=1 


Let us now discuss the equations of motion for a single particle, N= 1 and sub- 
script p suppressed. The force in Eq. (6.11) arises from the electromagnetic fields at 
the particle position r; by (6.12) they are given by the charge and current densities 
evaluated at x =r. However, from (6.10) we see that at x=r there appears the 
undefined quantity 6(r—r)—the density function of a point particle at its position. 
Fortunately this singular object is multiplied by a factor that vanishes, since 
according to (6.10) and the field-current identity (6.12) 


E'(x)+ 2 é!v/ B(x) = ib, s4(j4(x) — v’p(x)) = aA e!(v/ —v’) (x —r). 

c cK CK 

This vanishes unambiguously; therefore we shall take it to be zero also at x=r. 

In other words the charge and current densities are regulated by non-singular 

expressions for the evaluation of the self-interaction, which is then shown to vanish. 
With this prescription, particles interacting through Chern-Simons gauge fields 

do not experience self-interactions. Equations (6.10), (6.11), and (6.12) combine to 


give for the particle coordinates a closed equation of motion, free from undefined 
contributions, 


si ye j i 
m,t,=6'—= }) e,(vi—vi) 6°(r,—r,). (6.15a) 
q#Pp 


The remaining gauge field equation (6.12a) leaves in the gauge 4) =0 


~ ORR ges 
A'(x)= pee > e,v) d(x —r,). (6.15b) 


p=1 
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To derive (6.15) as a Hamiltonian equation from (6.14b), the brackets with 
velocities are needed. It follows from the canonical brackets that 


; : ir’ 1 
[m,v,,M,v2 |pp= set (5p epBltp) + epe, 54(t,—1,)} (6.16a) 


The first term in the right-hand side parentheses is present because velocities differ 
from momenta by the vector potential, see (1.7c), the second because the vector 
potentials possess a non-vanishing bracket, see (6.13). Also we have 


; i 
[m,v,, A(x) pp =~ eve, 6°(x—r,). (6.16b) 


Brackening A with the Hamiltonian given in (6.14b) readily reproduces (6.15b) 
with the help of (6.16b), but the equation for m,v, emerges with the help of (6.16a) 
in the form (6.11), beset by self-interactions and ambiguities, rather than in the 
well-defined from (6.15a). Indeed, we see that (6.16a) itself suffers from ill-defined 
self-interaction (p= q) expressions. To remedy this defect and to reproduce (6.15a) 
canonically, we replace the magnetic field in (6.16a) by the charge density, thus 
satisfying the constraint (6.12b). 

At this stage we can pass to quantum mechanics. The Hamiltonian operator H 
is taken without field and interaction contributions as in (6.14b), and the velocity 
commutator is postulated from (6.16a), with the constrained B field expressed in 
terms of the charge density. 


: at ts a 
[m,v;,m,vi nae (cre. 67(t,—1g)—5 pq Y, Cpen O (¥p—Fn) 


n= 


ate 
ath pee ((1 5p) ene Eel ali ne ag 2 epen 2°(t, 1») 


n#p 
(6.17a) 
The remaining commutators are conventional 
[ri,, mvj] =ih 6" by, (6.17b) 
[r,.73]=0. (6.17c) 


Tt is straightforward to verify that the equation of motion (6.15a), properly 
symmetrized, is reproduced by commuting m,v, with H. The consistency of the 
postulated commutator (6.17a) is established by recognizing that (6.17a) is realized 
in the formula 


(6.18) 


+ 


108 R. JACKIW 


This in turn shows that the effective Lagrangian for particle motion is [9 ] 


ee | ee 
Lettective = AE Ea yar (6.19a) 
C 
p=1 
are 
He ere a), el NSex- e, 
‘ 2K q#Pp aa 
| ee Ps 
=— ée4— Y e,In|r,—-r 
2nk ~ Ors iy ? one 
1 -@ 
= = Sed (6.19b) 
Fp Feel: 
tan 0,,= p74 
p*q 
1S l . (v,,—V) X (Fp 
yen ective — > m ve+ Cpe A ened A (6.19c) 
leis 7», “oe 2ncK one Lay t ead Le 


and the gauge fields are eliminated. 
In the Schrodinger equation, the interaction may be removed at the expense of 
redefining phases of the N-particle wave function. 


Pir Ly tos) Se bree laren bal (6.20a) 
N 
Gis eR): ¥g0% (6.20b) 
P.q=1,p<q 
Von = CU, 2RCRM. (6.20c) 


The wave function ¥° is governed by the free N-body Hamiltonian, 


N 2 
Hie See (6.21) 


Py Cur 


Nevertheless, ¥° is not a trivial product of free one-body wavefunctions, owing to 
the complicated boundary conditions obeyed by ¥° as a consequence of its defini- 
tion in (6.20). These boundary conditions.insure that ¥ is single-valued. Of course 
Y° is a superposition of free, one-body wave functions and in the two-body case can 
be explicitly determined as follows. 

Because total momentum is a constant of motion, see below, it is clear that in the 
two-body problem, motion in the relative coordinate r=r,—r, is governed by the 
Hamiltonian (1.2) with M reduced mass, M~'=m,'+my,' and v=e,e,/2nckh. In 
the center-of-mass frame [vanishing total momentum] the superposition which 
determines ¥° is explicitly known from (3.15), 


(r,t) =F de WCF) W(t) plz). (6.22a) 
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The contour is that of Fig. 1a; the weight function is given in (3.16b), and the 
one-body wave functions are plane waves, with vanishing total momentum, 
yer Veer hie) * (6.22b) 
w(t tees (6.22c) 
As yet we do not have a similar closed form for the N-body wave function. The 
problem is reminiscent of the 6-function interaction in one dimension. There too the 
many-body wave function is obtained by superposing one-body wave functions in 
a fashion prescribed by the Bethe Ansatz. Perhaps similar ideas will prove useful 
here. 
B. Symmetries—General Discussion 
A transformation, which may be a symmetry operation, is effected on the particle 


coordinates, 


r,t) > 1, (?) FOr, (, F,(1))- (6.23) 


Also the gauge potential 4,,(x) transforms: we assume that associated with (6.23), 
there is a diffeomorphism of the (2+ 1)-dimensional parameter space x, 


ox" = — g(x) (6.24a) 


and that the vector potential transforms by the Lie derivative, 


6A, =g"0,A,+0,8°A,=28'F,, + 0,(2"A,)- (6.24b) 


Regardless of the form of g”, the kinetic action for the gauge field does not 
change under (6.24b), because the Chern—Simons term is a topological invariant; 
the kinetic Lagrangian (6.7) changes by a time derivative, 


kK d 


bLcs= 5 | d?x ge" 0A pA, (6.25) 


The interaction Lagrangian, presented as in (6.9a), transforms according to 


- v 
OL action > a >» ep {(3r, 0; a aes 0.) A)(r,) a5 "a (or? 0; ay Be 0.) A,(r,) 
p= 


: v' 
2 S or) A,(r,) + (= 0,g" +o z") Atty) (6.26a) 


The terms involving g“, which is evaluated on ¢ and r,: g"(t,r,(t)), arise from the 
Lie derivative (6.24b); the remaining terms are the transformation of the particle 
coordinates, (6.23). In the last contribution to (6.26a) we recognize the total time 
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derivative of g(t, r,(t)); hence the final expression for the response of the interac- 
tion Lagrangian to the transformation (6.23), (6.24b) is 


N 


d 
OLinteraction a > ep Jor, 0; = ae 0.) A,(r,) oh i :°) Ad(r,) 
Ja ; 


vi Bee es ke 
+ “ (ori 0; + g* 0,) A;(t,) + (5 ér' +e’) Ai(t,)} (6.26b) 


Finally there is the transformation of the particle kinetic Lagrangian, 
N d v 
OL particle = y Mee Oka (6.27) 
p=1 
We now consider several interesting symmetry transformations, for which 


OLinteraction ANd OL particie Are a total time derivative, 


d 


OL inperderien as OL particle = dt X (6.28) 


and evaluate the corresponding constant of motion, using the formula 


2 OL S . OL S K 2 O,apy 
PN ie tee tt) Sea Se PS che NC 0,A,A,—X. (6.29) 


p=l1 Ov, 
The last term is present as a consequence of (6.28). The next-to-last term arises 


because of (6.25), but it combines with the first term, which is evaluated from (6.7) 
and (6.24b). With the help of (6.8) and (6.9) we find 


N ~ 
eeny (m,», +o Atr,)) or, += | d°x g"A, BX. (6.29b) 
p=1 


This may be alternatively presented in terms of the canonical momentum 
Pp, =m,V, + (e,/c) A(r,), 


N ie , 
C= Y pp or, +~ | ax g"4,B—X. (6.29c) 
p=1 


C. Spatial Translation and Rotation Symmetries 


For translations and rotations of the spatial coordinate r,, we take 


or, =a' (translation) (6.30) 
érg= eri (rotation). (6.31) 
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Moreover, for the associated infinitesimal diffeomorphism g“ we take a three vector 


with vanishing time component (time is not reparametrized in (6.30) and (6.31)) 
and spatial component equal to Ors 


0 
ueg) -(°.,) (translation) (6.32) 


H 0 ; 
o!(x) = bares) (rotation). (6.33) 


As a consequence, the gauge potential transforms under rotations and translations 
as expected, 


6A,(t, x)= —a’' 0;A,(1, x) (translation) (6.34) 
JAo(t, x) = —e/*x/ 0,.Ao(t, x) 
0A;(t, x) = —ex/ 0,,A,(t, x) —8%A,(t, x) (rotation). (6.35) 


Linteraction ANd Lyarticie are invariant, [X¥=0]. From (6.29b) and (6.29c) we find 
the constants of motion: momentum P and angular momentum J, 


‘i Kk 
= ¥ pp+—| a?xaB (6.36) 


Fp Ppt — | d?x(xx A)B. (6.37) 


The second formula in both expressions makes use of the canonical momentum; the 
last term is the contribution from the gauge field kinetic Lagrangian. Thus the 
above formulae for J differs from the corresponding external field expression (2.3) 
precisely by this field contribution. 

The angular momentum for particles interacting through a Chern-Simons gauge 
field possesses a contribution not present in the external field problem. As explained 
above and contrary to occasional statements in the literature [10], angular 
momentum eigenvalues in the external field problem are quantized in conventional 
integer multiplets of A [11]. Correspondingly, when the gauge field obeys 
Chern-Simons dynamics the additional contribution to the angular momen- 
tum—the last, field-dependent term in (6.37)—lifts the quantization condition by an 
amount determined by the Chern—Simons coupling. 


595/201/1-8 
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Next we observe that the magnetic field B in (6.36) and (6.37), may be evaluated 
using the subsidiary condition (6.12b). This has the effect of removing from the 
constants of motion all the field contributions, both those coming from the field 
kinetic term and those coming from the interaction Lagrangian, leaving only the 
contribution arising from the particle kinetic Lagrangian, 


~ 
I 


(6.38) 


3 
v 

< 
v 


v 


iM=iMe 


N 
I 


(6.39) 


a) 
= 
- 
x 
< 


However, it should be reiterated that m,v, is not the canonical momentum, hence 
the eigenvalues of J/h are not integers, compare with (2.3b). 

A physical characterization for the difference between the external field problem 
and the Chern—Simons dynamical field situation may be given. In the former case, 
the externally and arbitrarily prescribed gauge field configuration can in fact be 
physically supported only by the dynamics of a Maxwell gauge field. As a conse- 
quence, constants of motion possess gauge field contributions which arise from the 
momentum, angular momentum, etc., stored in the field. These contributions can 
frequently (but not always [21 ]) be collected in the canonical momentum, which 
differs from the kinematical momentum. On the other hand, as is well-known, 
Chern-Simons gauge fields give rise only to ephemeral, statistics-changing interac- 
tions and particles do not experience the usual electrodynamical forces [22 ]— 
a situation familiar from (2+1)-dimensional gravity [3,4]. As a consequence, 
constants of motion can be expressed solely in terms of the kinematical, particle 
coordinates as in (6.38) and (6.39). 

The generators (6.38) and (6.39) commute with the Hamiltonian (6.14b) and 
satisfy the Euclidean algebra 


[Pi Pe 1=0 (6.40a) 
[J, P'] = iis" P!, (6.40b) 
This can be verified with the help of the dynamical algebra (6.17). 


D. Conformal Symmetries 


We consider time reparametrizations for which, as in (2.9), 
6-t= —f(t) (6.41a) 
r,(t) = f(t) v,(t) + f(t) r,(t) (6.41b) 


and the associated infinitesimal diffeomorphism g” is chosen to be 


pokes) 
erxd=(_ on} (6.42) 
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It then follows from the general expression (6.26b) that 
; d 
OPT interaction = dt Gf Mio. y (6.43) 


Just as for the external field problem, the interaction is invariant against arbitrary 
time reparametrization, with the particle coordinate transforming with arbitrary 
weight. 

The particle kinetic term (6.27) transforms as a total derivative only with the 
conformal transformations, f= 1, t, t? and weight «= —}. In that case 


d j re 
67 Loarticle = Ta ocuiaeraarel y ins . (6.44) 
dt Sets xd 
The constants of motion may then be represented according to (6.29) by 
24 1 3 d 
=> (5m, ve zim, <9 +— giingr 2) 
p=1 
2 1 f 2 
+f[d x Ao(KB+ p)—5-f | d?xx-A(KB +p). (6.45) 


Here again the gauge field contribution disappears once the constraint (6.12b) is 
imposed, leaving for the three respective constants the N-body generalizations of 
(2.16), 


¢2 , 
H=5 se m,v2 (6.46a) 
p= 
1 N 
— 4, ag Veer.) (6.46b) 
K=-? H+UD +5 5 m, Pa (6.46c) 


p=1 
Of course H above agrees with the Hamiltonian (6.14b). That the conformal 
algebra (2.17) is satisfied by these generators follows from (6.17). 


E. Combined Symmetries 


The commutators of the spatial generators P and J with the conformal 
generators H, D, and K can be evaluated, to produce new generators. J commutes 
with the conformal generators, because they are rotational scalars and P commutes 
with H because momentum is conserved. The remaining commutators of P with D 
and K are 

ih 
[D,P)}= ae oy (6.47) 


[K,P]=—ih (1p- y my) (6.48) 
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Equation (6.47) shows that the scale dimension of the momentum is 5, Opposite to 
that of the coordinate r,. Since the commutator of two constants of motion is again 
a constant of motion, the right-hand side of (6.48) shows that center-of-mass 
motion is free. This is a consequence of the evident invariance of our theory against 
Galileo boosts, which are generated by tP—>\?_, m,r,. 


F. Discussion 


The external field problem possesses the symmetry group of transformations 
SO(2, 1) x U(1), the U(1) factor arising from the rotational symmetry. When the 
vector potential is dynamical, this symmetry is enlarged to include spatial trans- 
lations and Galileo boosts. The kinematics of the point-particle is always taken to 
be non-relativistic; only the non-relativistic point-particle kinetic term admits the 
dilation and special conformal transformation. 

When the particle kinetic term is taken to be relativistic 


ne m,c* ./1—v*/c? (6.49) 


i Mea 


particle — 


the two conformal symmetries are lost. On the other hand, in the classical theory 
the two boosts in the two independent spatial directions are symmetry operations 
leading to an JSO(2, 1) invariance group—the (2 + 1)-dimensional Poincaré group. 
However, quantization appears to spoil the Lorentz algebra owing to ordering 
ambiguities of non-commuting operators. This should be expected, since a 
relativistic quantum theory with a fixed number of interacting charged particles 
(and no anti-particles) is not believed to exist. This appears to be still the case even 
when the interactions are of the ephemeral Chern—Simons variety [23 ]. 


APPENDIX: SPECIAL FUNCTIONS 


We collect here formulas obeyed by the special functions that arise in our 
analysis. Derivations can be found in mathematical reference books, and also in 
Ref. [6], where similar results are recorded.4 

Define functions related to generalized Laguerre polynomials L? and Bessel 
functions J,, 


a 2n! ah a+ 1/2, =2/27 a/,2 
f(z) = REIT A L}(z*) (A.1) 
K(z) = 24? J.(2). (A.2) 


* However there is a normalization error ee in the formula of Ref. [6] corresponding to (A.2). 
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These are the regular solutions to the differential equations 


ge lile)+ (E+ 2t2 44-2) s302)=0 (A.3) 

d? i — a? 
a ale) +( = +1) K,lz)=0 (A) 

and obey the following summation/integration formulas, 
fo def Sle) £12) = Sy (A.5) 
L Se fe) = 8-2) (A6) 
YL (Uile) fe) = Kee) (A) 
I dz K,(zz') K,(zz"”) = 6(z' —z") (A.8) 
fe! Kale2') fale) =(—1)" F302). (A9) 
An integral representation for the Laguerre polynomials 

S eapie Jloncee) (A.10) 


allows deriving of the following asymptotic formula that links f with K, 


Jim n'4¢%(2/, /4n) = K,(2). (A.11) 


The functions f and K are relevant to our analysis because various wave 
functions/overlaps are expressed by them, 


wat MK, (kr) (A.12) 
1/4 1/2 
pi(r)=(—1)" a cet (5) r) (A.13) 


1/4 1/2 
énity=(<85)"" ((222)") ia 
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It is known that the formal perturbation theory of spinor quantum electrodynamics in three 
space-time dimensions requires no ultraviolet renormalization. We introduce an ondelette 
cluster expansion (with an infrared cutoff) which converges without counter-terms for weak 
coupling, thus making the knowledge rigorous. Following the formalism of Lesniewski, we 
integrate out the bosons at the outset to make the genuine absence of a large-field problem 
transparent. The combinatoric part of the convergence proof—indeed the precise case-by-case 
definition of the inductive expansion—is reserved for a subsequent paper. In this paper we 
publicize the language of ondelette diagrams—originally introduced by Federbush—and 
describe the correspondence to Feynman diagrams. © 1990 Academic Press, Inc. 


1. INTRODUCTION 


There has been a recent flurry of interest in the theory of spinor quantum 
electrodynamics in three space-time dimensions [1-9] in spite of the fact that this 
theory is not the “real thing.” The major reason is that it seems to have properties 
peculiar to its dimension. For example, the topological mass—the abelian version 
of the Chern—Simons invariant—is defined only in three dimensions [ 1-3 ]. Another 
example could be the nature of the phase transition, which is unknown, although 
the results of [4,5] are suggestive, and peculiar to three dimensions. 

In spite of the motivation, however, no one has been able to construct the infinite 
volume limit of this model for either strong or weak coupling, even in the (non- 
compact) lattice approximation. (For the compact lattice approximation, of course, 
one can control the limit for strong coupling [10, 11], but the situation avoids the 
hardest part of the infrared problem.) In the case of weak coupling, the infrared 
non-renormalizability of spinor QED in 2+1 dimensions has posed a serious 
problem. 

By contrast, the continuum limit of the theory in a finite volume of space-time 
for weak coupling is much better understood because spinor QED, is also 
ultraviolet super-renormalizable. In fact, a striking feature of this model is that 
there are no ultraviolet renormalizations except for the usual Wick-ordering! This 
means that it should be possible to control the ultraviolet limit of normalized 
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vacuum expectations with a phase cell expansion containing no counter-terms, but 
even this has never been done. Magnen and Seneor (private communication) 
controlled the limit with a very complicated expansion several years ago when the 
technology of constructive field theory was more primitive, but they had to use a 
number of counter-terms. No publication—nor even a preprint—of their result 
exists, but their approach is very similar to their treatment of the Yukawa, 
model [12 ]. 

In this paper and its sequel we introduce an ultraviolet spinor QED, cluster 
expansion with no counter-terms. Our phase cell decomposition is based on 
ondelettes [13-16], and our expansion is an order of magnitude simpler than any 
previous expansion of this model. 

Let A,(x) denote the Euclidean gauge potential for the free electromagnetic field 
in three space-time dimensions. We fix the Feynman gauge, so this field is just the 
vector-valued Gaussian field with mean zero and covariance 


(A,(X)A,(¥) 0= 5 (—4~ ')(x, Y). (1.1) 


Consider the ||V-||,-orthonormal basis in [13] truncated but not completed at the 
unit-scale level. As we have already pointed out in [13], some of the unit-scale 
functions needed for the completion do not have exponential fall-off, but this is the 
result of throwing away functions whose exponential decay have arbitrarily large 
scale. Here we are imposing our infrared cutoff in the form of an incomplete basis 
by excluding ondelettes of either type. Thus every ondelette in the expansion has 
exponential localization with characteristic volume 0(1) or less. Now it is clear from 
the phase factors in the momentum expressions [13] that the ondelettes are only 
permuted by the action of the symmetry Px = —x. Thus for every pair f, Pf in the 
incomplete orthonormal set, we substitute 


LETRAS 


J2° /2 


and let # denote the new orthonormal set. The point is that every function in Z 
is either odd or even with respect to the symmetry. This choice will be very 
convenient for a symmetry argument later. Let 2 = {u,', where / runs over the even 
and odd modes. We expand the field in these massless Sobelev ondelettes—i.e., 


(1.2) 


A,,(x) =>) &,,,4,(x). (1.3) 
1 
More precisely, we define the random variables 


a= —| A, du), (1.4) 
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which have the simple property 


{Gieu %y 0 = Oy Ox (1.5) 


Our cluster expansion requires no decoupling of boson covariances. 

Let Y,(x), Y,(x) be the Osterwalder—Schrader fields [17] and «->,the free fermi 
expectation functional. Since we are considering a three-dimensional Euclidean 
world, the fields are two-component spinors. Consider the Lemarié basis [14, IS] 
modified at the unit-scale level as described in [13, 16]. Let ¥ = {w,} denote the 
basis derived from this by the pair replacement (1.2). We expand the fermion field 
in these L?-ondelettes, 


P(x)=) LeBel), (1.6) 

k 
where L, denotes the length scale of y,, or rather we define the smeared operators 
Cee (1.7) 


We expand the anti-fermion field—which is independent in the Euclidean world—a 
little differently, 


P)=LY Le Ba | Sax SLT Bawls), (1.8) 
ko is) i 


where 
S=(—V+m), (1.9) 
m is the fermion mass, and 
2 0 
Yi 2b Uae (1.10) 


The 2 x 2 matrices y,, u=0, 1, 2, are the Euclidean Dirac matrices in three dimen- 
sions—indeed they are the Pauli spin matrices. Thus we are actually defining 


Bu =Li? YD | B(-V+ mabe. (1.11) 
Since 
CP, (x) PV) >= Sulx— 9), (1.12) 


it follows from (1.7) and (1.11) that 
(Ba Bre d= OK1% 16: (1.13) 
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Our cluster expansion requires no decoupling of fermi covariances either. The only 
part of the Feynman-Kac formula [17] that is ever modified by the expansion is 
the electromagnetic interaction term in the Euclidean Lagrangian. Our choice of 
scale factors is motivated by [17] 


IZ AI=IZ Ml =D, Alle. (1.14) 
D,, =(—4 +m’). (1.15) 


What we have done is normalize the operator coefficients. 
WBioll =Le 7 Da Wella <e, (1.16) 


Wall <> Li? M-V+m).Diy Walla < cL? ID Walla Ses (1.17) 


where the estimations are easily done in momentum space. 

In the a priori definition of our interacting theory we must impose regularizations 
on the interaction. We then control the vacuum expectation values with a cluster 
expansion as the regularizations are removed. The convergent expansion without 
cutoffs is the a posteriori definition of the theory. 

We choose a finite A < # and an M>0 for our regularization of the interaction. 


tha Ay Y | Aare: wo: (1.18) 
where / is the coupling constant, : : denotes Wick ordering for fermions [17], and 
At= YC (1.19) 
leA 
yO. dB toh! AS (1.20) 


We are leaving all fermi modes and anti-fermi modes in the interaction, in contrast 
to our choice of cutoff for the boson field. We are imposing the ultraviolet cutoff 
(1.20) instead, because we need it for the regularization of a Ward identity. Clearly 
M*(p?+M?)~-'-1 pointwise as M-— oo, but this particular ultraviolet cutoff 
preserves the approximate scaling of the estimates on the ordinary integrals in /{). 
Since 


Pom = =2 2, Ba M” Diy ae, d Br oy. (1.21) 


we have 


HAL LL a DL BBs Le? | ubark, (1.22) 


ra él 


where we suppress the dependence of v, on M. In Section2 we derive 
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M-independent bounds on L;? | u,v. Clearly «,,, Bx. By, are the most natural 
kinematic observables to use in this phase cell description, and smeared fields can 
certainly be expanded in these. We consider the normalized expectation 


P q 2 
( I] OF 1; I] BBs) 
M,A 


i=1 j=l 


Dp 
=Z;!, ( (exp(—14)- eee Bs Be ) (1.23) 
i Gh OY 


[ae Pert 


where 
Za = <<exp(—14,)) 0: (1.24) 


Remark. Zzy,, and the un-normalized expectation Z,, ,- (1.23) are well-defined 
because the formal perturbation series actually converges for fixed r and A. 


THEOREM 1.1. For sufficiently small 4, the limit of (1.23) as M—> coo and A 
approaches & (in the sense of set inclusion) exists. 


We prove this theorem in this paper and its sequel by developing a phase cell 
cluster expansion for this model. The convergence of the expansion will be uniform 
in both A and M, while each term converges with the removal of these cutoffs. 
These facts establish the theorem, and the limiting identity can be regarded as an 
a posteriori definition of the theory with no cutoffs (except the infrared cutoff Z). 

We are working in an infinite volume, but we are avoiding the long-distance 
problem with the cutoff Z. The fermi fields require no infrared cutoff because they 
have a mass. At a more technical level, we observe that the fermi mass renders 
harmless the consequences of completing the Lemarié basis at the unit-scale—.e., 
some of the exponentially localized functions , at the unit-scale level do not have 
enough vanishing moments, but the corresponding potentials v{" still has rapid 
fall-off. 

This paper is more expository than its sequel, which is more concerned with the 
organization of cases, the precise case-by-case definition of our inductive expansion, 
and the combinatoric estimation. In this paper we concentrate on the perturbative 
aspect, which involves just a few expansion steps (two, three, five, etc.), but which 
motivates the expansion rules. Our expository motivation is three-fold: 


(a) We wish to isolate the description of the Ward identity and Furry’s 
Theorem in the ondelette formalism. The application of these identities introduces 
a new type of inductive expansion step, which we have dubbed an expansion step 
of the third kind. 

(b) The issue of renormalization is a perturbative one, so we can argue here 
that the Wick-ordering of the fermi current is the only renormalization that our 
expansion needs. 
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(c) The perturbation theory in our cluster expansion is conveniently 
described by “ondelette diagrams,” which were first suggested by Paul Federbush 
(private communication). We wish to highlight the correspondence between 
ondelette diagrams and Feynman diagrams. 


Actually, the first major issue to be addressed in the construction of any boson- 
fermion theory is whether to use the Matthews-Salam formalism [12, 20-24] or 
the “Gross—Neveu” formalism [25]. In the former case, one “integrates out” the 
fermions before one develops the expansion, and in the latter case the a priori step 
is to integrate out the bosons instead. In the development of our cluster expansion 
we use the latter. Since this model does not really have a large field problem, any 
formalism that allows boson number divergences to develop is not very natural, 
even if such factorial growths can be cancelled. Thus we have become a convert 
from the Matthews—Salam formula to the Gross—Neveu-like formula. Moreover, the 
estimates associated with the former choice seem to require boson mass counter- 
terms for stability as well as for ultraviolet renormalizations. This disease becomes 
serious in the case of our model, where there are no ultraviolet renormalizations 
but a stability bound is still needed. In the latter formalism we are rescued by the 
boundedness of the operators B;,,, B,,. 

Accordingly, we write 


Pp 
I] Ow = 1 | wpe (1.25) 
Ly 


i=1 


and note that (1.23) is just [J,,, (0""/0z7")L ]-~o applied to 


Zu ( (expt 14) I] ce I Ben Ben) (1.26) 
f 


(1,4) € Ao Oj=1 


But explicit computation of the Gaussian expectation yields the operator (with 
Z,,=9 for (/, w)e A\ Ao) 


exp, 2). (20a D7 fr P Paa) (1.27) 


(L4pyEeA 


This expression is immediate because the Gaussian is diagonal and the regularized 
currents commute. Dropping the numerical factor exp Di ,)¢ 4 ra we have 
reduced the problem to controlling 


yey (exp | 3 (Adve | m oh af hay 


(LwyeA &,1 
a. q 
A=2 y ZA Dye [a3 Pu: | I] BrBer) : (1.28) 
(1, w)eAg eI j=1 ne 


Our cluster expansion is defined in terms of this purely fermionic—but equiv- 
alent—theory. 
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As in the ¢3 case [19] the cluster expansion includes two basic kinds of expan- 
sion steps: decoupling variables to generate factorized expectations and integrating 
by parts to control the singularities at small length scales. However, unlike the b3 
model, this model demands a third kind of expansion step which implements the 
Ward identity and Furry’s Theorem. We reserve the description of this additional 
kind of step for Section 5. The first step in the expansion is the application of the 
identity 


il 

go Ose Jeeta) _[ Use 2t 0 sey TAs) = ft = f(z), (1.29) 
10) 

where 4 is the initial set of fermi modes—including A,—that one is trying to 


decouple from the rest of the universe, J*(z) denotes the bracketed quantity in 
(1.28), 


a (adr gm aeite ane: * | uabev”) (1.30) 


TEA\A uw 1 Neh ENA) VE 


and J ,(z) is defined by restricting all mode contributions in the J“(z)-expression to 
A. (The exponental law holds for (1.29) because J,(z), J4-., and J“(z) commute.) 
The point of (1.29) is that for an observable Y whose modes are in A, 


(elaeIMg y= elt (eG a (1.31) 


This factorization follows from the fact that the free covariance is diagonal with 
respect to our fermi “variables.” Since there is no measure-theoretic notion of func- 
tional integration for the fermi expectation, we should be a little more explicit. 
Expand each exponential in an operator-valued power series and observe that the 
resulting expansions of expectations converge for fixed A. Thus, it suffices to show 
that 


CTT Ban Bay? TT Bun Bn Were i) 


j=1 j=1 pe 


"4 (T Il Bi Pag: ) AT Bry Be: if I Bry if Be ij’ ‘) (1.32) 
pel jw 

gk REF ALR KG con Ky Keys Kis Cr, sekushenne A, provided that 

the observable Y is also expanded in applying this assertion. As for verifying (1.32), 

we observe that since these Wick orderings each amount to substraction of a 

constant, we may drop them from (1.32) without loss. Now by the nature of the free 

Euclidean fermi expectation [17] and by (1.13) we have 


q = 
( I] Pry Bey) = det (6,0 %k,)- (1.33) 
ip y 


gy 
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If k,,k,,..,k,,k,€F\A and k,.4,k,41,-5k j,k, €A, then obviously 
det (6,,,04,4,) = det (0,1,0%,,) det (0,5,9%,k,)» (1.34) 
i] ij>p 


if J<p 
and so the claim is verified. 
In the course of the expansion process, the repeated attempts to decouple 
variables are occasionally interrupted by a need to “integrate by parts.” When one 
integrates by parts with respect to a fermi “variable” f,,,,, one applies the formula 


(Banbon 00 (5, E Pal) Pub 


Keke eae 


+ y Y Oper. ivr (Bi Ba: BuxBev:)) 


KICK Re Ete 


= —Y Y Piko.no(Z)< BirBeonY exp(ditto) > , 
k 1 


— YD Deering i'n < Be Bas Bev Begio¥ exp(ditto) >, 


RISK SIGE 


= > ss QD kkok'h’ npr’ < Bk, B kin Bev Bev: G exp(ditto) > ;, (1.35) 
kkk ati’ 
where the exponent is the interpolated interaction. This identity follows from (1.13) 
together with the abstract formulation discussed in [26, Sect.2]. As before, the 
exponential is expanded and we verify the formula term by term, using anti-com- 
mutativity as well as the basic Berezin rules. Similarly our “integration by parts” 
with respect to f,,;, is given by 


( Pin b komt EXD (= Y Prk (2) “Bir Bes’ 


Ke 31 


at sy » QreKek wir Bre Bei: Bux Bev:)) 


KKK. nie’ 


=~ LY Prok.ns (2) Bran Bar ex (ditto) >, 


a y ‘YY O kkk yk’, itp’ < Br Bei: BrowPerG exp(ditto) my 


Keke! aa eb 


7 y » OQ kkk’, init’s’  B koi B ki Bev Bev: G exp( ditto) > ;, (1.36) 


ROR Laer 


where ¥ does not include £,,,, when expanded. 

Our expansion process is inductive and results in a sum over histories of suc- 
cessive expansion steps, where each step selects a term on the rhs of the decoupling 
formula or of one of the integration by parts formulae as the case may be. Our 
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definition of a term is based on expanding the interpolated interaction in boson 
modes as well as fermi modes. A term has one of the following forms (sometimes 
with a fermi variable erased): 


224d VELL? BuBea: | ubno€, (1.37) 


a? » wee Bi Be: Biv Bev: Le Ly? | ujW,vg” | UW eve’, (1.38) 


ignoring the product of interpolation parameters that will automatically appear 
with such terms for an arbitrary expansion step. The next step is applied with this 
interaction term absorbed into the observable as a factor that has just been “dif- 
ferentiated down.” We now introduce ondelette diagrams to facilitate discussion of 
our expansion rules in the next section. We use a dash if a given ondelette is 
bosonic, a solid dot if it is fermionic, and a hollow dot if it is anti-fermionic. These 
marks are connected by a line if the corresponding variables appear in the same tri- 
linear interaction term differentiated down as a factor in the developing observable 
G, Further, the length scales of the ondelettes will be calibrated by the vertical coor- 
dinates of the corresponding marks, where the marks in the lower part of a diagram 
correspond to smaller length scales. Thus the ondelette diagram that appears when 
a term of the form (1.38) is differentiated down looks like the diagram shown in 
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Fig. 1 in the case Lpe=Ly <L,=L, <L,, for example, where the dashed line 
denotes identification. 

Now a “new” mode is understood to be a mode in the diagram just differentiated 
down which has never appeared in the observable Y before, Note that we some- 
times integrate by parts with respect to a variable associated with a new mode. In 
the diagram above, suppose & is a new mode and we integrate by parts with respect 
to B,;. The expansion step may possibly choose a term of the form (1.37), in which 
case we now have the composite diagram shown in Fig. 2 if L;= L, and Lg: = L,, 
where the second dashed line is an identification in the sense that a fermi mode is 
pushed into its “hole.” As the formula (1.37) implies, both variables B;; and B,; are 
wiped out, leaving their numerical imprints behind, so our integration by parts for 
fermions is an “annihilation.” The surviving product of variables is :B,, Be: Buy Berit 
and the missing variables B,; and B,, will never be “new” again. 

Typically we integrate by parts with respect to the variable which is both “new” 
and smallest scale in the solid line it belongs to, but there are important variations. 
For example, if the diagram in Fig. 3 develops instead of that in Fig. 2 and if k”, 
i” is “new” while k’”, 1” is “old,” then our expansion rules may dictate an integra- 
tion by parts with respect to B,.;, because the preceding integration by parts wiped 
out Bp; and B,;, and—as we shall see in Section 2—another integration by parts 
may be needed for the central part of this graph. As another example, suppose the 
diagram in Fig. 4 is differentiated down and k is “new.” Then our expansion rules 
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may dictate an integration by parts with respect to B,,. The step may choose the 
composite diagram in Fig. 5 where the dashed line pushes the fermi mode into its 
“hole.” The surviving product of variables in this case is clearly :By1 Bex: Buu Bras 
by Formula (1.35). 

In Section 2 we state the basic estimates on the numerical factors associated with 
ondelette contributions to the interaction. We use these estimates to motivate our 
expansion rules and tabulate the diagrams that we have to worry about. 

In Section 3 we state and prove the basic mode stability bound for the interaction 
in the “Gross-Neveu” formalism. The bound is linear in the number of modes, and 
the basic ondelette estimates are the input bounds. This is similar in spirit to the 
a-stability and a-positivity established in [18] for the ¢* interaction. 

In Section 4 we exploit a symmetry to control an apparently divergent fermi mass 
diagram, and in Section 5 we use a Ward identity to solve a similar problem with 
a boson mass diagram. We introduce our expansion step of the third kind in this lat- 
ter context. In Section 6 we show how Furry’s Theorem is applied to our expansion. 
In the Appendix we review the ondelette cluster expansion for a scalar field. 


2. ESTIMATES ON NUMERICAL FACTORS 


When pieces of the interaction are differentiated down by the expansion, the most 
basic part of the convergence proof is to estimate the numerical factors 
Li? { u,v that accumulate. We now establish the estimates on these configura- 
tion integrals and demonstrate the implications for the perturbation theory of the 
expansion. Let x denote the ondelette construction parameter [13, 15]. For any 
ondelette y,¢F or u,€4, we denote the centers of the two approximate localiza- 
tion cells by x7 (recall that all of our functions are even or odd). 


Lemma 2.1. For an arbitrary integer N>0, the parameter x can be chosen large 
enough such that 


[L(V + 1)" ux) eh? YY (LL |x xP ON*" (2.1) 
#= 


=p 


595/201/1-9 
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for n<k, where the bound is on a matrix norm. Moreover, 


|0°u(x)| < cL —1/2 >) exp( —cL;' |x—x7*|) (2.23 


#=+ 


for all multi-indices 6 for which 6,,<«—1. 


The second bound follows from the analyticity properties of the momentum 
space construction of the function u, [13]. As for the first bound, the Bessel-like 
potential destroys the scale- commensurate exponential decay. The potential we 
propose to use has a “mass” but it is tied to the unit scale. At small length scales 
the potential is practically Coulomb-like, so the small-scale fall-off is only an 
inverse power of degree determined by the number of vanishing moments arranged 
for u,. The proof of this first bound is just standard estimation and scaling in 
momentum space using the momentum expressions for u, [13]. 


LEMMA 2.2. Given N>O, the parameter k can be chosen such that 


LV. t Wa" Wal) ecbin de ofl thay lnexehae th (2.3) 


#=+ 


for n<k, while 


(LOVER L OP MED SVE ICIS cL Pe ty R(T A eee re ee fea 
#=+ 
uniformly in M for n<«—1. On the other hand, 


O° (x)| << CL aI ie ap xeer Spa (2.5) 


#=+ 


for all multi-indices 6 for which 6,,<« —1, while 


\PLM7D i? Sex) <cLg "2 Yo (14 Le! |x—xf])-%- "4! (2.6) 


#=+ 


uniformly in M for 6,,<k. 


Estimates (2.3) and (2.5) hold by the same kind of momentum space estiation 
that proves (2.1)}—the vanishing moments yield the scale-commensurate power law 
decay. There are unit-scale , without enough vanishing moments [13], but the 
potential has a unit-scale exponential decay anyway. The proof of Estimates (2.4) 
and (2.6) is similar because S,,\/, is also a Bessel-like potential of an L?-ondelette 


and because M*(p*+M*)~' as well as (0°/dp’)-derivatives are bounded uniformly 
in M. 
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We can easily derive the basic estimates (uniform in M): 


LY? | | uabvf| < ck2Lg'Ly PAL, k, B, (2.7) 
<cL2L-'L-"h,(l, k, ), (2.8) 
< cL? L-2L¢'h,(,k, &), (2.9) 


where s depends on N, we have set n=0 and 6=0, and 


hl, k, k) =h,(k, lh, (1, k)h,(k, k), (2.10) 

nk = DY +L bef —xF 1), (2.11) 
f= 

= Mak. Liat. (2.12) 


Obviously (2.7) is applied when k has the smallest length scale, and so on. 

In some cases we will need a refinement of these estimates readily obtained from 
integrating by parts inside this ordinary integral and applying our lemmas with 
non-zero values of n and 6. 


LY? | | uphoP) <cLh BO Lg Ll] P(Le"+ Le" )hAk; &, D, (2.13) 
<eLe L171? (ete nA): (2.14) 
Reh ee Le La he hd kk, 1), (2.15) 


where 5 depends on nas well as N. Specifically we are applying (V+1)~” to w, and 
(V +1)” to u,v? to obtain (2.13), (V+1)~” to vf? and (V+ 1)" to u,W, to obtain 
(2.14), and so on. 

The estimates on numerical factors that we now have comprise the most basic 
part of the perturbation theory when combined with the counting estimates, which 
we now enumerate. For arbitrary /e ¥ UZ, 


Pele iiac, Le eS, (2.16) 
Lp= 2? 
ey . 
; Dahil ac | se) Leese (2.17) 
oo 


These estimates are not new [18, 19], and the rough intuition is no more com- 
plicated than counting the cubes of a given scale that intersect with a fixed cube of 
some other scale. 

Now the sum over histories of expansion steps is a multiple sum with a tree 
structure [18, 19], but the perturbation theory is contained in one summation or 
a few successive ones, with the factors corresponding to all outer summations held 
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fixed. An ondelette diagram corresponds to the restriction of the summation to 
some case. For example, suppose an expansion step arising from interpolation 
happens to fall in the case shown in Fig. 6 with k and k “old” and k’,/, and k’ 
“new.” Then we must sum over the possibilities for /, k’, k’ while holding k and k 
fixed. This sum is convergent—.e., 


| ubiog? fubeoe”| <c (2.18) 


raed RM, Se 


PEL = Lek, Ree = Ly 


for Lp < L,. We derive this by applying (2.9) to the second factor and (2.15) to the 
first factor (1 =1 will do). The point is that (2.16) is used to control the inner sum 
while (2.17) is used to control the outer sum. 

On the other hand, suppose k is “new” as well (with k’#k). Then we must sum 
over both / and k, in which case (2.15) becomes useless and we can really do no 
better than (2.9) for the estimation of the first factor. Thus we have—missing by a 
full power of the length scale— 


bey Sh torgal? 


kSLreLes Lk Rel pS les TL) 


(er) 
| ubevt 


Judeve”| <c(M), (2.19) 


where c(M)— oo as M > oo, and so we must integrate by parts with respect to f,., 
for our next expansion step and try to sum over the resulting two-step possibilities. 
Suppose we have the composite case shown in Fig. 7, where k, /', k”, k” are all 
“new.” We now have the product 


1/2 (er) 1/2 
L; [abot Ly 


fuer | LEI uovene” 


1/2 
ae 


| Uy W ye “| (2.20) 


to sum up, where we first sum over k” and k” for fixed /’, then over /’ and & for 
fixed k’, then over k’ and k’ for fixed /, and finally over k and / for fixed k. We apply 
the estimate (2.9) to the last factor in (2.20), the estimate (2.15) to the (k, k’,/') 
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factor, and (2.9) to the first two factors. The innermost summation uses (2.16) and 
we obtain the bound 


ee , a DM (La) 


KI: Lic Les ly kk: Lee ly ely iby < Ly ki LES Ly 


- (first three numerical factors). (2:21) 


Again using (2.16), we sum over k& to obtain 


ae: pnagtin hateie sera 


Fe ie <n ke pes apa ye Io ee pe 


-log(L,-') log(L,; ')h,(k’, 1’) (first two factors). (2.22) 


Set n= 1 and apply (2.17) to the sum over /': we get 


c y i L, [log(L,-')]? (first two factors). (2.23) 


RU Li< LES Lp kk Le > Ly > Ly 
Once again, (2.16) is applied to the innermost sum, and we finally obtain the bound 


c y L? [log(L, ')]? (first numerical factor). (2.24) 


Kal p= Bes Dy 


This sum diverges only marginally as M — oo. If we integrate by parts with respect 
to B,»,. in Fig. 7 and if the composite case shown in Fig. 8 results, then the same 
successive estimation as above yields a convergent multiple sum. This means that 
we can stop integrating by parts and resume interpolation. 

This completes our description of one possible sequence of integration by parts. 
Obviously there are many others, some of which are terminated by a shortage of 
“new” variables before obvious convergence is achieved, so the sequence described 
above is only a happy state of affairs. Suppose, for example, that we get Fig. 6 with 
k' =k, 1 =i, as well as with k’ “new.” Then we have the same divergence problem 
as before, but when we try to cure it by pushing f,; into its “hole” Bez. it is 
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possible to have the graph shown in Fig. 9a as well as that shown in Fig. 7. This 
follows from our use of the integration by parts formula 


( BaBer: ‘Biba: q exp ( Y } Progr ve(Z):B re B goin: 


kwh" a" et 


+ ¥ YD Qererké, vera Bes Bes: PucvBext)) 


ROR bake ethene 


= YY Perevil2) Berv Bev BiBei 9 exp(ditto)>, 


— YY Qererte. ira BeBer Bev Bev: Bu Ba: 9 exp(ditto) > , 


fu a al iy abe 


"YY Qereee tS Be Bat Bev Bev BuBes: ¥ exp(ditto)>, 


Mike vane 
— (Bev Bu G exp(ditto) > ,, (2.25) 


where Y does not include k, i. Formula (1.35) does not apply to this case because 


k,e ae 


FIGURE 9 
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G is replaced by :BgBe,:G. The additional term in this formula corresponds 
to Fig.9, and the point is that the expansion step selecting this term does not 
introduce a third numerical factor. 

Figure 9 is divergent, so we “try again” by integrating by parts with respect to 
By because—as in the preceding problem—- we have assumed that k’ is “new.” But 
suppose k’ is “old” instead. This slight change in case has two effects. 
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First, we cannot integrate by parts anymore, so we are now stuck with Fig. 9. 
Second, the sum over possibilities has changed because k’, i’ as well as k, 1 is fixed. 
Our power-counting for Ly? |fup,ve?| LZ? |fuwev¥g'’| is now organized as 
follows: 


et LEN: 
(LPL g Lg MEPL ze") = (54) i) Lx, (2a 
k k 


where we have assumed L, < Ly. without loss. Hence the seeming divergence is only 
marginal when we sum over & and /. 

Figure 9a corresponds to the Feyman diagram in Fig. 9b, where vertices replace 
basic three-mode graphs, momentum lines replace identification lines, and external 
legs replace modes that are “old.” Now it is known [6] that in 2+ 1 dimensions 
the latter diagram is cancelled by a symmetry. In Section 4 we cancel the ondelette 
diagram in an analogous way, using the same symmetry. 

We close this section with an enumeration of the other diagrams that are 
seemingly divergent but are forced on us by an exhaustion of integration by parts 
(see Figs. 10-13). 

Each open dashed line in Figs. 10-13 may connect to the rest of a S-mode graph 
or to a z-parameter. We expect to cancel the diagrams shown in Figs. lla, 12a, and 
13a by using Furry’s Theorem and to control Fig. 10a with a Ward identity. Both 
types of cancellation will be realized as expansion steps of the third kind. 
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3. ELEMENTARY STABILITY 


In this section we establish the stability bound needed for the convergence of the 
cluster expansion. As in [18, 19] the only stability we need is linear in the number 
of modes. 


THEOREM 3.1. Let A be an arbitrary finite set of modes. Then 


je <exp(e Eley!’ +e Al}, 3.1) 
(Lujea 
where ||-|| denotes the operator norm for Euclidean Fermi Fock space and the bound 


is uniform in M. 


Proof. Clearly, it is a matter of showing that 


2 
a0P (eal |Al: (3:2) 


(L,u)EeA 


Me 
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Now if we expand the fermi fields and apply the bounds (1.16) and (1.17), we 
obtain 

\2 

Ho: > = Eee ~~ (a 


k,k',kk',lE A 


I vane 


| vcs 


23 


leEA 


WADA . 
| Uu; de ae M° 


But if we examine the estimates (2.7)-(2.9) covering the cases for a numerical factor 
Li? | up,v,g, we find that the worst case extracts a ‘power of min{L,, Lg, Lj}. 
Therefore, we have a 4-power of min{L,, Lg, Ly, Lg, L,} extracted from the 
product of numerical factors in (3.3). Applying the counting extimate (2.16), which 
covers all cases summed over if we always fix the smallest-scale mode first, we get 


fa 


leA 


ey 4 Pi, ie SAL Seay (3.4) 


keA 


so (3.2) now follows if we apply the Schwarz inequality and ab <4a*+4b° to the 
cross-term. J 
4. THE FERMI Mass DIAGRAM 
In this section we exploit a symmetry to show that the fermi mass diagram in 


Fig. 9 is really convergent, in spite of initial appearances. By (1.22) the implied 
counting problem is to control the sum of 


Y 7278 Be Ber LY LY? { uhyog | ubev¥*? (4.1) 


over (/, 1), (k,i) having smaller scale than the fixed modes (k, 1), (k’,i’). The 
variables B,, and fB,, have been eliminated by integration by parts, but of course 
their numerical imprints are left behind to be summed. By (1.8), (1.9), (1.21), and 
the identity (—V +m)(WV+m)= —A+m?’, we have 


vg=(VW+m)D,* MDa we, (4.2) 


so we concentrate on controlling the terms 

LP LE? | ub e0gDn? M2D yz We | wshe0)Dn? MDa Wee (4.3) 
The other terms, such as 

LIPLYPm | whey? MDa We | UihedyDy? MD 97 Wee (4.4) 


can be summed with no complication. 
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Our basic strategy is to consider two simple decompositions, where the choice is 
determined by even and odd cases. One decomposition is to split (4.3) into 


LEAL] [ mloV(0Dg? MDs? veda) dx] fu WACO) 


.(8,Dz? M2D 2p )(») ay | (4.5) 
and 
LUA LEP | dx | dy ul x)udy)(0,Dp? MD, Welx) Wed) 


(OD MPD a We NV \Welx) = Wily). (4.6) 


We are motivated by the observation: 


Lemma 4.1. Either | ub_=0 or { ud,D,,7>M7DjPW,_=0. 


This is obvious because the second integral vanishes when the functions are either 
both odd or both even. 


Thus (4.5) vanishes in two of the even and odd cases, leaving only (4.6). The 
lemma implies that we can carry out the same scheme in the other two cases if we 
apply the same decomposition with the role interchange 


We 0, Ds? M Dee. (4.5', 4.6’) 


LEMMA 4.2. For a sufficiently large value of the ondelette construction parameter 
K, (4.6) and (4.6') are bounded by 


cL; pele * Le Lens. U K)h.(k, Res ae (4.7) 
(k <> k’' interchange), (4.7') 


respectively, where the constant is independent of M. 


Remark. This result is analogous to the key result in the ¢3 case [19] for 
implementing the mass cancellation. 


Proof. By the smoothness and scaling properties of y, [15] we have 
Welx)— Wel < | lee? 71 WalD)l dp 


<|x—yl | Il alp)l ap 


<cL,? |x—yl, (4.8) 
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so (4.6) is bounded by 
CL *Le Le’ be Wiken eh eed 


ee ce ieee lu(x)uy)|'~* dx dy, (4.9) 
uniformly in M, where we have used up |u,(x)u,(y)|* and 
W(x) — WV) < W(x) + WV) (4.10) 


in applying (2.2), (2.5), and (2.6) (with 6=0) to the extraction of A-factors. (This 
is where we need a sufficiently large value of the parameter x—t is related to é .) 
But by the scaling properties of u,, we know 


[ fey ludxyud yl de dy <eL} PL, Lf, (4.11) 


so we have established the bound (4.7) on (4.6). The bound (4.7’) on (4.6’) is 
obtained in the same way. J 


Naturally, we apply this lemma to the case L;<L,. The case Lg < L, calls for 
another estimate. 


LemMMA 4.3. For sufficiently large x, (4.6) and (4.6') are dominated by 


CL pe EP Let Deh (ee: RE) Red): (4.12) 
(k <+k’ interchange), (4.12’) 

respectively, where the constant is independent of M. 
Proof. Apply (4.8) and sup out products of functions as before, only this time 


we leave |(0,D,,*M°*Dj/W,~)(x)W(y)|'~° inside the integral. Thus we dominate 
(4.6) with , 


cL ¢ ae Op ‘Ly Le h,(k, i, k)h,(k, ke !) 


Ly 2+ [[ |x—yl1~9|(0,D2M2D Walla) y)I'-* dx dy. (4.13) 


But the double integral is bounded by cL; “L,;7+**L®. This yields the desired 
bound on (4.6), and the estimation of (4.6’) is similar. 


Given Lemma 4.1, our goal is reached by: 
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THEOREM 4.4. Assume without loss that L,<Lg. Then 


ys ). __|Expression (4.6)| <c, (4.14) 
KkKeF:Le<ly 1EB:L < Ly 
> ) __|Expression (4.6’)| <c, (4.14) 


keFrlrel, lEB:Li< Ly 
where c is independent of M. 


Proof. We establish only (4.14), since the proof of (4.14’) is similar. First con- 
sider the sub-sum 


Sy y. _|Expression (4.6)| (4.15) 
kKeF :Le<ly 1©B: Li <LZ 
to which we apply Lemma 4.2: the bound to be summed is 
Clee he hen RAK nhl) (4.16) 


and the counting (2.17) done by the inner sum burns up the small factor 
(L,/L,)* **—indeed we throw away the rest of (L,/L,)°~“—leaving us with the 
outer sum applied to 

Che nA RD, (4.17) 


3+6€ 


But the latter counting burns up the small factor (L,/L,)-**, so we have room to 


spare. 
The remaining sub-sum is 


3 bE |Expression (4.6)|. (4.18) 


keF Leahy leB Lp hj < Ly 


This time we apply Lemma 4.3 to bound the summand with 
Cm eh (kk RAK. kt): (4.19) 


The counting (2.16) done by the inner sum burns up the small factor L;., where we 
also wash out L, | with L;'<L,'. This leaves us with the outer sum applied to 


pL TOT Ah le, ea). (4.20) 
With only (L;/L,)*?** needed for bounding this last sum, we again have room to 
spare. J 
5. EXPANSION STEP OF THE THIRD KIND 


In this section we introduce our expansion step of the third kind. This involves 
the application of a Ward identity to Fig. 10, whose modes we label as in Fig. 14. 
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Each open dashed line may connect to the rest of a 5-mode graph or to a 
z-parameter, but the numerical factor associated with this central part of the 
composite graph are 


Lie ay} | ub ve Le? > Vie | up Wry”. (5.1) 
Fs ey 


The problem is to sum over (k, 1), (k, i) having smaller scale than the fixed modes 
(/, 1), (’, uw’). The variables B,,, Bg-, Bg;, B,, have been wiped out by the integration 
by parts that developed this graph. 

As in the preceding section, we extract from the product of integrals a product 
where the functions are partitioned differently between the integrations. In this case 
the bound on the remainder will involve a new trick, but as we have already seen 
in the proofs of Lemmas 4.2 and 4.3, the remainder can be controlled only if the 
function associated with and “old” and larger scale mode is shifted from one 
integral to the other—in this case u, or wu). 

On the other hand, the symmetry scheme of Lemma 4.1 does not apply here, 
because the alternatives are 


LICE | Woe Le? yy | uu Wee”, (5.2) 


LiP yy | wpa ve Ly? yy [ pav'?. (5.3) 


If y, is even and W¢ is odd, then neither | ~,0,D,,7 Dye nor | We0,D,,? Die, 
are zero. However, if we sum up either (5.2) or (5.3) over the fermi modes, a global 
cancellation occurs in the form of a regularized Ward identity: 


THEOREM 5.1. For fixed (1, u) and (I', 1’), 


> ¥ Expression (5.2) = —4M‘i5.,,, | UU: tr | do(—ip +m)" y, p,(p? + M2)-3, 


kyt ki 


(5.4) 


where the sum is over all k, k. The same identity holds for the summation of (5.3). 
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Remark. Clearly, the integral goes to zero as M > oo. 
Proof. Observe that 
yy LP | Wve | UUW ev,” 


kKeF 


=M? YS | Wve? | uu belT + m)e.Dy? Dar We 


keF 


by (4.2), so by Parseval’s identity this sum is 
M* | DD, Dis, | —y, a M).(UjpUy Wg) 


=> M7 LY? | Eee Dy, ts m) AW aP M)We] UU We. 
Hence 


y 5 Li? | weve LE? | uae” 
keF keF 


=M* Tr[uju,D,*Dy (V+m)A¥ +m)e], 
and so it follows that 
y > > Expression (5.2) = M* Tr[uju,D,*Diyi(V+m)yy-(Vt+m)yI, 
ReF keF 1,1 


which reduces to 


M4 Lr faijuay Day S2.¥ 9S AVE 


= Mite [dx { dy ud x)ur(x) D(X —P)LSmPueSmIW MY —%) 
= M* | uu tT | BaD hw) Sri tid Po) 
= M* | uu, tr | dp(p? + M2)? (—ipt+m)~'y,(-—ip+m)"y, 


0 vs 
= = iM | aay tr | dp(p? + M?) > — (—ip-+m) efi 
Mv 
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(5.5) 


(5.6) 


(7) 


(5.8) 


(5.9) 


By the properties of the Dirac matrices, we know this trace vanishes for pw’ #u. 


Finally, we integrate by parts. fj 


Naturally, we must remember that the double sum to be reckoned with is not the 
double sum in (5.4). What our theorem actually proves is that if A is the set of 


“old” modes, then the correct sum decomposes as follows: 
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‘ ¥\ Expression (5.1) 


k,kKEeF\A Ge 
Lek < min{ Ly, Ly} 


= » y\ [Expression (5.1) — Expression (5.2) ] 
k,kEF\A iI 


Lye < min{ Ly, Ly} 


—4M‘*i6 ujuy te | do(—ip +m)! 9, p,(p? + M7) * 


ee 


-y om y) Expression (5.2) + y Expression (52)) 


keF 1,i \keA keF\A 
Lk>min{L;, Ly} 


_ y ( y. Expression (5.2) + 3 Expression (52)) 
keF\A keaA keF\A 
Ly <min{L;, Ly} Lg> min{ L;, Ly} 


(5.10) 


We now apply this identity to carry out the next expansion step. We define our 
expansion step of the third kind in this case to be the replacement of the possibilities 
on the lhs of (5.12) by the possibilities on the rhs. We claim that every case 
generated by this step yields a convergent sum uniform in M. 

Consider the sum of (5.2) over ke A and ke ¥. Given the discussion in 
Section 2, we see how to deal with such a graph, because k is “old” in this case. 
True, we have to sum over “old” modes as well, but this is related to the problem 
of summing over possible /, /'€ A, which we have ignored. This summation is part 
of the tree graph attachment problem [18, 19], which we reserve for the sequel. 
Section 2 also tells us how to deal with the case ke F\ A, L, >min{L,, L, }, ke F. 
Indeed, the only sum on the rhs of (5.10) that must be estimated with greater care 
is the sum of the remainder (5.1)—(5.2). 

Now (5.1)-(5.2) is similar to the cancellation that was controlled in the preceding 
section because we can write this difference as 


Ly? Dela? Drie | dx | dyludx)— uly) Wale) 


vg (vy) vg?(x) We y)ur(y). (5.11) 


However, if we estimate as we did before, we cannot extract enough smallness for 
the counting. In classical perturbative terms, we have cancelled a linear divergence 
to obtain what appears to be a marginal divergence. If the remaining divergence 
were really there, a wave function renormalization would be required, but we have 
an additional, hidden cancellation in the sum over spinor indices: 


Q=Y° [Expression (5.1) — Expression (5.2) ] 


= LP LY? | dx | dv(udx)—ud yal) 


x (VC V)) Pex) 7) Wel y)uy(y). 
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The idea is to compare this double integral to 
LIP LE? | dx | dy(udy)— ux) Wx) 
X trv. (V) Pw VelX)Y)Wely)Up(x) 
= LIP LE? | dx | dy(udx) —udy)) vay) 
X tr(vg(X)) Pw VEY) .)Welx)uy(y), (5.13) 
which we denote by Q’. We write 
Q=3[0+0']+312-Q'] (5.14) 


and control the sum and difference separately. We use the rhs of (5.13) to write the 
difference: 


Q-O'=LIPLYP | ax | dy 


-(uf(x)—uy))u;(y)LW (x) tr(v,.(V) 7 Vex) 7) Wey) 
— Wy) tr(vg(x) Py DY) V,) Wel) J. (515) 


On the other hand, we use the lhs of (5.13) to write 


O+ QO =LIPLY? | dx | dy(udx)— uly) (ur) — u(y) vel) 
t(oY) 2 PAT MWD): (5.16) 


Now the divergent contribution may seem to be Q@—Q’ when we sum over k and 
k, but there is a symmetry to exploit. Combine the graph in Fig. 14 with the graph 
in Fig. 15 which is certainly differentiated down as well. The advantage gained is 
that—by a symmetry in the (k, 1) < (K, 7) interchange—the summation of 


FOGe 1) = O'(n, #)1+ (Os H)— OU, BI] 
= (Ot pO ws) IALOW, HO Hw’) ] (5.17) 


over k,ke F\A, Lyg<min{L,, L,}, 1,i=0, 1, vanishes. (The roles of / and /' are 
not symmetric, but they have not been reversed.) 

We turn to the problem of controlling Q@ + Q’, which is the more interesting part 
of the cancellation. We assume for the sake of definiteness that L;<L,. The 
summation of 0+ Q’ over k, ke F¥\ A, Lge <L,<min{L,, L,,}, is controlled by the 
following estimate. 


595/201/1-10 
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FIGURE 15 


THEOREM 5.2. For a_ sufficiently large value of the ondelette construction 
parameter, 


OF OT SELe Lb et SE eee a ear), (5.18) 
Proof. We estimate as we did in the proof of Lemma 4.2 to obtain 
lupe (x) — Wig (V)| <cLje?? |x — yl, (5.19) 
so Q0+(Q' is bounded by 
CLye Lil en Lae eee age Lie ten Ae alae 

LAP =#? | de | dy ix yl? Jove (5.20) 

where we have used up |u¢(x)W¢(y)|°LZ? and 
|upe(X) — Upe(V)| S [pe(X)[ + [ye (y)| (5.21) 


on basic estimation for the extraction of h-factors. But by the approximate scaling 
properties of vg and w;, we know that 


Lyr-* | de [ dy |x—yl?-™ |ve(xyWe( pI! <cL}-7*LZ?**L$, (5.22) 


so we have the desired bound. J 


6. FURRY’S THEOREM AS AN EXPANSION STEP 


We now treat the diagrams covered by Figs. 11-13. Since the ondelette diagrams 
correspond to Feynman diagrams having closed fermion loops with odd numbers 
of fermion lines, we expect Furry’s Theorem [27] to be applicable here. This is 
indeed the case, but—like the regularized Ward identity—this theorem involves 


sums over all fermi modes, and so its application is an expansion step of the third 
kind. 
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Now both Fig. 11 and Fig. 13 have developed the numerical expression 


1/27 1/27 1/2,,16,,1'e' », 18” (er : wo 
> LOLLY a pie Ve | UW ,vg” | Up Wve” | Up Wevye'?, (6.1) 


and our version of Furry’s Theorem is embodied in: 
THEOREM 6.1. For given (I, u), (1', un’), and (1", n"), 


», »), Expression (6:1)= 0, (6.2) 


Vays Vergh Peel 


where the sum is over all k, k, k’. 
Proof. We apply Parseval’s identity twice. 


» Le | uw ,ve? | Up Weve” 


keF 


=M? | upf(-V + m),,D 5? Diu We)s (6.3) 


adi sn | Up Wer, | uve (—V+m).,D? Day (Ur We) 


keF 
me | uv") —V + m),Dz?Dj 


x [u(—V+m),..D, Dy (urbe) ] (6.4) 
(remember that v, contains the factor L, '”). Observe that 


YL | upg! -V 4+ m)eD? Die 


kK EF 
x [u(—Vt+m)—,D,, Diy (urbe) 
=M? Tr[u,(V +m),.,D,,° Dig us 
x(V+m) iD, Dy ul(Vt+m)evD, Diy |. (6.5) 
It follows that 
> >», », Expression (6.1) 
k,t ki ky’ 
= M® Trl up SD Pmt SD Yt SD Vy] 
=a | dx | dx' | ax” THe rie sara esa) 
, iHOSD , — XP ASD yy Oe — x") y( SD ay x" =e |; (6.6) 


but the matrix trace in the integrand is zero by Furry’s Theorem [27]. J 
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Thus our expansion step of the third kind in the case of Fig. 13 is given by the | 
identity 
>» y Expression (6.1) 


Liv’ k,K,k'e F\A 
Lykke’ < min{ L), Ly, Ly} 


ei ie ( >) Expression (6.1) + 3 Expression (61)) 


i kkeF \k'eA k'eF\A 
Ly > min{L;, Ly, Ly} 


=e) Ny ( > Expression (6.1) + > Expression (61)) 


in kKeF k'eF\A keA keF\A 
Ly <min{L;, Ly, Ly} Lg> min{ L;, Ly, Lj} 
-y sy ( y. Expression (6.1) + * Expression (61)), 
Pail be k,k'e€F\A k’'eA k'eF\A 

Lg <min{ L), L;', Ly} Ly > min{L;,Ly, Ly} 

(6.7) 
where 

Lge = Max{L,, Le, Ly}. (6.8) 


We can control all of these new cases with the estimation and counting described 

in Section 2. Our expansion step in the case of Fig. 11 is given by (6.7) with 

min{L,, L,, L,-} replaced by L, and with the sum over (/’, u’) and (/", 4”) included. 
Now Fig. 12 has developed the numerical expression 


2 1/2,,1 8 | e astS OS (e112) 
> Ly, Lys Va Y ps [ud ve 
Bi; o=, 85 
“ (€213) (e374) (e415) 
| Uy, WieV ye | U), Wks Vk, | Uu;, Wi Vue 


fu .v™, (6.9) 
and Furry’s Theorem implies: 


THEOREM 6.2. For given (1,, [;), --s (ls, Us), 
y ¥& Expression (6.9) = 0, (6.10) 


Bice kS Ria AS 


where the sum is over all ky, ..., ks. 
The proof is similar to the proof of the preceding theorem, and this identity 


replaces 
ee >», Y’ Expression (6.9) 


Dy eesl5 Udy MS Ky,.,k5E€F\ A th, 0.515 
Lk, «ks < Li 


with sums that we already know how to control. 
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7. APPENDIX 
We give here a brief review of the ondelette cluster expansion, applying it to the 


¢3 model in the interests of simplicity. If A is a finite set of modes, the corre- 
sponding regularization of the scalar field 4(x) is defined as 


P A(x) = 3 a, U;(X), (7.1) 
kea 
where in this appendix, 
=| OD nbe (7.2) 
Ue = Di Wes (7.3) 


and m is the mass of the field. The regularized interaction is given by 
peal y= (7.4) 


where : : denotes Wick-ordering with respect to the free boson expectation <-)y. 
Since 


CH, 4) 9 = On), (7.5) 


it follows that the interacting expectation for an arbitrary product []?_, a, of these 


phase cell variables is given by 


N re : N 
(I 21,) i Aig, il (| diye?) GE Oe (7.6) 
A 


i=1 keaA abies i=1 


ees | ie diyeW*1?) e~ (Gea) 


keaA 


Since the free measure is a product measure with respect to these variables, the 
cluster expansion modifies the quartic interaction only. 

The expansion is a sum over histories, where each history is a sequence of choices 
made in an inductive process—i.e., the expansion constantly develops many 
branches that must ultimately be summed over. The most basic expansion step is 
an application of the interpolation formula 


Le-?O>9= <e-*O)o— | dsce- “1-9 P— ROY. (78) 


where P, QO, and R depend on the branch (or history) and the stage in that history. 
Now for the term <e *Q), the inductive process is over. But to each of the 
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terms induced by expressing P— R as a linear combination of interaction terms, we 
apply the interpolation formula again: 


(e-P T,Oo= (eT, 00— | ds’<e- U9. (P'—R)T, Oo, (79) 


Pe R=) itp (7.10) 
P’=sP+(1—s)R. (7.109 


The inductive process is over for <e *"T,,Q) , the terms contributed by P’— R’, 
are each subject to yet another expansion step, and so on. 

The aim of each interpolation is to decouple the interaction between the set of 
variables already differentiated down (the interior set) and its complement in A (the 
exterior set). Thus P=I,, Q=[]>_,%,, and R=1,+J,, , for the first interpola- 
tion, where the interior set A is just {k,, ..., ky} in this case. For the general inter- 
polation, P is the modified interaction /(a) arising from previous interpolation with 
o the sequence of parameters, Q is the product of interaction terms differentiated 
down thus far, and 


R=1,(0)+ Las (7.12) 


where A is now the set of variables included in Q and J,(c) is simply the restriction 
of the sum /(c) to those terms :a,,a),0),0),: for which /,, /,, /;, /4 all lie in A. In the 
following step, 


Ri, = 14;(6, S)+] jy a1, (743) 


where 4/, is the set of variables included in 7,,Q and /,,(¢, s) is the restriction of 
the sum 


(a, s)=sI(o)+ (1 —s)[14(o) + 14, 4] (7.14) 


to those terms :a,,a,,0),0,,: for which /,, /3, /;, /4 all lie in A}. 
This completes our inductive definition of the interpolation (but not of the whole 
phase cell cluster expansion). The expansion of (7.6) generates terms of the form 


24 se Opp 2, <em> fer MD y= FB (6-494, (7.15) 


Since the interior set grows for every history (or branch), the finite set A is even- 
tually exhausted even if the history avoids choosing (7.15), so every branch of the 
expansion eventually terminates anyway. Thus every term in the completed expan- 
sion has the form (7.15)—with A = A for the special histories that choose remainder 
terms until there are none: Obviously the complete sum is finite, but the estimates 
must be uniform in A. 
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FIGURE 16 


Our inductive definition of the cluster expansion does not involve interpolation 
alone. The process is occasionally interrupted by an integration by parts to imple- 
ment the Wick-ordering cancellation of an ultraviolet divergence. The integration 
by parts formula is 


P 
(e720, 0),%);,5 O>o= = (Ge? ay aity: Q ) ; (7.16) 
0 


where Q does not depend on «,, and multiplicity of «,, inside the Wick-ordering is 
allowed. The next expansion step—whether interpolation or integration by 
parts—is applied to each term induced on the lhs by expressing P as a linear 
combination of interaction terms. 

The rule for when to apply (7.16) is as simple as can be. If A is the set of modes 
included in Q and if L,<L,<L,,<L,, with L,, smaller than the length scale of 
every mode in An {/,,1,,/;,/,} (automatically implying /;,/,¢A), then apply 
(7.16). Otherwise apply (7.9) with 7,, a numerical multiple of :«,,«,,0),«,,:. This 
completes the definition of the Battle-Federbush ondelette cluster expansion for the 
¢5 Euclidean field theory. 
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FIGURE 17 
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To illustrate how a few steps may occur in a given history, we return to ondelette 
diagrams. The diagram that appears when a product of previous interpolation 
parameters times a basic interaction term A i) U),Up,Uj,U), 2%), %),%),%),: 18 differentiated 
down looks like the diagram shown in Fig. 16 in the case L,, > L,,> L,,>L,,. Now 
suppose /;, /,¢ A—calling for integration by parts with respect to «,,—and that the 
next step in the history differentiates down :«,,0,,%),:, which has a numerical factor 
of f uj, uju,u,, and L,,<L,,<L,,<L,,. Then the composite diagram is as shown 
in Fig. 17. If 7, /’, do not lie in A either, then the next step is to integrate by parts 
with respect to «,,. Suppose this step chooses :a,.a),%),:, Which has a numerical 
factor of f ujuyuj,yu),. If Ly <Ly<Ly<L;,,, then we have developed the graph 
shown in Fig. 18 which converges in two dimensions when “new” modes are 
summed over for these smaller length scales. With the ultraviolet divergence 
cancelled, one now resumes interpolation. 

We close this section with the remark that the expansion rules have been 
determined by perturbative problems alone. In the convergence proof the large field 
problem is solved by the combinatoric estimation of Battle and Federbush [18]. 


ACKNOWLEDGMENTS 


I thank Lon Rosen, Paul Federbush, and Joel Feldman for a number of valuable conversations. 


REFERENCES 


1. S. Desgr, R. JACKIW, AND S. TEMPLETON, Ann. Phys. (N.Y.) 140, No. 2 (1982), 372. 
2. S. DESER, R. JACKIW, AND S. TEMPLETON, Phys. Rev. Lett. 48 (1982), 975. 

3. A. REDLICH, Phys. Rev. Lett. 52 (1984), 18. 

4. M. GOPFERT AND G. MACK, Commun. Math. Phys. 82 (1982), 545. 


ONDELETTES Ry! 


A. Potyakov, Phys. Lett. B 59 (1975), 82. 

R. JACKIW AND S. TEMPLETON, Phys. Rev. D 23, No. 10 (1981), 2291. 

A. NIEMI AND G. SEMENOFF, Phys. Rev. Lett. 51, No. 23 (1983), 2077. 

M. BERNSTEIN AND T. LEE, Phys. Rev. 23, No. 4 (1985), 1020. 

P. CEA, Phys. Rev. 32, No. 10 (1985), 2785. 

K. OSTERWALDER AND E. SEILER, Ann. Phys. (N.Y.) 110 (1978), 440. 

K. GAWEDZK1, Commun. Math. Phys. 63 (1978), 31. 

J. MAGNEN AND R. SENEOR, in “Third International Conference on Collective Phenomena” 
(J. Lebowitz, J. Langer, and W. Glaberson, Eds.), New York Academy of Sciences, New York, 1980. 
G. BATTLE, Commun. Math. Phys. 114 (1988), 93. 

P. Lemarié, Une nouvelle base d’Ondelettes de L7(R"), J. Math. Pures Appl., to appear. 

G. BATTLE, Commun. Math. Phys. 110 (1987), 601. 

G. BATTLE AND P. FEDERBUSH, Commun. Math. Phys. 109 (1987), 417. 

K. OSTERWALDER AND R. SCHRADER, Helv. Phys. Acta 46 (1973), 277. 

G. BATTLE AND P. FEDERBUSH, Ann. Phys. (N.Y.) 142 (1982), 95. 

G. BATTLE AND P. FEDERBUSH, Commun. Math. Phys. 88 (1983), 263. 


. SEILER, Commun. Math. Phys. 42 (1974), 163. 


E 
. E. SEILER AND B. SIMON, Commun. Math. Phys. 45 (1975), 99. 
E 


. SEILER AND B. Simon, Ann. Phys. (N.Y.) 97 (1976), 470. 


. J. MAGNEN AND R. SENEOR, Commun. Math. Phys. 51 (1976), 297. 

. A. COOPER AND L. ROSEN, Trans. Amer. Math. Soc. 234 (1977), 1. 

. A. LESNIEWSKI, Commun. Math. Phys. 108 (1987), 437. 

. E. SEILER, “Constructive Quantum Field Theory: Fermions,” [HES preprint, 1981. 

. N. BoGoLiuBsov AND D. Snirkov, “Introduction to the Theory of Quantized Fields,” Wiley— 


Interscience, New York, 1980. 


ANNALS OF PHYSICS 201, 152-192 (1990) 


Barkas Effect in a Dense Medium: 
Stopping Power and Wake Field* 


HENNING ESBENSEN AND PETER SIGMUND‘ 


Physics Division, Argonne National Laboratory, Argonne, Illinois 60439 


Received September 22, 1989; revised December 20, 1989 


A general expression has been derived for the polarization field set up by a heavy charged 
particle penetrating through a random medium. This expression includes contributions of first 
and second order in the projectile charge, and it determines the stopping power up to the 
third order. For a dilute gas, the stopping-power formula reduces to the one that can be 
derived directly from perturbation theory, applied to an isolated atom or molecule. The 
interaction between a charged particle and the medium is shown to be characterized by two 
functions, the well-known dielectric function e(k, @) and a function Y(k, w; k’, w’) depending 
on two sets of wave number and frequency variables. Explicit expressions for Y have been 
derived, (i) for a random medium of harmonic oscillators from the classical equation of 
motion, (11) for a classical electron gas from Boltzmann’s transport equation, (ii) for a system 
of Hartree atoms from quantal perturbation theory, and (iv) for the Fermi gas. Considerable 
care has been taken to ensure that different approaches yield identical results in those limits 
where such is to be expected. The Barkas (or Z}) effect on the stopping power has been 
evaluated for a medium of classical oscillators with a resonance frequency Ww, at an arbitrary 
density, characterized by a plasma frequency wp. The isolated classical oscillator and the 
classical electron gas emerge from this as simple limiting cases. The results can be described 
well by one effective resonance frequency %)=(w,+})'’, as is suggested by classical 
dispersion theory. The classical description applies to distant collisions only. Quantitative 
results have been derived for a quantal electron gas with the zero-point motion disregarded 
(static electron gas). The results compare well with recent experimental data on silicon. The 
Barkas correction to the spectrum of momentum transfer is positive for positively charged 
projectiles up to fairly large momenta, but it becomes negative near the edge. The Barkas 
correction to the stopping power is also mainly positive for positively charged projectiles, but 
it turns negative at low speed, in agreement with existing results for the harmonic osicllator. 
The second-order contribution to the induced field (or wake field) contains a higher 
harmonic, i.e., a field oscillating at twice the standard wave number. This alters the wake 
potential dramatically behind the penetrating particle at low velocities. This effect is possibly 
an explanation for observed anomalies in molecular-ion energy-loss spectra. The relative 
significance of the Barkas term in the stopping power and the wake field increases with 
increasing electron density in the medium. © 1990 Academic Press, Inc. 
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1. INTRODUCTION 


A charged particle penetrating through matter generates an electromagnetic field 
which causes electronic excitations in the penetrated medium. If the medium is 
dense, the field will be determined in part by the properties of the medium, as is 
well known from classical electrodynamics of continuous media. In the limit of a 
weak perturbation, i.e., high projectile speed and/or low charge, induced fields 
(“wake fields”) are of first order in the projectile charge, [1—S]. Observable 
quantities such as excitation cross sections or mean energy loss (stopping power) 
become proportional to the square of the projectile charge [6, 7 ]. 

Deviations from this simple scaling behavior have been documented in the 
stopping power. The leading correction is the Barkas effect [8-10] which shows up 
as a term of third order in the projectile charge [11-19]. It is known to be related 
to target polarization [10,11]. A particularly clear demonstration of the Barkas 
effects has been given recently [19] when it was shown that the stopping power of 
antiprotons in silicon crystals is significantly smaller than that of protons at the 
same velocity. 

Most existing theoretical treatments of the Barkas effect refer to dilute media 
where a target atom interacts with the unscreened Coulomb field of the penetrating 
particle [11-16]. Notable exceptions are an unpublished thesis dealing with an 
electron gas by one of us [17] and a more recent analysis of a Fermi gas [18]. 

While the existence of the Barkas effect has been well documented in the stopping 
power, the associated wake field has not been analysed. This is somewhat surprising 
in view of a very extensive effort to look for manifestations of wake phenomena in 
molecule penetration, electron emission, and alike [20]. Most of the pertinent 
experiments have been performed under conditions where deviations from a linear 
relation between field and projectile charge must be expected: Projectiles are 
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frequently heavier than protons, and the velocities barely exceed the Bohr velocity 
in many Cases. 

In previous work [17], a general scheme was set up to self-consistently determine 
polarization fields induced in a stopping medium to higher than first order. That 
formalism was employed to estimate the Barkas correction to the stopping power 
of an electron gas at rest. One purpose of the present paper is to bring this work 
into the open literature, and to apply the scheme to other model systems of interest 
in particle penetration. A second purpose is to investigate the associated wake field. 
Thirdly, there has come up some uncertainty with regard to the Barkas effect in an 
electron gas, in that the two existing treatments led to opposite conclusions with 
regard to the significance of a Barkas correction in close encounters [17, 18]. Our 
conclusions regarding this matter have been published only briefly, without com- 
prehensive documentation [21]. Finally, it was found desirable to trace observable 
effects in the wake field that would be sensitive to higher-order field contributions. 


2. HIGHER-ORDER POLARIZATION FIELD 


The present section serves to generalize the self-consistent linear treatment of the 
polarization field as presented in [3] to the second order in the projectile charge. 
We consider longitudinal fields only, and nonrelativistic projectile speeds. 

Let the electric field in the medium be described by a scalar potential 


@(r,1)=| d?k | deo O(k, @) T°, (2.1) 


where 

@*(k, w) = @(—k, —o), (2.1a) 
because P(r, ¢) must be real. Then, Poisson’s law reads (in gaussian units) 

k*@(k, w) = 4np(k, @), (2.2) 


where p(k, w) is the Fourier transform of the total charge density. The latter can 
be written in the form 


P= Pex tp) + pO + os, (2.3) 


in either real or Fourier space, where p,,, is determined by the external disturbance, 
here, a penetrating projectile, while p\') and p? are induced charges, linear and 
quadratic in ®, respectively. The connection between p“) and p) and @ is 
governed by the dynamical properties of the medium, i.e., the equations of motion. 
We shall determine the expressions for p")(®) and p®(@®) in the following 
section by means of first- and second-order, time-dependent perturbation theory, 
respectively. 
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_The connection between p“') and ® is commonly expressed in terms of the 
dielectric function e(k, w), 


4np)(®) = {1 —e(k, w)} k?@. (2.4) 


The dielectric function is independent of the nature of the external perturbation, 1.e., 
it is a property of the medium alone. 

If we terminate the expansion (2.3) after the first-order induced density p')(@) 
we obtain the conventional, self-consistent equation for the linear field 6", 


KD") = dnl pox + (0). (25) 
Applying Eq. (2.4) to eliminate p“)(®") we obtain the familiar expression 
k*e(k, @) 8'(k, ©) = 4p x(k, ©). (2.6) 


The next step is to include p®) in Eq. (2.2) and to solve the self-consistent, 
quadratic equation for the potential, 


KD =A {Pex + (PB) + p(B) }. (2.7) 
Eliminating p“) by means of Eq. (2.4) yields 
k7eD =4n{ Pex +p '(P)}. (2.8) 


This is a nonlinear integral equation determining ®. Expansion of ® in powers of 
the external perturbation, p,,,, 


=") 4 GP)... (2:9) 


leads to Eq. (2.5) in the first order. The second-order terms yield 


b2)(k, w) = p(B), (2.10) 


youne-at 
k*e(k, w) 
This expression was derived in Ref. [17]. It determines the wake field to second 
order in the projectile charge and, consequently, the stopping power to third order. 


3. INDUCED CHARGE DENSITY 


In the present section, the induced charge density will be determined to second 
order in &(k,w) by time-dependent perturbation theory. This generalizes the 
procedure of Ref. [3], except that we de not treat the electrons of the medium as 
a Fermi gas but allow for an arbitrary binding force. 

Consider a single electron bound by a force centered at some point R. The 
electron is characterized by eigenstates w,(r—R) and energies E,=ha,, with 
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n=O, 1,2,... Let the electron be in the state wo at time t= —oo, and let it be 
disturbed by the potential (2.1). Expansion of the wave function in powers of ®, 


Wr, t)= P(r, th) + MO(r, ht PO, t)+ ++ (3.1) 
yields 
y/ (0) — e— ion (r —R), (3.2a) 
hs pt —imot pts 3 Fino (k) 
y0=—e D walt R) | d k | do eee 
x O(k;-a@) e B70”. (3.2b) 


ye) aS emi y Y w,(r—R) | d?k | do | d>k’ | dor’ 
ch 


n 


Fy (k —k’) fio(k’) 


(@jarm er ly (@;o rrr dy) 


ref ates (3.2c) 


x &(k —k’, @—') O(k’, o’) 


where —e is the electron charge, 


fy(k) = | d?r (r) e™ "Y,(0), (3.3) 


and 


On; = QO, a ;. 


A negative imaginary increment —iy has been added to w,, to ensure that only the 
initial state W, is occupied at t= —oo [3]. 

Next we obtain induced charge densities due to the perturbed motion of the 
electron bound to R, 


5p) = —ef WOO yr) 4 yr ()* yO (3.4a) 
5p?) = ef PO 2) 4 ys (2)* yr (0) 4 yy" yd) } (3.4b) 


Insertion of Eqs. (3.2a,b) into (3.4a) and integration over a uniform spatial 
distribution of bound electrons at a density of n [electrons/volume] yields the 
induced charge density to first order, 


pr, than | APR 6p (r, t) (3.5) 


or, in Fourier space, 


pik, o)= — B(k, 0) fro)? |=— + = I, 


On —-@-ly @,+art+iy 
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where use has been made of Eq. (2.1a) and the relation 
| @Rwgsr—R) ey, (rR) =e*"fo,(—k) 


which follows from (3.3). 
Insertion of p“ into (2.4) yields the dielectric function 


kc ba 


» Fro)? ‘oacecatoceeasl (3.6) 


20, O,9 -WO—ly O,9 +t @+iy 


where w, =hk?/2m and w= 4nne?/m, wp being the plasma frequency. 
Application of the same procedure to Eq. (3.4b) yields 


3 
(2) amen, Say 3p ; ii ae ile 
pR(k, 0) = —— | ak | do O(k—k', o—o’) 
x @(k’, 0’) Y(k, @, k’, o’), (3.7a) 


where 


ee Laie rs 
(CL. EDO seme a rer 


So (k') fin(k — kK’) fro —k) 
(M9 + @ + iy )(Mjo + w’ + iy) 


fon(k —k’) fuy(—k) folk’) ; (3.7b) 


(M0 +O w’ oF iy)(@jo =i) = ly) 


The procedure described in this paragraph does not explicitly take into account 
the Pauli principle. If the initial states of the electrons in the medium are 
orthogonal, the Pauli principle is obeyed at all times. This holds true for the case 
of the Fermi gas considered in Ref. [3]. The present set of initial wave functions, 
i.e., the ground state wave functions wo(r—R) for different position vectors R, is 
not orthogonal. Therefore, the Pauli principle is not obeyed in general. On the 
other hand, many explicit results for the electron gas have been found by ignoring 
the zero-point motion, i.e., for a “static electron gas,” which was also considered in 
Ref. [3]. That system corresponds to the choice of wWo(r) =constant, 1.e., complete 
lack of orthogonality. Many reasonable results have been derived for that system 
over the years, and more examples will be discused later in this paper. 

The expressions for the induced charge density have been derived above for an 
ensemble of one-electron atoms, allowing for mutual polarization via Coulomb’s 
law. However, to the extent that the overlap between the wave functions of different 
atoms is inappreciable, it is easily verified that they also hold for an ensemble of 
many-electron atoms, provided that the matrix elements Eq. (3.3) are generalized 


appropriately [7, 22]. 
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4. GENERAL EXPRESSIONS FOR WAKE FIELD AND STOPPING POWER 


4.1. Classical Charge Distribution in Uniform Motion 


We need to specify the external disturbance in order to determine the induced 
polarization field. For a classical charge distribution in uniform motion, the 
external charge density is 


Pext = Poli — Vt), (4.1) 


i.e., in Fourier space, 


Pext(k, ©) = Po(k) 6(@ —k -y), (4.1’) 


where v is the velocity and p(k) some function determined by the shape of the 
charge distribution. Equations (4.1) and (4.1’) imply that the moving particles are 
much heavier than electrons. The necessary modifications of the theory in case of 
electron and positron penetration have been considered separately [23 ]. 

From Eq. (2.5), we find 


4npo(k) 6(m —k-v) 


@(k, w) = The a) (4.2) 
This yields the potential to first order, 
mde | Sree e (43) 


where w now stands as an abbreviation of a=k-v. 

The associated stopping power is found from the total force on p,,,, generated 
by the induced potential ®;,4= (r, t)— ®,,,, where ®,,, is the Coulomb potential 
of the bare ion. Hence, 


F=| dr po(t —vt){ —V@,,4(r, 1). (4.4) 


After integration and taking the component along v, we find the stopping power 
dE/dx = —y -F/v, where the sign has been chosen so that dE/dx is positive if energy 
is Jost. The leading term, which is of second order in the external charge, reads 


2 
(dBjax) = SE | ak F Ips? {+1 (45) 


which is identical with the result of [3] in case of a moving point charge. 
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The oe order contribution to the wake field is found from Bas2(2510)\ (3:7): 
and (4.2), 1 


(27)° ne? d*k 


@(r, t)= rl 39 Pak 5) ik - (r — vt) 
k’) Polk —k’) 
dk’ Pol 0 ! , 
x| = (k’ w’) (k — k’)? e(k r= k’, oO —’) Y(k, Q, k »@ ). (4.6) 


This yields the Barkas term in the stopping power according to Eq. (4.4), 


(a) _ (2n)’ ne" ( a9 pa pot 
Polk —k’) ; 
Ee ike ae Y(k, w, k’, w’). (4.7) 


Evidently, the Barkas effect is determined by two functions, e(k,@) and 
Y(k, @, k’, w’), both of which depend on the material. 
4.2. Symmetry Considerations 


Before going further, we find it useful to identify a number of symmetry relations. 
First, we note that the integrands in Eqs. (4.6) and (4.7) are symmetric against the 
substitution 


k’=k—k’ (4.8) 
except for the function Y. We may, therefore, substitute the symmetrized function 
Y,(k, @, k’, w’) = $[ Y(k, o, k’, wo’) + Y(k, o, k—k’, o—'’)] (4.9) 


in (4.6) and (4.7) without changing the integrals, provided that they converge. 
Next, in addition to the symmetry property (2.1a), there are similar relations for 
e(k, w) and for po(k). Since f*(k) = f;,(—k), one finds from (3.7b) and (4.9) that 


Y *(k, , k’, w’) = Y,(—k, —o, =k’, —o’). (4.10) 
This guarantees that (4.6) and (4.7) represent real quantities. 


4.3. Moving Point Charge 

Before discussing material parameters in detail, we wish to specify the penetrating 
charge distribution. Most often, it represents a point charge e,, ie, po(k)= 
e,/(2n)°. It is customary, then, to write the stopping power in the form 


4 
dE/dx = wre | o- Hilagate leone (4.11) 


595/201/1-11 
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where L, is proportional to e|. From (4.5), 


v i@ 1 
=—— | da*k => —] 4.11la 
a 27? ws l One aE w) 


and, from (4.7) and (4.9), 


mve,e ¢ ., a, ane 1 Y,(k, @, k’, w’) 
4n*h? ja he J ie fae ke(k, w) k’2e(k’, w') (k —k’)? e(k —k’, o—@') 
(4.11b) 


L,=- 


Another charge distribution of interest is that of two penetrating point charges 
e, and e,, e.g., the fragments of a bombarding molecule. In this case, we have 


1 | 
Tagg tee a8 col (4.12) 


where R is the vector pointing from 1 to 2. 

The results of this section, as summarized in Eqs. (4.6) and (4.7), leave only the 
material parameters ¢ and Y unspecified. Several special cases will be considered in 
the following sections. 


Polk) = 


5. STOPPING POWER OF DILUTE MATTER 


5.1. Derivation from Dielectric Theory 


This paragraph serves to test the present formulation, i.e., mainly the central 
Eq. (2.10), by utilizing it to calculate the stopping power of a point charge in a 
dilute medium. This is achieved by letting n (or w};) become small so that the 
individual target electrons are excited by the Coulomb field of the bare projectile 
charge. We show that the resulting stopping power becomes identical with that 
calculated directly from the perturbation of an individual electron by a bare 
Coulomb charge. 

In Eq. (4.11a), the density enters into the factor w,* and into the dielectric 
function ¢(k, m) in the denominator. Equation (3.6) alias us to expand ¢«~' in 
powers of the density. Keeping only terms up to first order in wp we obtain a 
stopping number that is independent of the electron density n since the term going 


as n_' vanishes. This yields 


v d*k oO 1 1 
hei Im pee Sy a Oe 
°” (2x)? d {ieee ko wo, Hnolk 1? | =—— ye ay pea | 


from which Bethe’s formula [7] in the form 


Lo=5 5 On |, , dorg/or? |fuolk)|? (5.1) 


n hoe g/ 2mv 
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is readily found by integration, taking into account the relation 
(@ = Dno ae iy)~ 7 = P(@ r, Ono) * ind(@ a Mno)s (5.2) 


where P indicates the Cauchy principal value. 

Similarly, we find the Barkas correction to the stopping power of a dilute 
medium. Note that according to Eq. (3.7b), the electron density does not enter 
explicitly into the function Y. This implies that to lowest order in n, L, is found 
from (4.11b) by setting all three dielectric functions ¢ equal to one. It is sufficient 
here to work with the function Y, Eq. (3.7b), rather than the symmetrized function 
Y,, Eq. (4.9). It is convenient to bring iwY on a form where all three terms go as 
Son(—k) f,,(k —k’) fio(k’). This is achieved by the symmetry transformations j > n 
and k > —k’ in the second term, and k > —k+k’ in the third term. Application 
of (5.2) yields, then, 


mve ; e 


1 Oh? 


1 


| ak | d3k’ 


~y Y fon( KE) fry — KY folk) {eel , Ce a) 


Tes O79 —@ — ly OOF ene im ly 
Applying the symmetry transformation jn, k +k’ to the second term we find 


e,emv dk d-k’ 1 
i deta) ret eee 


X fon(—K) faj(k — kK") fio(k") P ; (Wo — ©). (5.3) 


jo 

Equation (5.3) was first derived in Ref. [17]. It can also be found from second- 
order perturbation theory, applied to the bare-Coulomb interaction between a 
projectile and a single electron with eigenstates specified in Section 3. This 
derivation is presented separately in Appendix A. We find it important to have 
verified that the two approaches yield the same results. This is, of course, required 
by the underlying physics. 

The direction of the projectile velocity occurs only in the last two factors via 
w=k-v and w’ =k’ -v. It is obviously allowed to average (5.3) over all directions 
of v. This can be accomplished by expanding the Dirac function in terms of 
Legendre polynomials P,(w/kv)=P,(k-v/kv), applying the addition theorem of 
spherical harmonics to the latter, and utilizing the integral representation of the 
Legendre functions of the second kind, Q, [24, (8.8.3) ]. This yields the replacement 


a) 3 Ono 2v+1 
= > 
Ojo — 0! (Ono O) > Fey? i ket? 


jo k-k’ 
a an ee OQ, ce pe fees (5.3a) 
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This expression, while more complex looking than (5.3), has the advantage that the 
four angular integrations have reduced to one, ie., the integration over the angle 
between k and k’. 


5.2. Quantal Harmonic Oscillator 


Previous evaluations of the Barkas effect for a dilute stopping medium have all 
been based on simplified models where the target atom has been represented by a 
harmonic oscillator. In Ref. [11] and most other investigations, the classical limit 
of the harmonic oscillator was considered (for reviews cf. [14, 15]). The quantal 
oscillator was analysed in a multipole expansion in Ref. [12], and the full quantal 
Barkas correction was evaluated for the harmonic oscillator in Ref. [16]. The 
present paragraph serves to provide the connection with previous treatments 
without going into a numerical evaluation. In the following paragraph, we make 
the transition to the classical limit. 

In order to evaluate the Barkas correction, Eq. (5.3) for an individual oscillator, 
we need to know the matrix elements f,,(k) defined by Eq. (3.3). For a spherical 
oscillator, the wave functions factorize in cartesian coordinates, and hence, 


Fn (k) a Trish x) dag) belt. (5.4) 


The one-dimensional matrix elements are given by [16] 


— wk/2~o (n! i i . n+j—2v 
Snj(k) =e : Sean ee (ika) deal (5.5) 


where a= (h/2ma@ )'/*, and wo is the resonant frequency of the oscillator. Since the 
denominator and the Dirac function in (5.3) only depend on the excitation energy 
hw, , where 


Ono = Wo(N, +N, +N) =NWo, (5.6) 
the sums over the matrix elements can be carried out for fixed n and j. This yields 


YEEYDYY foal —k) fy(k —k’) folk’) 


ny t+ny+nz=n 
Jx thy t+J2=J 


h 1 
—_ $e eteg k? k’2?@—k-k’ 
exp | ne ane ) Layo 
hk -(k —k’)\"~" (hk’ - (k’ —k)\/7~" (Ak k\” 
Seay sat ew ncn la 
2mWo 2MWo 2MWo 


with v running between the limits posted by the factorials. Then, 
emv (h/2ma@ )"*/~" d*kd*k' wd - 
LLL pa ll oe 


eer PEAKE joo 


-[k- (k ery v a t= kyy~" [k -k’]’ eR + RO — kk 2m, (5.8) 
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Equation (5.8) could be the starting point of a numerical evaluation of the 
Barkas correction to the stopping power of an oscillator. We shall refrain from this 
since accurate values, found along a different route, have become available recently 


[16]. 
5.3. Classical Harmonic Oscillator 


Equation (5.8) is also a convenient starting point for an evaluation of the Barkas 
correction in the classical limit, i.e., i= 0. We note that apart from the exponential, 
h enters only as a power, ie., h"*/~’~*. All terms with n=0 drop out because of 
the factor wd(nw)—@) (no excitation). The term with the lowest power in h 
occurring in (5.8) goes as h~'. It consists of the two terms (n, j, v) =(1, 0,0) and 
(1, 1, 1) and is easily seen to vanish after replacement. of k’ > k —k’. 

Hence, the leading term is of zeroth order in h as it should be, and is made up 
of the contributions from (n, j, v)=(1, 1,0) and (1, 2,1), while the contributions 
from (2, 0, 0), (2, 1, 1), and (2, 2, 2) are seen to cancel by the same symmetry trans- 
formation as above. Then, Eq. (5.8) yields 


qd? Sia 
mney k dk —h(k? +k? —k-k’)/2mao 
sNews we Pil Gem ky“ 
0(@,—@ 
x [k’-(k—k’)] fk (k—k’)] ae (59) 


We have kept the exponential even though it contains a factor of h, because it 
prevents the integral from diverging. Equation (5.9) demonstrates that although 
both dipole and quadrupole transitions contribute to the Barkas correction in the 
classical (or long-range) limit, in agreement with Ref. [12], excitations to the final 
state n=2 do not contribute, in agreement with Ref. [16]. 

We may bring Eq. (5.9) into a simple analytic form by neglecting the exponential 
factor. Evidently, this is justified only for small k, i.e., soft collisions. As a first step, 
we perform the integration over the orientation of k. We note that the function to 
be integrated over d°k is a scalar depending on the vectors k and v. Hence, the 
integrand can only depend on k, v, and k-y=«. We may then carry out the trivial 
integral over w and obtain 


» dk 
Lamia scl) peel (5.10) 
with 
k’-(k—k’) (k-(k—k’) k-k’ | 
> ie RE gh GORENG. SIT Ah WPS 
Bae eel i ana eae Aon ays wa 


In Eq. (5.10), the “Barkas factor” Te, eW,/mv*> has been split off. The integrand in 
(5.11) has been symmetrized with respect to k’ and k —k’ in the following. We can 
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close the integration over k= «'/v by a semi-circle in the upper complex k‘-plane. 
The pertinent poles are at k,=ik’, and at k,=k.+i|k, —k’,|. In addition, there 
are also poles on the real axis. The two pairs of poles both have the property that 
the one is the complex conjugate of the other, as can be seen by means of the 
transformation 


kgs igt iit 2 


This observation implies that the sum of the contributions from the poles on the 
real axis is zero, while the two other contributions may be combined into one 
expression where the integration over k’, goes from —oo to +00. Then, 


v 2" dp (© k -(k —k’) 
—- Se oid ST dk’ Sapte eee a oe Ol 
AAE) MM 40 20 an * |k—k’/? 
(ee k -k’ | 
41 PETRA | ra a. aay) APE 
(@o/v)° +k't  (@o/v)° — (@o/v — tk’, ) 
where k!,=ik',, k,=@ /v, and ¢ the angle between k, and k’,. 


After again closing the path of integration by a semicircle in the upper complex 
k’, halfplane, it is seen that only one pole in k’, = i@ /v contributes. Then, 


nt) 


= 4 \2+ (=) [1—(1+8(a@,/kv)?]~ Bh (5.12) 


0 


{u dp k’-(k—k’) k-(k—k’) 
o 2x (k —k’)? 


pe ie eee 
o 2n 2 Avi kia Qke k' 


F(k) 


II 

| 
eas 
File 


This result has been derived previously for the limiting case of distant collisions 
[17]. A corresponding result will emerge in Section 6.3 for a static electron gas 
in the classical limit. We note that F(k)- 3 for k>@ /v. This appears to be 
characteristic of the harmonic oscillator. 

The expression for L, in Eq. (5.10) diverges logarithmically at large & if no upper 
limit of integration is specified. Equation (5.7) demonstrates that for 440, the 
integral converges, but the effective upper limit is not evident. Various upper limits 
Kmax have been used in the literature. In [11], k,,,, was adjusted to experimental 
results. In [25], the choice kya. = (2ma@ /h)'’? was made, which appears feasible in 
view of the exponential in (5.7). In Ref. [13], the result has been extrapolated into 
the region of close collisions with a cutoff determined by the maximum momentum 
transfer in a free collision, k,,,, = 2mv/h. 

In Ref. [16], it was shown that the range of validity of the classical Barkas 
correction is limited to rather large impact parameters, i.e., small momentum trans- 
fers. Therefore, caution is indicated in extrapolating the classical expression for F(k) 
up to large momentum transfers. An effective upper limit could be determined by 


BARKAS EFFECT IN A DENSE MEDIUM 165 


comparing the integral with the rigorous quantal result given in Ref. [16]. It is 
easily verified that such an upper limit can be written in the form 


Kenax = N2mo/h (5:13) 


with 7 varying slowly with y = 2mv’/ha, over the range 0.4 <n < 1.4. Evidently, this 
upper limit is outside the range of applicability of the classical estimate. 


6. ELECTRON GAS 


In this section we consider a free electron gas and extend Lindhard’s description 
[3] to the next order in e,. The numerical calculations of the stopping power and 
wake potential become rather involved when the zero-point motion of the Fermi 
gas in included, partly because of a large variety of singularities, partly because of 
an additional integration in three dimensions. In the actual evaluation, we therefore 
consider the limit of a static gas (i.e., without Fermi motion). Numerical results for 
this limit will be presented in Section 8. 


6.1. Fermi Gas 


The target states for a noninteracting Fermi gas are plane waves, 


1 ; 
SPAS reel Hee (6.1) 
ete: 
Q being a periodicity volume. We can satisfy the Pauli principle by letting the 
initial electron states YW, i.e., the wave vectors ky be distributed over a Fermi 
sphere (for zero or nonzero temperature), with a weight function g(k,)) normalized 
to 1. Then, Eq. (3.6) yields 
wo? 1 1 
k,o)=1+— k Casares: (6.2) 
alicia) tae a BO) Sea) * Ma) 
since the matrix elements in Eq. (3.6) reduce to the condition k,=k,)+k. Here, 
@, =hk?/2m and 


M,(@) =, 447 On, +OF1), (6.3) 
with the convention that the sign of iy follows the sign on @ in the argument of the 


function M,(@). 
From (3.7b) we obtain similarly 


Loa a 
¥(k, 0, k09 =F athe) ay ag) 


1 1 


| _, se (6.4) 
M_,(@)M_,(o@') My _.(o-@ )M,(-o') 


+ 
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The expression (6.2) for ¢ is the Lindhard function [3]. Equation (6.4) was first 
derived in [17] for a static electron gas. More recently, derivations based on a 
diagrammatic expansion of the induced electron density were given [18], which 
lead to the same result. For example, our Y function, expressed by Eq. (3.7b) in 
general and Eq. (6.4) for the electron gas is equivalent with the quadratic response 
function y,, Eq. (A6) of Hu, ef a/. [18] and with the M function, Eq. (2.24) of 
Sung, et al. [18]. Similar statements may be made for the stopping power. 

Estimates based on the full dielectric functions (6.2) and (6.4) were made in 
Ref. [18] of the contributions to the Barkas correction in the stopping power due 
to close and distant collisions, respectively, but a detailed numerical evaluation was 
not presented. Although the zero-point motion is important and gives rise to signifi- 
cant shell corrections [16], the static electron gas shows sufficient complexity to 
warrant studying it first. 


6.2. Static Electron Gas 
For a static electron gas, i.e., when all k, become zero, Eqs. (6.2) and (6.4) reduce 


to 


2 
Wp 


e(k, a) =1+ ; (6.5) 


ow, —(w + iy) 
and 


1 
(@, — @ — iy)(@, — w' — iy) 
1 
a OE PLE ety Tee 
(@, + @+ iy)(@,+@' + iy) 
1 
(@,_, t+@—' + iy)(@, —@' —iy) 


Vik, ok Le 


(6.6) 


We evaluate the wake potential (4.6) for a penetrating point charge with 
Po(k) =e,/(27)? and note that it is the quantity 


1 w2—(@+iy)? 
seeped ae (6.7) 
e(k,@) a,—(@+iy) 
with 
a =O, +o; (6.8) 


which enters into Eq. (4.6). 

The symmetry properties of Eq. (4.6) allow the substitution (4.9) which causes 
the resulting expression to simplify substantially. In particular, all denominators in 
Eq. (6.6) cancel against the corresponding numerators arising from Eq. (6.7). This 
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| is the major simplification achieved by taking the limit of the static electron gas. As 


a result, one finds 


BO aye ynege il a*kd’k’ [Q)+Q,]exp[ik-(r—vz)] 
k 


mh? J) k*k’*(k—k')? = N(k) N(k’) N(k—k’)’ i) 
where 
N(k) =a; —(@+ iy)’, (6.10) 
Q)= 000; _ 4 + @(@— @') a; — @'(w@— 0') a? 
—(@—-0') 0,04 —@7 0,0, _ pp — © Op Op _ (6.11) 
and 
Oy = OO Og LOR + Op + Oy]. (6.12) 
The associated Barkas correction to the stopping power (4.11b) reads 
_mve ye d°k d°k' i~(Qo + Q>) 
BE, = || ee se (6.13) 
4n*h k?k'*(k —k’)* N(k) N(k') N(k —k’) 


£, must obviously be a real number. This can be verified by complex conjugating 
the expression and changing sign on all integration variables. While the integrand 
in (6.13) is symmetric with respect to the transformation k’>k—k’, it is not 
symmetric in k and k’. That symmetry is violated by the factors w and N(k —k’). 

We shall now transform (6.13) in such a way that the integration over k, = a/v 
becomes trivial. As a first step, we decompose w into w’+(a@— a’). Due to the 
symmetry between k’ and k —k’ we can transform the second term (@ —@’) into a’. 
Thus we see that we can replace the factor w in Eq. (6.13) by 2m’. The next step 
is to interchange k and k’. The resulting expression differs from (6.13) by the 
replacement 


w 2@ 
> 
N(k—k’) N(k’—k)’ 


(6.14) 


and it can be written in a form that will become convenient in the following 
discussion, 


BCC pI 
(I i ae F(k), (6.15) 
where 
3z7 Q.+Q> 
F(k) = ae fa Mek —Kk)? Mk’) N(k’ ky’ 8) 
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The function F has the property F(k)* = F(—k). Moreover, upon performing the 
transformation k’>k’+k/2 we see that F(k)=F(—k). Therefore, F(k) must be 
real. Consequently, only the imaginary part of N(k) ' can contribute to L, whereas 
the contribution from the real part vanishes. 

In order to evaluate the contribution from the imaginary part of N(k)~' we note 
that 


Im N(k)-! => [6(@ —a,) + 6(@ + a,)]. (6.17) 


We may carry out the k-integration in spherical coordinates and obtain 


= Fk); (6.18) 


where the k-integral is subject to the condition a, <kv, or 
mv?/h — {(mv?/h)? — 03} '? <@, <mv7/h + {(mv7/h) — @5}". (6.19) 


We shall give some numerical results for these expressions in Section 8. We note 
that the manipulations leading from Eq. (6.16) to (6.18) cannot, unfortunately, be 
used in this form to simplify the calculation of the wake field. 


6.3. Classical Limit 


As in Section 5.3, it is useful to check the quantal result in the limit of A=0 
against the classical limit. The latter has been evaluated in Appendix B on the basis 
of Boltzmann’s transport equation, in a straight generalization to the next order in 
e, of the procedure developed in Ref. [3]. This treatment yields Eq. (B10) for the 
function Y(k, w, k’, w’). After symmetrization, Eq. (4.9), we find 


! 1 Qo 
Y,(k, w; k’, w = ET Pe ee Oe Pe ae eZ 
( ) (w+ iy)? (@' + iy)? (w—@' + iy)? (620) 
where Q, is identical to the function given in Eq. (6.11) of the previous paragraph. 
The corresponding dielectric function is the well-known Drude expression 


3 
Wp 


&(@) = 1 T (@ pay)? 


(6.21) 


Let us now consider the Barkas correction to the stopping number, L,, 
Eq. (4.11b). Inserting Eqs. (6.20, 6.21) we obtain 


_ muvee it d*k d*k' inQ, 
ae J) PkAk—KYP No) No’) Noo) S020) 
where 


N(@) =o, —(@ + iy)?. 
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This result is identical with the quantal result (6.13) in the limit of #=0 since the 
term Q, vanishes and N(k) reduces to N(w). We can now repeat the transforma- 
tions that led to Eqs. (6.16) and (6.18). In this way, we obtain L, expressed by 

(6.18) with 


Fie Loe x Qo (6.24) 


0p k—k’)?? No’) Mo’ — a)’ 


The simple pole in N(w)~' determines the lower limit of the integration since 
Dk Up. 

The function F(k), Eq. (6.24), is very similar to the one evaluated for the 
harmonic oscillator, Eq. (5.11), and can be evaluated by exactly the same 


procedure. The result is, with k,=q@p/v and k,=ik', = —wp/v, 
1 v \? 22 k* 
Fk) =—— 4 dp « \|k —k'|*? -——— + k? 
W= a5 (se) [eR yet | 
1 kv \? 
=— 1+(2] [1— (1+ 8(ap/ko)?)"2 1}, (6.25) 
5) Op 


This result may be compared to Eq. (5.12). It is seen to be very similar in struc- 
ture, but a slight numerical difference occurs in the numbers. In particular, F(k) > 2 
for k > @p/v, whereas the asymptotic value for the classical harmonic oscillator is 
3. We have not found a simple physical rationale for the difference in these 
numbers. We shall see, however, that both results emerge as limiting cases from a 
more general expression to be discussed in Section 7.2. 

The integration over k shows again a logarithmic divergence as it stands, and 
similar comments apply as the ones made for the classical harmonic oscillator 
below Eq. (5.12). 


7. DENSE MEDIUM CONTAINING BOUND ELECTRONS 


The present section serves to establish the functions ¢ and Y for a dense stopping 
medium. The standard model for such a medium is the Fermi gas [3] which 
contains several important ingredients: Zero-point motion, collective and single- 
particle excitations, and the exclusion principle. The free electron gas was discussed 
in Section 6, in particular in the static limit where Fermi motion is neglected. Here 
we shall look at an example of a medium where electron motion is constrained by 
local binding forces which will be assumed to be harmonic. The discussion serves 
first to provide the relation between the free-electron-gas and the single-oscillator 
treatment of the Barkas effect discussed in the previous sections, and second to 
analyse the dependence of the Barkas correction on the density of the medium. A 
detailed investigation of the stopping power and excitation spectrum of such a 
medium to leading order in e, is being prepared separately [26 ]. 
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7.1. Medium of Harmonic Oscillators 


Going back to Section 5 we shall make use of the relations (5.4)-(5.7) that are 
satisfied by the matrix elements of a harmonic oscillator, as well as the simple sum 
rule 


1 hk? \" 
S508 font —K) fao(k) = ela = ( ) (7.1) 


! 
nytny+nz=n Nn. 2M 


that is readily derived similarly to (5.7). Then Eq. (3.6) yields [26 ] 


w? lyfo,. 1 1 
k, o) =14+— e-%/m Y — — mote TZ 
ehte, ¥ 20, = d n! a aS M,,.(@) (72) 


where 
M,,o(@) =n@o + (@ + iy). (7:33 


As in Eq. (6.3) above, it is understood that the sign of iy follows the sign on o. 
Moreover, Eq. (3.7b) yields 


Y(k, o, k’, w’) = e~ (Ok + Ok — OKK)/O0 y >} y 


iS speriteee las te 


Pees Ken: OL OR "(— Op" 


M0(—®) Mjo(—@') —— Myo(@) Mjo(o") 


pe tron, OF Eieies \ (7.4) 


M,,o(@ 3a a’) M 5 —a') 
with w,,.=hk-k’/2m and q=k—k’. 
7.2. The Classical Limit 


It is of interest to compare Eqs.(7.2) and (7.4) with the corresponding 
expressions for an ensemble of classical harmonic oscillators. In Appendix C, these 
expressions have been derived directly from the differential equation governing 
forced vibrations. As a result, we find 


2 


a) 
kK) = + 
&( ) 2 ety (7.5) 


and, cf. Eqs. (3.7a) and (C10)-(C11), 


Y= 


Wf Ak(k—k) kk’ -(kK—k’) 
2m? 


05 — @ — iyo @2 —w”? — iyo’ 
iil kd semen atoms esto ae 
wo, — aw’? — iyo’ ee aay ia 
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Equation (7.5) represents the well-known dielectric function from classical disper- 
sion theory. It is independent of k because the classical perturbation expansion 
implies the dipole approximation. It is also seen that (7.5) is the classical limit 
(4=0) of (7.2). The factor h? in the Y function is exclusively caused by our 
notation. It cancels when insected into (4.6) or (4.7). 

It is more cumbersome to show the relation between (7.6) and the classical limit 
of (7.4), and we shall not do it here. Instead, we evaluate the Barkas correction to 
the stopping power in the classical limit. We first bring Eq. (7.6) into a form that 
is similar to Eq. (6.20) that applies to the classical limit of the static electron gas. 
After symmetrizing Y, in accordance with (4.9), and bringing everything on one 
common denominator, one finds 


QO’ 
Lat 2 12 2 7\24? V7 
[o2—o [ow Ios (a0 J ee 
where 
aw h? 
0'=Q,-—-—} [(k -k’)? —k*k’*], (7.8) 
2m 


and Qy is identical with the expression given in Eq. (6.11). The imaginary terms iy 
have been suppressed in (7.7) for clarity. It is seen immediately that this expression 
reduces to the result Eq. (6.20) for the classical electron gas when a, = 0. 

For @,) #0, the expression (7.7) and the dielectric function (7.5) can be inserted 
into Eq. (4.11b) that determines the stopping number. The result is very similar to 
that for the static electron gas in the classical limit, except that Q) is replaced by 
Q’, Eq. (7.8), and that the plasma frequency is replaced by the shifted resonance 
frequency 


hy = (Me + wp)” (7.9) 
in the denominators of the form 
N(@)=45—-(@ + iy)’. (7.10) 


With these two modifications, the procedure outlined in Section (6.3) reproduces 
Eq. (6.18), with F(k) given by Eq. (6.24), but with wp replaced by a) and Qy by Q”. 
The lower limit in the k-integral is given by a)/v. We note that the shifted resonance 
frequency Eq. (7.9) is well-known from classical dispersion theory. The function 
F(k) can be evaluated analytically by the same integration procedure as outlined in 
Section 5.3. The result is 


no-$-4(@)-GY E) 
(0-968) - 


172 ESBENSEN AND SIGMUND 


This expression reduces to the result found for an isolated classical oscillator, 
Eq. (5.12), in the limit of @p=0. It also reduces to the result found for the static 
classical electron gas, Eq. (6.25), in the limit of w= 0. 

We also give the associated expression for the stopping number, found by 
integrating (7.11) in accordance with Eq. (6.18) from the lower limit kypin = X)/v to 
some upper limit k,,,,. Different choices of Kk... were discussed below Eq. (5.12) for 
the harmonic oscillator, but here we shall leave it as an adjustable variable. 
Expressed in terms of y=k,,,0/% One obtains 


L,=n 5 aL aly), (7.12) 
Mv 


where 


1 1 : 
Lp(y)=3 (5—<€*/2) log y+3 (lc) 


1+(14+8/y?)'? 


2 
«(145 (1-1 +8/y°)"71 44 log z 


), (7.13) 


with’ €* = weds" 
7.3. Binding Frequency versus Plasma Frequency 


The two frequencies, @,) and wp, enter into Eqs. (7.11) and (7.13) in several ways. 
First, they determine the scaling variable «,/v for k; here, the two frequencies enter 
symmetrically. Second, there are terms containing the ratio €*=@ $/(@,+@>) 
which only contribute when the electrons are bound. Finally, they appear in 
Eq. (7.12) through the simple factor «5. 

Figure 1 shows F(k), Eq. (7.11), for three different cases, €* = 0, 0.707, and 1, ice., 
the free electron gas (w)=0), an intermediate case (@)=@p), and the isolated 
oscillator (wp=0), respectively. The quantitative difference between the three 
curves turns out to be surprisingly small (less than 10 %). The same is true for the 
stopping number (Fig. 2). Ignoring the 10 % difference we may conclude that for 
distant collisions, the simultaneous presence of a single-electron binding frequency 
and a plasma frequency is essentially taken care of by introducing the effective 
frequency %», Eq. (7.10), instead of the plasma frequency (in the free electron gas) 
or the oscillator frequency (in the isolated oscillator). 

We note that replacing either frequency by % needs to be done both in the 
quasi-logarithmic function L,(y), Eq. (7.13), and in the frequency factor in front 
of Es, Ea. (7.12). 

Figure 3a shows the same results in a different plot. First, the upper integration 
limit k,,,, has been chosen to be the maximum momentum transfer, k,,.. = 2mv/h, 
so that L, represents a rough measure of the Barkas correction to the stopping 
number. More important, the frequency in the abscissa variable has been chosen to 
be the oscillator frequency m, rather than the effective binding frequency a). In 
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Fic. 1. The function F(A) determining the classical Barkas integral, Eq. (7.11), versus momentum 
transfer. A constant F would imply a strictly logarithmic dependence of L, in Eq. (7.12). The three 
curves represent the harmonic oscillator, the free electron gas, and a medium of harmonic oscillators 
with @p=@y. hk is the momentum transer, and a/v the effective adiabatic distance in the stopping 
medium. 


accordance with this, the Barkas factor split off from the ordinate is chosen to be 
the one containing @,). With w;/m> being a parameter, the curves in Fig. 3 show 
the magnitude of the Barkas correction to the stopping number for a given type of 
target atom, ie., fixed oscillator frequency wm, at different target densities. It is 
evident that the Barkas correction increases with increasing target density. This 
increase is substantial. Even if wp is not allowed to exceed wo, the variation is 
about 50 %. If wp is allowed to be twice as large as wo, the variation is over more 
than a factor of two. 

This finding is obviously caused by the frequency dependence of the Barkas 
factor. It needs to be contrasted with the fact that the ordinary Bethe stopping 
number Ly, evaluated in the same approximation, decreases with increasing density 
because of the sole occurrence of wp under the logarithm. The variation in Lo is, 
consequently, weaker than in Lg, (Fig. 3b). 

The normal stopping number Ly of an atom or of dense matter is often calculated 
in the local density approximation on the basis of the stopping power of a free 
Fermi gas. In that case, it has been suggested that one can take into account the 
effect of binding by replacing the plasma frequency by ywp [27]. The value y= ae, 
which is commonly used, reflects the choice @p ~ Wp, i.€., a comparable strength of 
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Fic. 2. Classical Barkas function Ly determining the cubic correction to 
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the same models as those in Fig. 1. They show a crossover at yes. 
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the Bethe stopping power, 
7.9), is the effective excitation frequency of the 
has been postulated. The three curves represent 
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Fic. 3. Stopping number of a medium of harmonic oscillators with a resonance frequency « for 
individual oscillators, versus 2/m7/ha, for various densities, expressed by the ratio wp/wo, wp being the 
plasma frequency. (a) Barkas correction L,;(b) Simplified Bethe stopping number Ly = log(2mv?/ha). 


collective and individual binding forces. The above discussion of the classical 
Barkas correction adds nothing to this particular choice of the effective binding 
frequence. It does, however, make it clear that whatever choice is found justified for 
the normal stopping number Ly will also be appropriate for the Barkas term. 
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8. NUMERICAL RESULTS FOR THE STATIC ELECTRON GAS 


In this section we shall report some numerical results obtained from the quantal 
formulation of the static electron gas given in Section 6.2. Both the stopping power 
and the wake potential have been evaluated. We shall also make a comparison to 
recent stopping measurements involving protons and antiprotons in silicon where 
the Barkas correction was extracted. Some of the results in this section are 
displayed as a function of the variable y, defined here as 


2mv? 


(8.1) 


y= ; 
“  €hp 


This quantity depends on the electron density n through the plasma frequency. The 
dependence can alternatively be expressed in terms of the Wigner—Seitz radius 
r, = (4nnaj/3)~'°, ao being the Bohr radius. Then, (8.1) reads 


y = (4/3)'? (v/v9)? r3”, (8.2) 


where Uy is the Bohr velocity. 

The three-dimensional integrations over k’ discussed in Section 6.2 are difficult to 
perform numerically due to the poles contained in N(k’) N(k—k’). We have 
avoided this difficulty to some extent by performing the integrations for a 
nonvanishing value of the damping constant y and have chosen y = wp/10. Smaller 
values of y may change the results slightly, in particular at the largest values of y 
where the calculations become increasingly time consuming. 


8.1. Stopping Power 


The most detailed information about the Barkas correction for the static electron 
gas is contained in the function F(x), Eq. (6.16). Figure 4 shows F(k) for different 
values of y. The dashed curve represents the classical limit, i.e., the analytic expres- 
sion (6.25). It appears to give a reasonable estimate of F(k) for small momentum — 
transfers and large values of y. It differs drastically, however, from the quantal 
result at small values of y where F(k) becomes negative. A peculiar feature of the 
quantal results is that F(k) also becomes negative near the maximum momentum 
transfer for all the values of y that are shown. In Ref. [16], negative Barkas 
corrections at small impact parameters were found only at very low projectile 
velocities. 

The Barkas correction to the stopping power depends on F(k) through the 
integral (6.18). Results are shown in Fig. 5 in terms of the function Lx, defined in 
analogy to Eq. (7.12), 


€,;eMp 


L,=nx —— . 
1=T ne L3(y) (8.3) 
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Fic. 4. The function F(x) determining the quantal Barkas integral, Eq. (6.16), for the static electron 
gas, for different values of y= 2mv*/hwp. The numerical calculations were performed for y = p/10. The 
dashed curve represents the classical limit, 1.e., the curve labelled m)=0 in Fig. 1. The abscissa is the one 
in Fig. 1 for @)=0. 


The dot-dashed curve is the simplest version of a classical result, found from 
Eg. (7.13) for a) =0 by imposing a cutoff at the maximum momentum transfer, 1.e., 
K max = 2mv/h. The solid curve is the quantal result for the static electron gas. For 
y > 30, this result has been extrapolated (dashed curve) by comparison with the 
classical curve and by postulating the relation 


Ly) = Lo (1438), foray > 30: (8.4) 


An approximation for Ly for y > 30 was needed in the local density approximation 
to be applied below. 

At small values of y, 2 < y <2.7, the quantal result becomes slightly negative, and 
it vanishes for y <2 as does the ordinary stopping power of the static electron gas 
[3]. Although a qualitatively similar behavior has been found for the quantal 
oscillator [16], the quantitative picture is quite different, presumably due to the 
neglect of the zero-point motion in the electron gas. In case of the oscillator, 
zero-point motion was fully taken into account; as it turns out, this causes the 
Barkas correction to turn negative only for y<0.4. 
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Fic. 5. The Barkas “logarithm” for a static electron gas, Eq. (8.3), as a function of 2mv?/hwp. The 
dot-dashed curve is the classical result, i.e., the curve labeled w)=0 in Fig. 2. The solid curve is the 
quantal result found from (6.16) and (6.18) by numerical integration. The dashed part of that curve is 
based on the extrapolation (8.4). 


It is seen that the classical curve lies consistently higher than the quantal one in 
the range covered by Fig.5. This means that an effective upper limit in the 
k-integration that would reproduce the quantal result lies below the maximum 
momentum transfer 2mv. 


The stopping power for the quantal electron gas is shown in Fig. 6. We have 
plotted the dimensionless quantity 


dE a (e,\?2 LO Pee 
Thee (S) 5 [baton (GRP) Sy Lan} (85) 


as a function of the variable y, cf. Eqs. (4.11) and (7.12). The dashed curve is the 
result for the static electron gas without the Barkas correction. As in Fig. 3, the 
relative magnitude of the Barkas correction becomes density dependent through the 


parameter 
2mv2\\? 
an ( *) mB Jor. (8.6) 
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Fic. 6. Reduced stopping power of a static electron gas, Eq. (8.5). The dashed curve is the result 
obtained without Barkas correction. Solid curves include the Barkas correction for protons and 
antiprotons, respectively; electron density corresponding to r,=1. 


The results shown in Fig, 6 were obtained for r,=1. This makes it easy to scale 
them to a different density. It is seen that for r,=1, the Barkas correction changes 


the maximum stopping power by about 40 %. 
The limit of the static electron gas must become inadequate to characterize a 


Fermi gas at velocities approaching the Fermi velocity. A pertinent quantity in this 
connection is 


y(v = vg) = 4.25r5 1”? (8.7) 


Higher-order polarization terms may also become important for the lower range 
of y-values shown in Fig. 6. The results must therefore be questionable for y <4. 
There are also other higher-order corrections in the stopping power that become 
important at low velocities. The best known one is a purely quantal correction that 
has been extracted [13] by expansion of Bloch’s stopping formula [28 ], 


Ly= —1.2(e,e/hv). (8.8) 


This correction does not depend on the sign of the projectile charge. A detailed 
discussion of the e? term in the stopping cross section is in preparation [29 ]. 
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8.2. Comparison with Experiment 


In a recent experiment, Andersen et al. [19] compared the energy loss of 
antiprotons in silicon with that of protons. The difference between the two stopping 
powers must be a measure of the odd terms in the expansion of the stopping power 
in terms of the projectile charge, and it was identified as the Barkas correction. 

In a recent communication [21], results from the present work as well as from 
Ref. [16] have been utilized to provide three different predictions of the Barkas 
correction. These predictions were based on 


(a) representing a silicon atom as a harmonic oscillator, 
(b) representing solid silicon as a homogeneous electron gas, or 


(c) representing a silicon atom as a inhomogeneous electron gas in the local 
density approximation. 


Neither model defines the numerical input uniquely. In case (a), the resonance 
frequency of the oscillator was chosen to be w)=/J/h, with J taken to be the 
recommended value of the mean excitation energy, /= 165 eV. Similarly, the plasma 
frequency in case (b) was chosen to be wp=/J/h. Finally, the electron distribution 
in case (c) was chosen to be Lenz—Jensen like, and the local plasma frequency was 
left uncorrected. 

Estimates of Barkas corrections on the basis of an extended oscillator model 
implying an ensemble of oscillators [30] are being published separately [31]. 
Presently, we wish to elaborate on the two approaches (b) and (c). 

Figure 7 shows three predictions for L,, all based on the static homogeneous 
electron gas in the quantal description, with the plasma frequency chosen either as 
I/h as mentioned above, or in accordance with either 4 or 14 electrons per silicon 
atom, corresponding to the number of valence electrons or the total number of 
electrons, respectively. It is seen that the curve employing the empirical mean 
excitation energy yields a very good agreement with the experimental curve, in 
particular at the upper end of the considered velocity range where the neglect of 
shell corrections is immaterial. This good agreement may not be too surprising in 
view of the discussion in Section 7.3. Indeed, the empirical mean excitation energy 
I is expected to take into account both the individual electron binding forces and 
the collective effects. At least for a single-oscillator model, the same effective 
frequency is to be applied in the Barkas term. Figure 7 also shows that the two 
curves ignoring single-electron binding lie consistently low. 

Figure 8 shows the corresponding results for two versions of the local density 
approximation. Writing the Barkas correction to the stopping number in the form 


ere 71 2mv? 
L3tom = 1 3 
; t— | d°rn(r) wp(r) Ly Gaal: (8.9) 


where Z, is the atomic number of the target atom and n(r) the electron density, we 
have the option of inserting the local plasma frequency wp = [4nn(r) e?/m]"”, or to 
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Fic. 7. Barkas correction L, to the stopping number (4.11) of solid silicon versus projectile velocity 
in units of the Bohr velocity vg. Experimental points extracted from proton and antiproton stopping 
powers [19]. Theoretical curves from quantal calculation for the static electron gas for three effective 
plasma frequencies corresponding to 4 or 14 electrons per atom (Aw@p=16.5 or 30.9 eV, respectively), 
and for Awp = 165 eV, the empirical value of I for solid silicon. 


add a factor of x =,/2 in order to account approximately for atomic binding, cf. 
Section 7.3. Both options have been carried out. For the electron density, we have 
employed the Lenz—Jensen distribution [32]. This choice provides a simple scaling 
law so that Z J? L*'°™ is the same for all media when plotted versus Z '/’v. It is 
seen that the two theoretical curves lie somewhat below the experimental data. 
Note also the very small influence of the factor y. This behavior differs from the one 
in the first Born approximation. 

The experimental data were compared in Ref.[19] to the predictions of 
Ref. [25] which are based on distant collisions and the classical harmonic 
oscillator. These results underestimate the data by almost a factor of two. It has 
been demonstrated already [16] that the prediction of Ref. [25] lies below the 
quantal result for the harmonic oscillator for 2mv*/ha,) > 5. Our calculations add 
further support to the assertion made in Ref. [13] that close collisions make a 
significant contribution to the Barkas correction. In accordance with Ref. [16], our 
results do not support the simple factor-of-two scaling advocated in Ref. [13]. 

We refer the reader to Ref. [15] for a survey of experimental work on the Barkas 
effect. Earlier results involved helium and even lithium ions where higher-order 


¥ 
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Fic. 8. Same as Fig. 7 except that the curves were obtained in the local density approximation to 
the quantal electron gas, Eq. (8, 9), for two choices of the Lindhard—Scharff parameter y accounting for 
electron binding (y=1 and /2). 


Born terms may become of comparable magnitude as the e} term. Although these 
results demonstrated unambioguously the significance of higher-order Born terms 
in the stopping power, the extracted e} corrections were not found sufficiently 
accurate. 

The results reported in Ref. [19] allow us to extract the sum L,+L3;+---, 
i.e., the uneven terms in an expansion of the stopping number in powers of the 
projectile charge. This is a major step forward. Evidently, the present comparison 


assumes the terms L,+ L;+ --- to be negligible. 


8.3. Wake Potential 


Our evaluation of the wake potential has been purely numerical because we have 
not yet found a scheme of reducing the complexity of the general expression by 
means of suitable symmetry arguments. All calculations refer to the static electron 
gas in the quantal formulation. 

The first-order induced potential can be obtained from Eq. (4.3) by subtracting 
the bare Coulomb potential 


Lae 
PGi, N= | ek je eat (8.10) 
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where R=r-—vt. The first-order and the total induced potential will be shown in 
units of e,@p/v, 


e€,@ 
| Pina(R) =e ao 
: v 

| F : 
or the second-order correction alone, Eq. (6.9), also the Barkas factor will be 


- extracted, 


2(R). (8.11) 
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Fic. 9. Contour plots of the reduced first and second order induced potentials, Eqs. (8.10)—(8.12). 
Static electron gas an 2mv*/h@p=4. The z direction points along the projectile velocity, and the p 
direction is perpendicular to it. The projectile is located in R = (z, p) = (0, 0). The coordinates are given 
in units of the adiabatic distance. 
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This makes it convenient to scale the results to an arbitrary electron density and to 
a different charge of the particle. 

Contour plots are shown in Fig. 9 for y = 2mv’/hwp = 4. This value is low enough 
to make the Barkas term sizable, but not so low as to cause the neglect of 
zero-point motion to be detrimental. The induced potential is axially symmetric. 
The coordinate system is chosen with the z-axis along the beam and the p-axis 
perpendicular to it. The length unit is the adiabatic distance v/wp. The particle is 
located in R = (z, p) = (0, 0). 

The most interesting feature in Fig. 9 is the doubling of the wave number of the 
oscillations behind the particle for the second-order potential, as compared to first 
order. This is not surprising in view of the quadratic dependence, Eq. (2.10), and 
must therefore be a general feature for all values of y. This may cause a significant 
change in the wake potential, in particular for a large effective charge of the 
penetrating particle. 

Another interesting feature is the occurrence of oscillations in front of the 
charged particle. Such oscillations are also present in the first-order potential, but 
they are not seen so clearly. They are more pronounced in the first and second- 
order induced electron densities (not shown). On the axis, i.e., for p =0, the period 
of the oscillations is determined by the wave number for the maximum momentum 
transfer (~2mv/h), as one would expect for the induced density generated by an 
electron hitting the projectile in a nearly head-on collision. 

The Barkas effect on the induced potential is shown in Fig. 10. All curves refer 
to potentials on the axis, p =0. Solid curves refer to g"') and g?, respectively. The 
dashed curve is for e, =e, and the dotted curve for e, =4e. The electron density 
chosen corresponds to r,=2. It is seen that including the second-order potential 
moves the position of the first minimum closer to the projectile by about ; of the 
adiabatic distance, and it makes the minimum noticeably deeper. Clearly, these 
effects increase with increasing projectile charge. 

An analysis of the Coulomb explosion of 11.2 MeV OH*®* in carbon foils [33] 
indicated that the first-order wake potential could not account for the data. It 
appeared that a wake field with a narrower minimum closer to the oxygen ion gave 
a better description. The second-order potential described above contributes an_ 
effect in this direction. Its magnitude depends on the assigned value of the plasma 
frequency. An upper limit is presumably determined by the recommended value of 
the mean excitation energy, /=77.3 eV for solid carbon. With this, one finds a 
Barkas factor me,e%)/mv? ~ 0.5, ie., a value large enough to cause noticeable 
modifications of the first-order potential. 

The wake field of an antiproton, which has received interest recently [34], has 
the opposite sign of that of a proton to first order in e,. The Barkas correction, 
on the other hand, does not change sign. Therefore, changes in wavelength are 
expected to go into the opposite direction as that for protons. 
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Fic. 10. Variation with longitudinal distance of the induced potential on the axis (9 =0). Static 
electron gas with r,=2 for y=2mv?/hwp=4. The solid curves are the reduced first- and second-order 
potentials, Eqs. (8.10)-(8.12). The dashed curve is the total induced potential for protons (in units of 
€,@p/v), and the dotted curve is for a particle with the effective charge e, =4e. 


9. SUMMARY AND CONCLUSIONS 


We have developed a formalism for calculating the self-consistent field generated 
by a penetrating charged particle up to second order in the projectile charge. The 
projectile has been assumed to be much heavier than an electron. The medium has 
been assumed to be a random distribution of Hartree atoms. The formalism is an 
extension of Lindhard’s treatment of the self-consistent linear field generated in an 
electron gas. 

The formalism has been applied to the stopping power of a penetrating particle 
up to third order in the projectile charge. The third-order term is commonly 
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referred to as the Barkas correction. It is related to the polarization of the medium 
induced by the moving particle. In the limit of a dilute medium, our stopping 
formula reduces to the result of a conventional perturbation expansion of the 
excitation amplitude of an individual atom. In the limit of negligible binding forces 
on the electrons, the formalism describes penetration properties of a Fermi gas. 

We have studied in detail the Barkas correction in the classical limit (for / — 0) 
and have obtained a simple analytic expression for a medium of classical harmonic 
oscillators. This expression depends both on the plasma frequency and the 
oscillator frequency. It reduces to the correct limits when either the plasma 
frequency or the oscillator frequency are set equal to zero. The classical limit 
provides useful guidance and reference for quantal calculations. 

Previously, calculations of the Barkas correction to the stopping power were 
limited to distant interactions with a harmonic oscillator, and they were therefore 
effectively based on classical dynamics. A fully quantal evaluation of the Barkas 
correction for a harmonic oscillator, valid for both close and distant collisions, has 
become available only very recently [16]. Our results are consistent with this work 
to the extent that a comparison is feasible. 

We have in particular studied the Barkas correction in a quantal electron gas. In 
order to circumvent the complexity of the numerical calculations caused by the 
Fermi motion we have concentrated on a static electron gas. This model becomes 
accurate at sufficiently high velocities where the so-called shell corrections, due to 
moving target electrons, become unimportant. 

In contrast to all classical evaluations of the Barkas effect, the treatment is valid 
also for close collisions, and the maximum momentum transfer in an individual 
interaction emerges from the theory, rather than having to be postulated or used 
as an adjustable parameter. The choice of a cutoff at large momentum transfers (or 
small impact parameters) in classical calculations has led to much debate and to an 
uncertainty in the magnitude of the Barkas correction, which was of the order of 
a factor of two. 

Our calculations for the static electron gas confirm the importance of the close- 
collision contribution to the Barkas effect. At low velocities, the Barkas correction 
to the stopping power becomes negative. Moreover, for close collisions, near the 
maximum momentum transfer, the Barkas correction to the energy loss is also 
negative at higher velocities. However, the region of negative values is narrow 
and becomes less important at large velocities. These features are in qualitative 
agreement with those found for an isolated harmonic oscillator [16]. 

The quantitative agreement of our result with the measured Barkas correction, 
extracted from the stopping power of protons and antiprotons, is quite satisfactory, 
considering the fact that we have neglected the zero-point motion in the medium. 
The best agreement is obtained on the basis of a homogeneous electron gas and by 
inserting the empirical mean excitation energy for the effective plasma frequency. A 
local density approximation of the target atoms, approximating the atomic electron 


density by a Lenz—Jensen distribution, yields likewise reasonable agreement with 
the experimental data. 
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We have also studied the induced potential (or wake potential) in the static 
electron gas. A characteristic feature of the second-order potential is a narrower and 
deeper minimum behind the particle, compared to the first-order potential. The 
minimum also tends to move closer to the projectile. The effect becomes quite 
dramatic at low velocities, in particular for a high effective projectile charge. This 
may have a significant effect on the Coulomb explosion of molecular beams in foils. 

From the classical treatment, one concludes that the relative significance of the 
Barkas correction, both in the stopping power and the wake field, increases with 
increasing target density if all other parameters remain unchanged. 


APPENDIX A: BARKAS CORRECTION TO THE STOPPING CROSS SECTION OF 
A SINGLE BOUND ELECTRON 


Consider a single electron bound by some force to the origin and perturbed by 
a potential 


e,e e,e 
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where R(t)=p+vv, and p is the impact parameter. 


In the notation of Ref. [16], the third-order (Barkas) correction to the stopping 
cross section reads 


Be d?p 2Re ¥. (E, — Ep) c*e®, (A2) 
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where the c") and c‘”) are the transition amplitudes to first and second order in the 
projectile charge e,, respectively, i.e., 
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Insertion of (A3)-(A5) into (A2) and integration over the impact parameter 
yields a Dirac function containing the transverse components of the three k-vectors 
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entering through the three matrix elements. A Dirac function containing the corre- 
sponding longitudinal components (i.e., the components parallel to the velocity), is 
found by substituting f’ > fr’ +7 and t’ +7” +7 and integrating over t. This yields 


ele 3 
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where w=k-vy and w’=k’-v. 
Substitution of t’ > t' +?” and integration over ¢’ and ¢” yields Eq. (5.3). 


APPENDIX B: SEMICLASSICAL DESCRIPTION OF THE ELECTRON GAS 


Here we shall derive semiclassical expressions for the first- and second-order 
induced charge densities in an electron gas. The derivation is based on Boltzmann’s 
equation for the phase space distribution /(p,r, t) of electrons, perturbed by the 
self-consistent potential P(r, t) [3], ie., 


é 1 l 
5 te¥.o-V4— pv |f= ssf 5): (B1) 


where fp =ngo(p) is the equilibrium distribution with fad P £o(p)=1. The damping 
term on the right-hand side serves to ensure that we obtain the retarded solution, 
i.e., f > fo for t— —oo. This implies that @ is replaced by wm + i/t in Fourier space. 
This will be implicitly assumed in the following. 

The solution to (Bl) can be written as an expansion in powers of they self- 
consistent field, 


fafot for for: (B2) 


and the associated induced charge densities are 
p“(r, t)= —e | d*p f'(p, r, t). (B3) 


In Fourier space, the first-order solution is 


P(k 
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The first-order induced charge density (B3) can be obtained by partial 
integration, 


p(k, ©) =" ®(k, @)<(o—k -pim)-?», (BS) 


where the brackets denote the average over go(p). 
For the particular case of an electron gas at rest, (B5) and Eq. (2.4) yield 


e(k, @) =1—a@5/w? (B6) 


which coincides with Eq. (6.5) in the classical limit where w, =hk?/2m approaches 
zero. 
The second-order solution reads 
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where f"') is given by (B4). The associated charge density takes on the form of 
Eq. (3.7a) with 
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or, after partial integration, 
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For the electron gas at rest, this reads 
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This result is used in Section 6.3 to derive an analytical expression for the Barkas 
term in the classical limit. 


APPENDIX C: CLASSICAL HARMONIC OSCILLATOR 


In this appendix, the general scheme outlined in Section2 is applied to an 
ensemble of spherical harmonic oscillators, but unlike in Section 3, the connection 
between the induced charge densities and the potential is provided by the classical 
equation of motion. As in Section 3, the oscillators all have the same resonance 
frequency, and they are randomly distributed in space at a density n. 
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Consider a single oscillator, bound to an equilibrium position R, and a displace- 
ment vector =r—R. Then, the equation of motion is 


C2 5) . i jot 
Sty St0% =< | d?k | deo O(k, 0) ike™ +9, (Cl) 


with an infinitesimal damping constant y. 
This equation is linearized in powers of the potential @, 


E=EV EADY ooo, (C2) 
and 
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Note that unlike in the quantal calculation, the perturbation expansion (C2) 
implies the dipole expansion (C3). 

The solutions of (11) can readily be determined by means of the Green function 
of the harmonic oscillator and read 


EON) = < | dk | do — aie w) Palade tadaget 8 (C4) 


—w’ —iyw 
and 


ie oa 


p= 5 | ak | deo | a°k’ | doo @(k —k’, o—«') O(k’, o’) 


(k —k’)[k’ -(k—k’)] 


The induced charge density due to one oscillator reads 
6p = —ed(r—R—€&)+ed(r—R) (C6) 
or 
dp =e() +E).V,5(r—R) — te(E.V,)? (rR) + 


up to second order. Integration over all oscillator positions, n | d*R, yields 
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After insertion of (C4) and (C5), we find 
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Analytical expressions are obtained for the log terms arising from the low photon frequency 
part of the radiative corrections in the Dirac-Fock (DF) approximation of many-electron 
atoms. The atoms considered are iso-electronic sequences of non-degenerate electronic cores, 
plus or minus one electron. The nuclear charge is taken to be small enough that the Lamb 
shift is still a small correction to the DF energies. If the unshielded nuclear charge is a point 
charge, the principal effect of the shielding by the electrons in the DF approximation is to 
replace the absolute square of the hydrogenic wave function at the origin of coordinates by 
the corresponding expression for the DF wave function. A preliminary numerical test of this 
result leads to better agreement between theory and experiment for the Li iso-eletronic 
sequence than has hitherto been the case. © 1990 Academic Press, Inc. 


1. INTRODUCTION 


In this paper, we continue our discussion of radiative corrections for many-elec- 
tron atoms which we considered in recent work [1 ]. In that work, which is devoted 
solely to analytical, and does not include numerical, considerations, we computed 
“leading log” (LL) radiative corrections (terms in which logarithms of energies 
appear) in perturbation theory in the electron-electron interaction. By “leading 
log,” we mean both the “constant log” (CL) terms, which arise from a constant low 
virtual photon frequency cutoff term in the argument of the log terms in the Lamb 
shift, and the “Bethe log” (BL) terms, arising from an infinite sum over all energies, 
which complement them [2; 3; 1, Eqs. (41), (42)]. This is the customary way in 
which these log terms are presented in analyzing the non-relativistic (NR) contribu- 
tion to the Lamb shift. 

The starting point of the perturbation theory [1] was taken to be relativistic (R) 
electrons in the presence of a nuclear Coulomb field. Electron—electron interactions 
were neglected. The structure of the results we obtained had a simple physical inter- 
pretation, which, in turn, led to a rather natural conjecture for generalizing these 
results to the Dirac-Fock (DF) case: For a point nucleus, the dominant influence 
of electron shielding on the Lamb shift in perturbation theory, and for virtual 
photons of low frequency, was a correction of the absolute square of the wave 
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function at the origin of coordinates, due to the effect of the electron—electron 
interaction. This result was most transparent when only the constant log terms were 
considered. It led to a replacement of the log coefficient of Z* in the unshielded, or 
hydrogenic, case by ZZ3,, where Z.4 was given a precise meaning in terms of the 
perturbation theory. This result is to be contrasted with one particular approach for 
taking shielding into account [4], in which the coefficient of the hydrogenic 
log term was replaced by Z4,, and Z. was calculated from an ad hoc (though 
physically quite reasonable) ansatz. 

We will use our experience with perturbation theory in Ref. [1] to attempt to 
verify the conjecture made in that reference for radiative corrections in the DF case. 
We begin the next section with a particular definition of the DF approximation 
which will be convenient for the purposes of the present work. As in the previous 
work, in which the DF (or HF) approximation is defined in terms of approxima- 
tions to one-body propagators, we restrict our discussion to atoms consisting of a 
non-degenerate core plus (or minus) one electron (e.g., Li, B, and Ne and their 
isoelectronic sequences). We next consider a reformulation of the radiative correc- 
tion problem, to make it applicable to the DF case. We treat a single virtual trans- 
verse photon first. Our approach is similar in spirit to the point of view espoused 
in our previous papers [5-7], but different in detail. The final result of this section 
is an integral equation for the Lamb shift. It is gauge invariant (GI) and formally 
correct in leading order in the effect of transverse photons. 

In order to proceed further toward actual numerical results, in Section 3 we make 
successive approximations to the formal result of Section 2. We are led to consider 
the expansion of the integral equation of Section 2 in powers of the electron-elec- 
tron Coulomb potential, V.., through first order in V,,. The matrix elements of V,. 
(1.e., integrals of the Coulomb potential with four single-particle wave functions) 
which appear in this expansion, differ from those which are used to set up the DF 
approximation. The latter always involve expectation values of V.. (in direct or 
exchange terms) with one of the core electrons. Accordingly, our perturbation 
theory is based on the DF energies and wave functions in zeroth order and is 
carried out in the same spirit as perturbative corrections for correlation [8], Breit 
and retardation effects [9] to DF energies. The results up to any finite order of this 
expansion will not be strictly GI, but one can carry out the expansion in V,, to 
whatever degree of accuracy is required. The structure of this approximation is very 
similar to that of the perturbation theory based on hydrogenic wave functions as 
a starting point, which we previously explored [1 ]. 

Having made this approximation, we can write the result (to order «°>) for these 
corrections to the DF energy (for a state labeled 7) in terms of two-particle expecta- 
tion values of operators, where the two particles are labeled by n and a (the latter 
is a label for core electrons). A sum over a is always implied. 

The diagrams associated with the various terms can be divided into two classes: 
one in which the transverse photon is exchanged between two electron lines in a 
diagram, and one in which it is emitted and absorbed on the same line. In this way, 
our present result resembles that for He, discussed by Kabir and Salpeter [10]. 
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In order to obtain the radiative corrections (of order a°), one must take care to 
extract first the “Breit interaction” contribution (including retardation corrections 
to it), 1.e., terms of leading order «*. We proceed further (in analogy to the He case) 
by breaking the integral over the transverse photon momentum into a low and a 
high frequency part. 

In this work, we focus on the leading log terms coming from the low frequency 
part of the radiative corrections. We shall leave for subsequent consideration the 
non-log terms (including the Uehling effect), the log terms arising from high 
frequency photons, and the contribution from the exchange of two transverse 
photons [10] (both log and non-log terms). Using the results for He, we shall 
argue that all of the latter terms will not contribute, given the accuracy of present 
experiment. We shall test these arguments in our subsequent, more detailed, 
numerical work. 

We conclude Section 3 with a detailed evaluation of the constant log terms for 
these low frequency contributions. Our principal result parallels that of Ref. [1]: 
the terms we have dubbed “contact terms” in this reference, which involve 
derivatives of V,., cancel out, and, in the leading Za expansion, only terms 
containing the Laplacian of the nuclear potential remain. (This cancellation of 
contact terms does not persist when the relativistic contributions due to high 
photon frequencies are added.) The CL terms we obtain here are precisely the two 
leading terms of the V.. expansion of the DF integral equation we conjectured in 
Ref. [1], if the kernel in that equation is taken to be just the constant log part of 
the Lamb shift. The BL terms are considered in detail in Appendix A. In addition 
to an expression analogous to the BL terms in the hydrogenic case, there are many 
additional similar energy-dependent log terms, which we also label BL terms. 

Our exposition is rigorous up to this point, in the sense that we have clearly 
specified the terms we have not evaluated. In principle, they can be evaluated, both 
analytically and numerically. Indeed, the analytic calculations of a majority of these 
terms have been completed. We will present both analytical and numerical results 
in the future. However, using the analogy of the He results, we are in a position to 
obtain some preliminary numerical results which may be considered of some 
interest. In Section 4 we find that the principal effect of shielding appears in the 
term of the Lamb shift containing the absolute square of the DF wave function at 
the origin. (We remind the reader that, for the hydrogenic case in leading order, the 
BL and the non-log terms are independent of nuclear charge [11] and the CL term 
depends only logarithmically on this charge.) 

Section 5 contains a summary and discussion of our work, as well as indications 
of future lines of research. 

Appendix A is devoted to the presentation of our new BL results. By definition, 
these are the terms in which the argument of the logarithm depends on an average 
of DF energies. 

In Appendix B, we address a peripheral issue. The energy shifts represent the real 
part of self-energy contributions calculated from virtual photon emission and 
absorption. The imaginary parts of these terms give inverse lifetimes for transitions 
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between states. Consistency requires that, if the DF picture we have described is a 
correct one, transitions from excited states to core states which are occupied should 
be forbidden. We demonstrate this property in Appendix B. 


2. INTEGRAL EQUATION FOR LEADING RADIATIVE CORRECTION 
IN THE DF APPROXIMATION 


In order to generate a GI expression for radiative corrections in the DF 
approximation which involve a single virtual transverse photon, we shall follow our 
previous strategy for generating GI expressions for transition amplitudes [5]. We 
consider first the one-lepton propagator, the equation of which has a kernel 
involving a single Coulomb interaction between leptons. This propagator, which we 
label GX,,,, contains the DF propagator but also includes the effects of the 
Coulomb part of the Lamb shift, which will be considered explicitly later. We write 
Geou (see below and Figs. 1, 2, and 3) as an infinite subset of Feynman diagrams, 
representing the emission and absorption of an infinite number of “nested” and 
“iterated” Coulomb “photons” (interactions). We then attach the two vertices of the 
single additional transverse photon to the electron line in all possible ways and 
resum the resulting diagrams. 

The one-electron Coulomb propagator for an atom with a non-degenerate core 
of N electrons, plus or minus one electron, satisfies the equation [5-7] 


Gooul a a a BX (2 Sou ca dm.) Goour> (2.1) 
or the equation 
bac ahink = g-'— Loo t+ Ome. (2.2) 


g' is the inverse of the one-lepton propagator in the absence of the electron— 


electron interaction, 


g,'=w—(a-pt+ pm+ V,,,). (2.3) 


es 


—_<__. exoooerio re nd Ns “ie 


a b c 


Fic. 1. (a) Designation of the propagator in the absence of V,., ig’. (b) Designation of the 
propagator in the presence of V.., iG... (c) The self-energy, 2%,,,—dm,. The dashed lines represent 
Coulomb “photons” (interactions) only. @, is the negative of the mass counterterm, dm,, due to the 


Coulomb interaction. X¢,,, contains the Coulomb contribution to the lowest order Lamb shift (includ- 
ing vacuum polarization). 
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Fic. 2. Graphical representation of Eq. (2.1). 


g” and Gd,,, are represented by the diagrams of Figs. 1a and 1b, respectively. Y¥,,,, 
is the self-energy in this “Coulomb kernel” approximation. The physical lepton 
mass, m, appears in all expressions above, and the Coulomb part of the mass renor- 
malization is accounted for by the (operator) counterterm, 6m,. Later, when we 
consider the transverse photons, we shall introduce an additional counterterm, 6m,, 


to give a total mass counterterm 


dm = 6m, + 6m,. (2.4) 


As usual, the counterterms 6m, and 6m, are chosen so that expectation values of 
the self-energy operator minus 6m in free particle states vanish [3, 11] in the limit 


as all potentials, V,,, and V.., approach zero. 


a a a a oo + + Ke x 

af / q 

vg : \ 
() () () iz inns 

ae + / 7 + / i . 
/ / / / 
c 
po MSS 


Fic. 3. Partial expansion of the graphical representation, Fig. 2. 
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EN — Om, is defined in Fig. 1(c). Equation (2.1) is represented diagrammatically 
by Fig. 2. A few terms in the expansion of Eq. (2.1) in powers of V.. are given in 
Fig. 3. 

In the above equations, we have suppressed energy indices (wherever possible) 
and coordinate indices, since these Green’s functions have been defined and 
discussed a number of times in our previous work.’ 

The propagator GX, is an approximation to the exact one-electron propagator,” 
G”™, which is defined as an expectation value between lepton states of total lepton 
charge Ne of a time ordered product of lepton field operators w and w*, in the 
presence of a nuclear potential of charge — Ze (due to a point or distributed nuclear 
source), and of V... One goes from the exact G” to G%,,,, by replacing the exact 
self-energy, ©”, by the Coulomb self-energy, 20,.)- 

The DF propagator, GN ,, is an approximation to G* (,,,. It is defined in 
Eq. (2.5) below. The DF energies and states are written as e, and |n>, respectively. 
They satisfy the equation 


(GY pr) [n> =0. (2.5) 


The energies associated with G* <,,, are e, +de,. The additional energy, de,, of 
order «°, is given by 


de, = <n| (2° —dm,) |nd, (2.6) 


where 2.” is defined below. Equation (2.6) gives the Coulomb contribution to the 
Lamb shift in the DF approximation. 
The DF propagator is [12, (3.12) ] 


ee) a a n>0*, (2.7) 
jes h OPE Maia, TA bg 1 seg OEE By 


where the subscript DF and the superscript N in Q,, P,, QO, and in the energies e, 
etc., on the right side of (2.7) are suppressed. We will continue to suppress these 
from here on. (Note that the e, are negative numbers.) The %’s in the equation 
denote sums over discrete states ‘and integrals over continuous ones. 

Q;, P,, and Q, are projection operators in the form of Dirac ket-bra’s for valence 
(discrete and continuous) and core electron states, and for positron states, respec- 
tively [12, (3.11)]. Both the states and the energies which appear in Eq. (2.7) are 
ues of the DF equation [12, (3.36)], Eq. (2.5). We further define H~ and 
& pp as 


1 
Go. pF 7 ee and (Gor, =f, —2 be: (2.8) 


' See, for example, Ref. [6, Eq. (2.56)]. This equation is formally the same for the NR and the R case. 
> See Ref. [6, Eq. (2.27)]. The definition is formally the same in the NR and R case. 
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The negative superscript on Hp, is introduced to indicate the negative imaginary 
part in the denominator associated with the hole state projection operator, P,,. 
We give 2}; explicitly, partly to define new notation which will be convenient 
to use below. We have, with V,. = V, 
dixidey, 2 
<m| 2d ln) =a | ———_ 9" (m|x)<aly>E<x|n><yla> — <x|a><y|n>] 


ACHO-CHOICrE} 


where, in the last two expressions, a summation over the core labels, a, is under- 


stood. 
We note that 
oe cer (el a 
q) \m| |n Peles ee 
From here on, we will generally suppress the subscript DF in G ,,, (where such 


(fs 

Pp 

suppression does not lead to confusion), but not the superscript N, in order to 
distinguish G* from a new Green’s function, G,”’,, 


V V V 


Y V 


xl (2.10) 


n 


Gite As (2.11) 


diagrammed as in Fig. 4a. G° has the same form as Eq. (2.7), except that 
—in—+in in the middle term on its right side, containing P,. The positive 
superscript in H ~* is meant to indicate this change of sign. 

It should be emphasized that G°’ is not the vacuum expectation value of a time 
ordered product of two lepton field operators. It would be so only if V., were 
neglected and hydrogenic states instead of DF states were used in the projection 
operators of Eq. (2.7). The superscript zero in quotation marks is used in G”’ to 
indicate that it is not a vacuum expectation value but is closely related to one. In 
particular, neither G° nor Gj}, can be expanded in a series of Feynman diagrams, 
unlike G%,,,,, which is so expanded in Fig. 3. 


SZ. x 
a ee i¢ \ 
= a ji eam 
/ \ & 
/ ! \ 
re | ——___-_-] c 
a b 


Fic. 4. (a) Designation of the propagator G*””. (b) The Coulomb Lamb shift, 2°" — dm.. 
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Gir and G” are related to each other by the equation [7, Eq. (2.10)] 


Go. pr = 2ni YP, 6(@—e,) + G2. (2.12) 


w 


G” will have an important role to play below in the evaluation of radiative correc- 
tions. We can immediately express the Coulomb contribution to the Lamb shift in 
terms of it, as is indicated in Fig. 4b. 


Fic. 5. Insertion of a single virtual transverse 


leading order in the radiative correction. The tran 
line. 


photon in the graphical representation of Fig. 3, to 
sverse photon propagator is represented by a wavy 
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+ ! 


Fic. 6. Graphical representation of the integral equation for the leading order radiative correction 
due to one transverse photon. The mass counterterm, —6m,, is represented by ©,,. 


In order to generate the integral equation for the leading radiative correction 
operator due to transverse photons, we use the expanded form of G* Qo, as 
illustrated in Fig. 3. To generate a GI form of the radiative corrections involving a 
single transverse photon, we insert a virtual transverse photon in all possible ways 
into the graphical representation of Fig. 3. We illustrate in Fig.5 the diagrams 
which arise after such a transverse photon insertion in those diagrams in Fig. 3 
which contain no more than a single /,,. 

Resummation of the infinite sets of diagrams which are generated in the transverse 
photon insertion process just discussed, and introduction of a mass counterterm, 
6m,, for the transverse photon interaction lead to the inomogeneous integral equa- 
tion of Fig. 6. The source term, represented by the first three figures on the right, 
is itself quite complicated, since vertex functions also appear in it. They, in turn, 
satisfy an integral equation [5, 6, 12], which is diagrammatically represented in 
Fig. 7. Observe that these vertex terms are present in the “self-energy” type of 
source term (the first term on the right of Fig. 6) but are absent in the “vacuum 
polarization” or tadpole term (the second term on the right). This, incidentally, also 
ensures the correct counting of “overlapping divergences.” 

We will not give the algebraic expressions corresponding to Figs. 6 and 7, since 
we shall not make explicit use of them in what follows. In the next section, we will 
make an expansion of the integral equation, represented by Fig. 6, as a power series 


ok 


x oi ae 
poe = ES + if + 7 S 
aa MW ie > tees prerrd 
x 


Fic. 7. Graphical representation of the integral equation for the vertex function, contained in sec- 
tions of the diagrams of Fig. 6. This figure is the same as Fig. 9 of Ref. [6]. The x’s in the figure mark 
the points of attachment of the transverse photon propagator, and the short lines the points of attach- 
ment of the electron propagators. 
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in the V,. which appear explicitly in the kernels of Figs. 6 and 7. We will deal with 
the expressions which will result from this expansion, both diagrammatically and 
algebraically. 

We would like to emphasize that our results for the radiative corrections in Fig. 6 
are GI. The gauge dependence of the photon propagator can be incorporated into 
the definition of the transverse propagator alone [13], with the Coulomb part 
(V..), which appears in G¥,,,, and elsewhere, fixed. Inserting this propagator in all 
possible ways in the expanded form of G%,,, ensures that matrix elements of the 
operator 2, are GI. 


3. LEADING CONTRIBUTIONS TO THE LAMB SHIFT 
IN DF PERTURBATION THEORY 


In this section, we first set up an approximation procedure for the lowest order 
contribution to the radiative correction, an expansion in a, (already implicit in the 
previous section), Z and/or Ze (—eZ eq 1s the effective—shielded— nuclear charge). 
It is a functional of the number of protons in the nucleus, Z, with Z > Z.,, so that 
the magnitude of Z alone can serve as a criterion of the validity of our perturbation 
theory. 

The DF approximation serves as our zeroth order problem. The corrections to 
it which we shall study involve the effect of one additional transverse photon (taken 
into account to order «° or «In a). Breit interaction terms (and retardation correc- 
tions to them), which also arise from one transverse photon exchange? and are of 
leading order «*, must first be extracted. Other corrections to the DF energies arise 
from two or three Coulomb interaction correlation effects. These have been dis- 
cussed and evaluated elsewhere [9]. In addition, there are contributions arising 
from the exchange of two transverse photons. These, along with other contributions 
mentioned below, will be the subject of a future publication. We shall consider 
initially, and continue to retain in this paper, only such terms which give log 
contributions. 

The Lamb shift itself is indeed a small correction to the DF energies for Z not 
very large. The actual restriction on the values of Z allowed is given by the limit 
of the validity of the Z expansion for the hydrogenic Lamb shift [11, 14]. 

The relevant DF perturbation theory diagrams are obtained from Figs. 6 and 7, 
by considering at most one virtual Coulomb “photon,” in addition to the virtual 
transverse photon. They are given in Fig. 8. Since the “tadpole” term in the 
inhomogeneous part of Fig. 6 does not lead to a log contribution, it is left out in 
Fig. 8a. 

The next approximation is to set G,,,, ¥ GS;, wherever G2.,,, appears in Fig. 8, 
since Coulomb Lamb shift contributions are clearly negligible in the leading trans- 
verse radiative corrections. 


* See Ref. [7] and the argument leading from Figs. 2.2-2.4 to Figs. 2.5-2.10 in that reference. 
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Fic. 8. DF perturbation theory expansion of 2, to first order in V,,, which contains the log con- 
tributions. For convenience, the fourth components of momentum four-vectors and the states are 
labeled, corresponding to the algebraic expressions used in the text. 


The labeling of the individual diagrams in Figs. 8a and 8b is essentially self- 
explanatory. The notation used is based on that of Ref. [7]. Thus, 7 and X refer 
to “tadpole” (vacuum polarization) and “exchange” (self-energy) contributions. An 
insertion of X and 7, as well as vacuum polarization (/7) and a vertex (J) in a 
larger diagram, is denoted by the corresponding label in parentheses. The subscripts 
t and c indicate whether a transverse or a Coulomb photon appears in the 
corresponding part of the diagram. As an example, consider the symbol X,(1, I’.), 
labeling one of the diagrams of Fig. 8b. The diagram is that for a transverse photon 
self-energy, with the left vertex a local one, and the right vertex a non-local one, 
containing a single Coulomb interaction. It is easy to generate terms of higher order 
in V,.. A single representative of terms involving two V,, is given in Fig. 9. 

The first step is to examine separately each of the terms corresponding to the 
diagrams of Fig. 8, and to extract the Breit interaction part. The remaining calcula- 
tion carried out in the present work is in the photon momentum region for which 
0<k<i, 4<™m, for which the NR approximation [2] may be used. For values of 


Fic. 9. A representative term in the perturbation expansion of 2, in V,, which would have to be pre- 
sent in Fig. 8 to make the radiative correction GI. 


ay 
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k such that A<k< oo, an R approximation has to be used [3], but the compen- 
sating gain in this region is that Gj}, may be expanded in powers of the full 
potential operator, Viue + Vpr, where 


m 
(m| Vor |n> -|" V 


a (3.1) 
a 


which is Eq. (2.9), where we have replaced the symbol 2p; by Vp-. Summation 
over the core states, labeled a, is understood. 

The cutoff parameter, 1, disappears when the high and low photon momentum 
results are joined [3] as will be demonstrated in subsequent work. However, care- 
ful consideration of these terms shows that the parts of the subsequent analysis in 
the present paper which contain exchanged transverse photons (terms in which the 
operators PV, °V,, and their complex conjugates, all defined below, appear) 
contain a natural cutoff, when the hight photon momenta are taken into account. 
As a consequence, the cancellation of “contact terms,” demonstrated below, does 
not persist when the full analysis, including R as well as NR parts, is carried out. 
(See the analogous result for He in Ref. [10].) 

We shall not be concerned further with high photon momenta in the present 
work. 

We begin our detailed calculation of the leading log terms with the evaluation of 
the low photon momentum contributions of X,—6m,, diagrammatically represen- 
ted in Fig. 8a. The Breit interaction (with retardation) involves the exchange of one 
transverse photon (and no Coulomb “photon”) and is obtained by replacing the 
propagator G), ,, pp in X, by [D, 2ni d(kyo +n—a)P,], namely, the first term on 
the right side of Eq. (2.12). The remaining term, G,”, ,., in the low virtual transverse 
photon momentum region leads to essentially the same expression for the radiative 
correction as that originally considered by Bethe [2] for hydrogen. The only 
difference is that the hydrogenic energies and wave functions which appear in Ref. [2] 
are here replaced by DF (or, more correctly, Hartree-Fock (HF), since we take the 
NR limit) energies and wave functions. Thus, we can immediately write the low k 
contribution to the radiative correction (noting that the dipole approximation can 
also be made) as 


(nl (X,— 3m) Indu = zoey [ak LP IP 3) 


3mm- n—s—k 


This gives a leading log contribution (hence the subscript LL). We have taken 
e, +n, etc., and e,, |n>, etc., are solutions of the HF equation (the non-relativistic 
limit of the DF equation, (2.5)), 


H |n> =e, |n), (3.3) 
with 


H=h+ Vur, h=(1/2m)p? + Vane- (3.4) 
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Note that the sum over s in Eq. (3.2) ¥, runs over all HF states (discrete and 
continuous), and, since only the NR approximation is relevant, there are no 
positron states. Again, after suitable replacements of hydrogenic by DF energies 
and states, the k > contribution can be obtained as in Ref. [3]. 

Integration over k in Eq. (3.2) leads to 


<n| (X,—6m,) |n> ur 


a <n | [ps In Lp. #1} In. (3.5) 


In 
if H len = tT] 


A 
le, — HI 

We next make a small change in the standard approach [1-3] followed in Lamb 
shift calculations, by adding and subtracting log terms with constant arguments 
(Za)? m. Z is to be chosen so as to minimize the Z dependence of the BL term on 
Z. It is convenient to define the BL terms for the hydrogenic case so that they 
contain log terms of the form In[(Za)* m/(2 |e, —hA|)], which are completely 
independent of Z [11, 15]. Following the above argument, we set 


| Q L£;(n) +1 : brite: 
(ee Ss n—~= 
a eee (Za? m 
Is (3.6) 
g u,) (Za)? m 
Ae Rioters 


The first of the terms in Eq. (3.6) is contained in the BL terms and is dealt with in 
Appendix A. The third contains the photon momentum cutoff, which is eliminated 
by the high photon momentum contributions. We shall deal with it in subsequent 
work. For the moment, we focus on expressions containing the second term, which 
we call [1] “constant log” (CL). Using Eq. (3.4), we obtain 


n 
<n (= dm) Inder = <n tiny —B|"fvr+ev—2v9)") (7 
where* 
2) meds fee ne (3.8) 
Mee 14 " (Za)? cent (70) 


The second term of Eq. (3.7) contains expressions which are generalizations of the 
notation defined in Eq. (2.9). Two examples of this generalized notation are 


n 
2V 


P 


)- —a | d°x d?y<m|x><x|n)<sly> 


u 
«V3 1 <ul>}, (3.9) 
Ux =] 


4 See Ref. [1, Eqs. (43), (47), (50), (51)]. The change from these equations to the present Eqs. (3.7) 
and (3.8) is that Z > Z, and the hydrogenic states of Ref. [1] now become HF states. 
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and 


yeaa f dix d*y<m|x><sly> 
u 


<V,-| (V.<xln><ylu>)}. (3.10) 


Ix—yl 
m n m n m 
| s 4 3 ( s 5) ( S 
Note the simple rule (illustrated in (3.11)) for antisymmetrization of expressions 
in which an operator such as p “hangs” on V: the operator always “sticks” to its 
state upon antisymmetrization. One must be careful to note how this compact 
operator formalism translates into actual matrix elements, as indicated in Eqs. (3.9) 
and (3.10). 

Another simple interpretation which our notation makes apparent is that, when 
the operators “hang” on V at a single level in a nonexchange matrix element (upper 
or lower), we are dealing with “self-energy” terms. When operators “hang” on V at 
both upper and lower levels in such matrix elements, we are dealing with the 
exchange of a transverse photon. It is just this difference between self-energy (also 
vertex) and exchange which will be important when the high-A integrations are 
performed. The transverse photon exchange diagrams lead to a “natural” cutoff 
(k ~am), which is absent in the self-energy terms. A consequence of this result is 
that the high & integration of the self-energy terms exactly cancels the entire 
In(2A/m) term which appears when Eq. (3.6) is inserted in (3.5), whereas, in the 
exchange terms, a Ina term remains. (See Kabir and Salpeter [10] and Salpeter 
[16].) 

We turn next to the evaluation of X,.(/7). We may read off the algebraic result 
from the diagram, Fig. 8(b), which also contains the labeling of the intermediate 
energies and states. We obtain 


with 


i a Bye rhs 


‘ etc. (3.11) 
n 


e? d*k dw 5, 
X (i =— —— Fe 
<n| tel ) |n> m2 am | (22)4 on k? «n| fa ida lr» 
N N r n 
x ¢3s| GPR PCs lu» V sf (3:12) 
The function 6;, is 
6j, = 04 — (kjk, /k’). (3.13) 


Since we are interested here only in the region of the |k| integration from 0 to 4, 
we have already gone to the NR approximation: the current operators have become 
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p/m and the G™ are HF, rather than DF, propagators. Next, we perform the k, 
integration. There are poles in the ky plane which arise from Hk eG =, and 
G2 , x: Contributions to what we have referred to as the “Breit terms” (and which 
have been dealt with elsewhere [9]) arise from the ky poles of Oe anid sG. aye 
Accordingly, we need only consider the contribution from the poles in the photon 
propagator, 1/k*. The addition of X,(1, I.) to X,,(/7) just leads to the antisym- 
metrization of the electron states labeled r, u. That is, 


BIADle=t 
u| |s r 
For the CL terms corresponding to X,,(/7)+X,(1,/.), we obtain after ky 
integration, followed by q integration 
a (3.15) 
a 


The evaluation of this type of term is concluded by the consideration of the 
complex conjugate of (3.15), which is 


r|") (3.14) 
S 


<n| {XD + XC, r)} Ine.= 26" 


Ga es) 


<n| {X,(T) + XL, Fe) } > * er = Cal (Xa) + XL, 1)} n> 


= —2v "| (v= IV?) “ (3.16) 
a a 
We have used the identity 
4) ye |” -(" ") (3.17) 
n a A Sy 


which is a generalization of Eq. (2.10), to obtain the final form of Eq. (3.16). Note 
again that the second term in both Eq. (3.15) and Eq. (3.16), when taken between 
states (“| and |“), is a “self-energy,” rather than an “exchange,” term. 

Finally, we turn to the evaluation of the expressions corresponding to the last 
two diagrams of Fig. 8b. It is important to note that the mass counterterm, 6m,, is 
included in the insertion of Ly. The evaluation procedures are similar to those 
which have been carried out for the previous terms. We make the same approxima- 
tions as before and obtain, after k, integration and spherical averaging, 


“| LOR ye 20 (3:98) 
Uu 


2 
(nl {TAX ) + X(XV} muspeL| < 


where 


9,(0) = <ul GXp- | dk(o—H)GS_, PG) |s>. (3.19) 
0 i 


595/201/1-14 
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The log term arises from the integral of the operator D(w), where 


Dio)=| dkGN _,. (3.20) 


0 
We note the identity [1, Eq. (39) ] 


—2p-(o—H) Dp=[p., H) Dp—p- D[p, H]—(w— H)p- Dp—p: Dp(w— #). 
(3.21) 


Next, we carry out the w integration, keeping in mind the fact that the G are 
HF propagators, with poles corresponding to holes in the upper half, and to 
particles in the lower half w plane. Replacing the energy-dependent logarithms by 
constants, we finally obtain for the CL terms contributed by the last two diagrams 
of Fig. 8b, 


<n| {T(X)+X(X)} ler = <nl (---} nae t+ Cal {---} DS, (3.22) 


where 
n| {T(X,)+X(X)} ler 
wail eet BLS Gaines Lie i "| 
= a+ V Cur 3.23 
pd a j—a if a pipe ( ) 
and 


nl {T AX) + X(X)} Inve = —B ‘|’ 


(2 V+ Vets) 


"| (3.24) 
a 


and where we neglected 1/Z? corrections, i.e., terms in which two V,. appear. 

We are now ready to collect the various terms we have calculated. We refer to 
the terms appearing in Eq. (3.7) in which V,,,. is not explicitly present, (3.24) and 
the sum of the terms in Eqs. (3.15), (3.16) as contact terms, since making use of the 
identities 


‘Ce ee re se I 
*|x-y| Ix —y| ~  *|x-y| 


= —4n 5*(x—y) (3.25) 


v 


leads to 
“VV ="V+VY—2P P= V+Ve—2,V, 
Sia Make aasheeo renames alam otal (3.26) 
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’ 


Sidi d*y<r|x><sly> 4na 63(x—y)<x|t><y|u)> 


and thus, e.g., yields 


(" (Vey ery) 
S 


=4nx | d?x<r|x><s|x)<x|1)<x|u). (3.27) 


The total coefficient of these contact terms is zero. We found the same result in our 
analysis of perturbation theory based on hydrogenic states [1]. A similar result 
occurs for He, as discussed by Kabir and Salpeter [10]. They also find that the 
constant log contribution to the Lamb shift for low frequency photons (0 < |k| < A) 
contains no contact term, i.e., no term proportional to 63(r,,) in their notation. 
The only surviving terms are those which explicitly contain V,, (Eq. (3.23) and 
part of Eq. (3.7)). These are an expansion through first order in the e-e Coulomb 
interaction of the integral equation conjectured in Ref. [1] for the CL terms in the 


HF case,? i.e., 


d 
<n] Lex ny = Callin + [52 [ "17" 


u,s 


| <s| GLa Ge |u>. (3.28) 


If we use Eq. (3.8) for a point nucleus, we obtain 


2 


4 Za = e,. 
(nl1 n> poi = 5 <r In (Za)? |<] 012, (3.29) 


where <n|0) is the HF wave function at the origin of coordinates. 


4. PRELIMINARY NUMERICAL RESULTS 


We are now ready to make a preliminary numerical test of the results of our 
preceding sections. We will focus on the particular case of the Lamb shift contribu- 
tion to the 2p,,.—2s,/. energy difference for atoms with a small to moderate number 
of protons and three electrons (the Li isoelectronic sequence). Specifically, we will 
take 3<Z<20. These 2p,/.-25,,. energy differences are among those treated in 
Ref. [9] and thus can provide us with a test of our results. Second and third order 
correlation corrections, as well as contributions of the Breit interaction through 
second order correlation corrections to it, and the lowest order effect of transverse 
photon retardation were calculated in this reference. The difference between experi- 


5 See Ref. [1, Eq. (65)]. We shall rewrite this equation more compactly below in the HF basis, rather 
than in the coordinate basis, in which it is written in Ref. [1 ]. 
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ment and the DF energies plus all these corrections to them serves as an 
“experimental” measure of the Lamb shift to be expected. It can therefore provide 
a convenient test of our formalism for the case of these three-electron atoms. 

In this preliminary analysis, we will focus initially on the CL contributions 
obtained in the previous section. Further, we will take the nucleus to be point-like, 
and so the 2p, CL contribution to the 2p,,-2s,,. Lamb shift will vanish. In 
essence, we will be testing the effect of replacing the absolute square of the 
hydrogenic wave function at the origin by that of the HF wave function. This is a 
specific consequence of our discussion in the previous section and implies that the 
coefficient «5Z* for the hydrogenic Lamb shift is to be replaced by «°Z(Z,, e)°, 
where Z,, eg is defined by 


AE RCN 
1 <n] 0>[2= [WHF (0)|2 = Lae (4.1) 


Tn” 


This dependence of the Lamb shift on Z and Z,,. is to be contrasted with a 
number of other ways of taking electron screening into account. For example, in 
Ref. [4], a different shielded nuclear charge, Z’, ., is defined by setting the ratio 
Z', er/Z equal to the ratio of the expectation value of the radius of the (n, x) orbital 
of a hydrogen-like atom of nuclear charge —eZ to that of the corresponding DF 
atom. Moreover, the prescription for taking screening into account is to replace the 
coefficient, «(aZ)*, of the Lamb shift by «(«Z/, .)*, but to leave the argument Z in 
Mohr’s point-Coulomb self-energy function [14], F(Z«), the same, i.e., to choose 
it to be that for the unshielded nucleus [4, Eq. (5)]. 

We would like even our preliminary numerical results to be accurate to within a 
few percent. With this in mind, we must calculate or estimate the contributions not 
determined in Section 3. The terms which may contribute are those coming from 
the high-frequency part of the |k| integral containing V,,,. and V... There is also the 
contribution from the exchange of two transverse photons. Further, there are those 
terms which arise from higher powers of Z« in the Z« expansion, in particular those 
proportional to a(Za)°. 

The large |k| contribution proportional to V,,,, can be incorporated easily, since, 
following the technique of Ref. [3], it will come from a perturbation expansion (in 
powers of V,,,.+ V..) of the expression corresponding to the diagram of Fig. 8a, for 
Ly. One simply takes the result for H and replaces the hydrogenic wave function 
at the origin by the HF wave function at the origin. This procedure includes all the 
non-log terms (including the Uehling term) which involve V,,,., as well as a 
reasonable approximation to the BL term associated with V,,,.. 

The most sensitive dependence on the nuclear charge, Z, in the leading order 
Lamb shift appears in the second term on the right side of Eq. (3.6), In[1/(Za)?]. 
Z is a function of Z. We shall determine this dependence in subsequent work, when 
we explicitly evaluate all the BL terms which our analysis has generated. However, 
in this preliminary numerical evaluation, we will take 


Z= Zien (4.2) 
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where Z,, . was defined in Eq. (4.1). Since the dependence on Z is only logarithmic, 
the numerical results are not very sensitive to the exact choice of Z. 

The large |k| contributions proportional to V., (some of which also contain a 
In «) and the two-transverse-photon exchange terms will be contact terms. That is, 
they will depend on j d*x|<n|x)><a|x)|*. We can estimate their magnitude by 
making use of the He results of Ref. [10]. We see from Section V of this reference 
that the ratio of the contact term to the square of the wave function at the origin 
is typically about 1/16. Further, the V,,,,, part contains an extra factor of Z relative 
to the V., part. Thus, we estimate our error in neglecting these V.,, terms in the 
Lamb shift (and also those coming from the second term in Eq. (3.28)) to be less 
than 10% of the leading Lamb shift term. 

By making use of the results of Erickson and Yennie [17], we may obtain the 
next term in the expansion in Za, 1.e., the term containing the coefficient C;. For 
hydrogen (except for the Uehling contribution), this coefficient is again multiplied 
by the square of the wave function at the origin. The Uehling contribution (which, 
as we will demonstrate in subsequent work, leads to an effective potential yielding 
the radial derivative of the square of the wave function, evaluated at the origin), is 
negligible, relative to the main C; contribution. However, the coefficient C; is large, 
approximately 7, and constitutes the main correction to the leading Lamb shift 
term for Z up to 20. Accordingly, we state the approximate result for the energy 
shift 4E,,, for the ns state to be 


LN NET RED CAPRA NTIS (4.3) 
with 
AeA 2,)=5 40 eae Cee. + (Za)Csh, (4.4) 
where | 10,,11,.18..19 | 
C22 0.97. Ae, =k (n, 0), (4.5) 
_and 
x= 2ate— 3 (4. 6) 


so that the leading Uehling term is included in (4.4). For hydrogen, L(Z, Ze 
L(Z, Z), and L(Z, Z) = F(Za), where F(Za) is defined® in Table II of Ref. [18]. 

We continue to ignore the contribution of the 2p,,. state to the Lamb shift in the 
course of these further approximations, since the BL term, the only contribution 
through this order for p states, is negligible. Thus, 4E,,, is, in fact, approximately 
equal to the negative of the 2p,,.-2s,,. Lamb shift. 


6 In contrast, F(Za) of Ref. [18, Eq. (4)] includes only self energy terms, and thus specifically 
excludes Uehling terms, as does Mohr’s [14] F(Za). We emphasize that we use the F(Za) of [18, 
Table II] and not the other definitions of F(Za), to make our comparisons. 
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Our numerical results are summarized in Tables I and II for the 2p,/.—2s,,. Lamb 
shift. The effective shielded nuclear charge number, Z,= Z> «q, in the third column 
of Table I is calculated from the data in the second column, using Eq. (4.1). The 
ratio L(Z, Z,)/F(Za) in column four of Table I is presented to indicate how the 
new approximate F(Za), ie., L(Z,Z>), differs from the hydrogenic form, as 
calculated by Mohr [14]. The “experimental” Lamb shift in column five (in reality, 
the negative of this shift, as conventionally defined) is actually a difference of the 
sum of all the theoretical contributions [9]’ other than the Lamb shift, and the 
experimental results [20]. Column six is from Refs. [9, Table IV, column five; 18]. 
The final column of Table I gives our new results. 

Table II provides a quick overview of our initial numerical results, in comparison 
with related results. The range of Z is now restricted to 7 < Z < 20, since correlation 
effects are not calculated to sufficient accuracy [21] for 3< Z <6 for one to be able 
to derive an accurate “experimental” Lamb shift value for comparison purposes. 
(Hence, these entries are left blank for 3< Z<6 in column five of Table I.) 

The second column of Table II, gives the percentage “experimental” error, 
calculated by taking the ratio of the quoted experimental error to the “experimen- 
tal” value of the Lamb shift. Columns three and five give the differences between 
“experiment” and the particular model for the theory (hydrogenic or DF), divided 
by “experiment.” Column four, labeled “empirical,” gives the percentage deviation 
for a theoretical model [4, Eq. (5) and immediately above] where Z*, appearing in 


TABLE I 
DF Lamb Shift (2p,,.—2s,/.) for the Li Isoelectronic Sequence (Energies in AU x 10°) 


— E (Lamb) 
HFO NZ, a 
Z; ie 25 Ws 7 ehixpthe hydr DF 
3 0.390 1.60 1.22 0.010 0.002 
4 0.558 2.71 1.16 0.027 0.010 
Sy 0.652 3.76 1.13 0.062 0.029 
6 0.713 4.79 1.11 0.119 0.066 
7 0.755 5.81 1.10 0.14(1) 0.207 0.127 
8 0.787 6.82 1.10 0.22(1) 0.334 0.221 
9 0.811 7.83 1.09 0.36(2) 0.508 0.356 
10 0.830 8.84 1.09 0.52(1) 0.739 0.542 
11 0.846 9.84 1.09 0.76(2) 1.04 0.788 
13 0.870 11.85 1.10 1.42(2) 1.86 1.51 
15 0.887 13.85 1.10 2.52(6) 3.06 2.59 
17 0.901 15.85 Mert 3.89(6) 4.73 4.16 
20 0.915 18.86 1.14 7.06(4) 8.31 7.69 


---er ere ————— 


“ “Expt” = DF + correlation + transverse y’s — Experiment. 


’ This column is from [9, Table IV, column four]. 
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TABLE II 


2P 1/2 —25,/. Lamb Shift Experimental Errors and Deviation between 
Theory and Experiment (in Percent) 


Zi me Xo ta hydr emp.’ DF 
7 (7.1) +48 —30 —9.2 
8 (4.6) +52 —20 +0.5 
9 (5.6) +41 ~19 210 

10 (1.9) +42 —14 +4.2 

7 (2.6) +36 243 ney: 

13 (1.4) +31 —9.5 +6.0 

15 (2.4) +21 —11.7 +2.7 

17 (1.5) +22 —8.0 +69 

20 (0.6) +18 BT +9.0 


* For definition of “Expt,” see Table I. 
’ emp. = empirical; E,.,,(Lamb) ~ Z 3 F(Za). 


the Lamb shift formula, is replaced by Z4, as given in column three of Table I. 
Observe that, even for this preliminary computation, our DF results appear to fit 
the “experimental” Lamb shift results to within a few percent, as hoped. Indeed, the 
scatter of error values in the lower Z range which we consider in Table II is 
probably due to the experimental uncertainties. In the higher Z range, use of 
L(Z, Z>) is no longer fully satisfactory. An analogy with the case of hydrogen serves 
to clarify this point. In that case, the leading Lamb shift can be calculated to all 
orders [14] in Za, using the exact Coulomb propagator. The approximation corre- 
sponding to L(Z, Z,) in the case of H is to replace F(Za) by L(Z, Z) for the 2s 
state. At Z=3, the deviation of L(Z, Z) from F(Za) is only 0.03%, while it rises 
to 8.8% at Z=20. This fact provides a motivation for extending the DF analysis 
to the (Za)? corrections to the leading Lamb shift terms. 

We note that the hydrogenic Lamb shift overestimates the experimental Lamb 
shift by tens of percents, while the “empirical” Lamb shift consistently under- 
estimates it. 


5. SUMMARY AND DISCUSSION 


In this paper, we have continued our consideration of atomic energy levels of 
many-electron atoms, using the Green’s function approach. Our present focus is on 
radiative corrections in the Dirac-Fock (DF) approximation. The relativistic (R) 
approach we discussed in Ref. [7], and applied to radiative corrections in perturba- 
tion theory in the electron-electron Coulomb interaction, V,., in Ref. [1], has now 
been considered in the DF case for many-electron atoms, consisting of a non- 
degenerate core of electrons, plus or minus one electron (as exemplified by alkali 
atoms). We have dealt only with leading order radiative corrections in a, the fine 
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structure constant, ie., corrections which involved only one virtual transverse 
photon. We derived an integral equation satisfied by these radiative corrections in 
Section 2. It was obtained by formally expanding the propagator generated by the 
Coulomb kernel, V,., to all orders in V,., inserting the transverse photon in all 
possible ways, and then resumming the resulting expression. This procedure 
guarantees that the integral equation so generated is gauge invariant (GI). 

The integral equation of Section 2 is too difficult to deal with in its entirety. 
However, it does provide the framework for systematically considering approxima- 
tions to it and for estimating the numerical significance of various terms. 

Since our starting point for the generation of the integral equation for radiative 
corrections in the DF approximation was the equation for the one-electron DF 
Green’s function, we necessarily must have radiative correction energy contribu- 
tions which are small relative to the DF energies. We can, therefore, also develop 
a perturbation theory for the energy, with the DF energies as the zeroth order 
approximation. We thus consider the expansion of the integral equation of 
Section 3 in powers of those matrix elements of V.. not present in the determination 
of the DF states and energies. This expansion is developed in the same sense as is 
that for correlation effects and can be treated perturbatively, starting with the DF 
energies and states. Once we carry out such an expansion in V.., we lose GI in any 
given finite order in V... However, for a given order in V..., the violation of GI is 
of higher order in «. 

At this point in our approximation, we included effects of the exchange of trans- 
verse photons (Breit interactions and retardation corrections to them) with our 
radiative corrections. These have to be separated from Lamb shift type terms, on 
which we would like to focus our interest further. 

It is convenient to consider the remaining Lamb shift terms (which include both 
self-energy and vacuum polarization effects) by separating the integration over the 
virtual transverse photon wave vector into a low and a high energy part [3, 10, 
16]. The low energy part can be treated non-relativistically [2]. 

We also restrict ourselves to the leading log contributions to the Lamb shift from 
the low virtual photon energy part. While the dominant part of the Lamb shift is 
due to these leading log contributions, and the dominant part of the leading log 
terms is contributed in this non-relativistic (NR) region, it is important to note that 
leading log terms also arise from the R region of high virtual momentum photons 
[10, 16]. We will leave the evaluation of the high energy log and non-log contribu- 
tions (for which even Gp; can be expanded in powers of V,,,. + Vz.) to subsequent 
work. The usual cancellation of the parameter separating the low from the high 
virtual photon momenta (well known in the cases of the hydrogen [2, 3] and the 
helium [10] Lamb shift) will also be demonstrated in this later work, as well as the 
contribution due to the exchange of two transverse photons. We estimate the total 
effect of all of these terms to be less than 10% of the leading terms. 

By following the approach of Refs. [2,3], we have limited ourselves to the 
consideration of moderate nuclear charge, Z, as far as a rigorous analysis goes. A 
significantly new departure in the analysis, which could not be based on these 
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references, is required to extend it to higher Z. At this time we do not as yet possess 
the analogs of the Coulomb propagator [14] for Gp, to be able to accomplish this 
extension. We do, however, carry out an expansion in 1/Z and consider terms 
through order 1/Z. 

We next divided the logarithmic parts of the non-relativistic Lamb shift, in 
analogy with the hydrogenic case, into a constant (i.e., energy independent) and a 
Bethe (energy dependent) log part. We did this by iumaduoite a parameter, Z, so 
that the dependence of the Bethe log part on Z is minimized. (For the hydrogenic 
case, Z > Z, the number of protons in the nucleus, and the Bethe log (BL) term is 
strictly independent [11] of Z.) The BL terms are dealt with analytically in 
Appendix A. The constant log (CL) terms in the NR part of the Lamb shift were 
treated in the second part of Section 3. An interesting analytic result of the present 
paper is that explicit dependence on V,, disappears for these terms. Only implicit 
dependence remains, through the term <n| V’V,,,.|n>, where the bra and ket 
denote HF states. Indeed, for the case of a point nucleus, this term becomes 
4naZ |<n|0>|*, where —Ze is the bare nuclear charge, and where the electron 
shielding appears only through the presence of the HF wave function at the origin 
of coordinates. It must be pointed out, however, that this cancellation of CL terms 
involving V.,. no longer occurs when log terms from the R radiative corrections are 
taken into account. The parts of these corrections arising from exchanged trans- 
verse and Coulomb photons contain a natural cutoff which reintroduces a CL term. 
Log terms also arise from the exchange of two transverse photons. 

We had previously obtained the result in perturbation theory [1] that the V,, 
parts of the CL terms cancel and had conjectured it for the DF case, and we have 
now confirmed it. We have also confirmed the previously conjectured integral 
equation [1] for the CL contribution to the Lamb shift. This integral equation 
provides non-local contributions to the leading local term in the CL NR Lamb 
shift, in analogy with similar non-local contributions to the photon vertex term, 
needed to describe radiative transitions in a GI manner [5,6] in the DF 
approximation. Just as for the latter case, these contributions are expected to be 
small for compact cores [22] (closed shell cores, such as those for Li and Na), but 
they could be significant for more diffuse cores [23] (for example, for the 
(1s)? (2s)? closed subshell core of B). 

We wish to gain a preliminary indication of the numerical usefulness of our 
present approach by a semi-empirical application of our results of Section 3. To this 
end, we note that the numerical evaluation of the energy- -dependent log terms which 
are given in Appendix A would lead to a determination of Z,. However, the 
dependence of the dominant leading Lamb shift contribution on Z,, (indeed, of the 
entire numerically unevaluated energy dependence of the leading order Lamb shift) 
is only logarithmic. In order to proceed with specific numerical work, we therefore 
took Z,,=Z,,r, where the effective charge is determined from the DF wave func- 
tion at the origin of coordinates (see Eq. (4.1)). Using the results of Ref. [17], we 
were able to evaluate the next term in the Za expansion. This term is proportional 
to a(Za)* |WHF(0)|?. The proportionality constant [17] is approximately that 
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which is the coefficient of the corresponding expression for hydrogen. We could 
follow Ref. [17] further and extend the results to even higher powers of Za, but we 
will leave this, as well as a detailed presentation of the «(Za)* |WH*(0)|? coefficient, 
to a later publication. 

We carried out a preliminary numerical test of our predictions for the Li 
isoelectronic sequence. Accurate experimental data exist for these cases [20]. The 
theoretical contributions due to the DF energies and the added contributions of 
correlation, the Breit interaction and retarded photon effects have also been 
recently calculated [9] to sufficient accuracy for a test of our DF Lamb shift 
predictions to be feasible. We carried out this test in Section 4 for the Lamb shift 
contribution to the 25,,.-2p,/. energy difference for the Li isoelectronic sequence in 
the proton number range 3 < Z < 20. In the part of this range (7 < Z < 20) in which 
the correlation calculations have been evaluated with sufficient accuracy to provide 
a useful test [21], we find satisfactory values for the Lamb shift. They are superior 
to the Lamb shift contribution for these cases obtained by using an unshielded 
nucleus [18], or the predictions made by a typical empirical method [4] for taking 
shielding into account. We were encouraged by these results to pursue our analyti- 
cal work further. We also intend, in the future, to carry out detailed and more 
precise numerical computations of our numerous analytical terms and to present 
both these computational—as well as our analytic—results in a future publication. 


APPENDIX A. EVALUATION OF BETHE-LOG TERMS 


In this appendix, we evaluate all of the energy-dependent log terms, i.e., those 
which contain expressions of the form of the first expression on the right side of 
Eq. (3.6). We collectively call these BL. Actually, it is only the term of this type 
associated with (X,—6m,) which is completely analogous to the usual BL. It is 
given by 


<n| (X,—dm,) Ino = 33 <nl (LH, p] Laln)-p+ee.}|n>. (Ad) 
Equation (A.1) is exactly of the form of the usual BL term [11, 15]. The only 
generalization in the present case is that the states and energies in the sums implied 
in Eq. (A.1) are given in the HF approximation, and that we take Z- Z,. 
This equation may well provide the largest numerical contribution of all the BLs 
appearing in this appendix, since the others go as N,, et/Z. (N,, er is the effective 
number of shielding electrons and is obtained, e.g., from Z, in Table I, by use of the 
relation N>.=Z—Z,. It is a number of the order one in the case of the Li 
isoelectronic sequence.) The magnitude of the other BL contributions may be 
reduced further due to lack of overlap of the states in the evaluation of expectation 
values of V.. which appears in all of these remaining terms. 

Results, corresponding to those we list here, are also given by us for many- 
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electron atoms in hydrogenic perturbation theory in Ref. [1, (A.5)]. Here, we 
provide expressions that are more specific than those in Ref. [1]. Our main concern 
in Ref. [1] is with the structure of the theory. Our current concern is to provide 
expressions which are directly amenable to numerical evaluation. We also wish to 
present the results here in such a way that their relationship to the corresponding 
CL case will be apparent. The notation of having operators at two levels, an upper 
and a lower one, is redundant in the present context, except to show this 
correspondence, since matrix elements of these operators are now always taken 
before they act on V, or V acts on them. 

The remining BL contributions are given by the following equations (the sum 
and/or integral over all indices, with the exception of the index n, is implied in all 
the equations below): 


(n| {X,.(7) + X.(, de a)y In > pr +C.c. 
t 


2a 1 <n| Cp, 1] £a(n)\t> 
Sane? Goel bas 
n 1 
NE aes 
nN 
near 


V A } . cc: (A.2) 
J A-<i\ Cp. HI) La) a> 


(nl (TX) + XK} nS 
—2j 
= 25 ({[n OE cal pop ip H2—¥ 


n 
V 


<n| pl|t> t 
+ | | 
-<a\[p,H] £5(a)|j>LJ 


<n| Lp, H | #a(n)|t> t 
x 
a 


<nl BIOL 4 
+t 
a 


V 


3mm a| 

Te ka | p-Psp | e2L r|"|+ee} 

+1n |) (al p-O,p Ie) * are r/" 

~in |= I cpg yy tbat r|")), (A3) 
and 
dnl TAK) YG = Za (7] (Coen VIp~ Lene V7) (Ada) 
OG Noe ae ah | merals Laie) 2) (Aa) 
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Corrections of order 1/Z?, ie., terms with two V,, in them, have again been 
neglected. 

The sum of Eqs. (A.1)-(A.4) is the total energy contribution of the BL terms. 
We note the similarity in the structures of Eqs. (A.2) and (3.15) and that in the 
structures of Eqs. (A.4) and (3.24). 


APPENDIX B. RADIATIVE TRANSITIONS AND 
THE IMAGINARY PART OF THE SELF-ENERGY 


The present work provides us with another opportunity to test the consistency of 
the Green’s function formalism. We have been concerned so far with the real con- 
tributions to the self-energy. It is well known from elementary quantum field theory 
[19, pp. 354, 408-410] that the self-energy can also have imaginary parts, leading 
to a finite natural line width, and a corresponding finite lifetime for the decay of 
excited states. We will be concerned with this aspect of the Green’s function 
formalism in the present appendix. 

Consider a many-electron atom, in which the valence electron makes a radiative 
transition. We wish to address the question: How does the formalism take into 
account the fact that the core states are occupied, and thus that these states are not 
allowed as final states in a radiative transition? Colloquially put, do the electrons 
“know” that they have to obey Fermi statistics? 

The crucial element in the analysis which follows is the existence of a core (i.e., 
a Fermi level which is set just above the energy of the N particles in the core). In 
other words, the one-particle Green’s function has to be of the form of Eq. (2.7), 
with the essential feature the difference in the sign in front of in in the particle (Q;) 
and hole (P,,) terms. The specific model is not important. It can be any particle or 
quasi-particle model, hydrogenic, HF, or other. 

We can address this problem by considering the zeroth order self-energy and can 
ignore the mass counterterm. We will be studying the structure of energy 
denominators (in particular, the possibility of their vanishing). We may write 
d*k ne : 

Pak hive kaise 


«| DS eye py 8 Jasin. 


j n—j+kot+in 7 &—at+ko—in j n—j+ko—in 


(nl X, n> = ie? | 


(B.1) 
where the operator Y, is given by 
Tse Sa (B.2) 


where X is the position operator, and the a,,, are the Dirac a’s. 
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The ky integration is performed easily, by suitably closing the contour in the ky 
plane for each term, resulting in 


5 (2a KO, . 
nl Xin =e? | 5 re ANY. “ 


i i= Jj —|k| + in 


Ie 0. 
pu ite Re leileoraae 4 ee i rh pt | : 
ag Ra a Lerma m |") (B.3) 


a 


A real decay process can occur whenever any of the denominators in (B.3) 
vanishes, since 
i 


Macken 


1 
=P.V. = Fin 3(x), (B.4) 


For n one of the particle (valence or hole) states, the denominators in the 
antiparticle term never vanish since the energy e. (/) is a negative quantity. For the 
other two sets of denominators, consider first, as an example, transitions in Li 
where the core (label a) is (1s)?. There can be no real valence—core transition, since 
for all valence states, n, n—a+|k| cannot vanish. Of course, real valence—valence 
transitions can occur, since, e.g., for n the 3s and j the 2p state, n—j—|k| can 
vanish. The translation operators in Y, Y', ensure that both energy and momen- 
tum must be conserved in a real process. 

Let us contrast these results for a many-electron atom with the corresponding 
result for H. Aside from the obvious change of the states and energies from HF to 
hydrogenic, the crucial change is in the sign of the imaginary part in the 
denominator associated with P,. This change, after k, integration, causes the sign 
in front of |k| to change. That is, as we go from, e.g., Li to H, we have 


1 1 


——__—_§_—_<§_— > ————_.., B.5 
n—a+\|k|—in n—a—|k|—™ me 


In this case, the 2p > 1s transition is a real process, since n — a—|k| can vanish. 
We thus conclude that the imaginary parts of the self-energy contributions 
behave as we want them to, and that the Green’s function formalism has met this 


additional test. 
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This paper shows how to simulate a multiparticle system whose dynamics is defined by its multiple 
scattering series. The simulation takes the form of a covariant stochastic process in 8 dimensional phase 
space. Probabilities are absolute values of covariant Wigner transforms of field theoretic n-point functions. 
Although partially resembling a classical stochastic process, solutions differ topologically because of the 
existence of off-mass-shell particles. Formation times imply that unscattered particles undergo proper 
time dependent renormalization. An interesting consequence is that a particle entering a system of 
scatterers has a higher than classical probability to scatter near the surface. Only the “skeleton” of the 
problem is discussed; the system is described by straight path segments connecting short range collisions. 
Long range forces, medium effects, and production are not treated. 
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A very large class of general field transformations can be viewed as a field theory generalization of the 
method of collective coordinates. The introduction of new variables induces a gauge invariance in the 
transformed theory, and the freedom left in gauge fixing this new invariance can be used to find equivalent 
formulations of the same theory. First the Batalin—Fradkin—Vilkovisky formalism is applied to the 
Hamiltonian formulation of physical systems that can be described in terms of collective coordinates. We 
then show how this type of collective coordinate scheme can be generalized to field transformations, and 
discuss the Ward Identities of the associated BRST invariance. For Yang-Mills theory a connection to 
topological field theory and the background field method is explained in detail. In general the resulting 
BRST invariance we find hidden in any quantum field theory can be viewed as a consequence of our 
freedom in choosing a basis of coordinates ¢(x) in the action S[¢@]. 


Dissipative Thermal Field Theory and Renormalization. 1. HARDMAN AND H. UMEZAWA. Department of 
Physics, University of Alberta, Edmonton, Alberta, Canada T6G 2J1. 


Using methods of thermo field dynamics we develop a perturbation and renormalization procedure for 
thermally dissipative quantum fields. We emphasize the need to construct dissipative asymptotic fields 
and to treat the dissipation self consistently. From a stationarity condition we find the Bose-Einstein 
distribution for the number density in the zero dissipation limit. Considering a simple model with 
symmetry breaking we find that Goldstone’s theorem is satisfied and at zero energy the Goldstone boson 
does not interact or dissipate, even though at finite momentum and energy the particles are dissipating. 
The theory should find uses in any physical process involving thermal effects. 


Abelian Chern-Simons Theories in 2+1 Dimensions. ALEXI0S P. POLYCHRONAKOS. Department of 
Physics, University of Florida, Gainesville, Florida 32611. 


Abelian topological Chern—-Simons theories in 2+1 dimensions are examined. The Hilbert space is 
constructed explicitly for all two-dimensional space manifolds and is shown to be finite-dimensional, in 
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the case of compact U(1). It is determined by the genus of the spatial surface, the coefficient of the action 
k, and a set of vacuum angles, and it corresponds to the space of conformal blocks of a free scalar in 
two dimensions compactified on a circle of radius squared k. The expectation of an arbitrary knot is then 
evaluated by relating the theory in the presence of the knot to a theory in a background gauge field. In 
this framework, the dependence of the result on the regularization and the framing of the knot becomes 
explicit. Finally, possible extensions of the methods used in this work to nonabelian theories are 
discussed. 


Aharonov-Bohm Effect and Vacuum Polarization. Pawet GORNICKI. Institute for Theoretical Physics, 
Polish Academy of Sciences, Al. Lotnikow 32/46, PL-02-668 Warsaw, Poland. 


The problem of motion of a Dirac electron in the vicinity of the thin tube of magnetic flux is explicitly 
solved. Summation over the electrons from the “sea” allows us to calculate the polarization current that 
flows around the flux tube introduced into the physical vacuum. The formula for the energy density is 
also given. 


Dynamical Correlations in Low-Energy Pion Double Charge Exchange. E. R. SICILIANO AND MIKKEL B. 
JoHNSON. Los Alamos National Laboratory, Los Alamos, New Mexico 87545; AND H. SARAFIAN. 
Department of Physics, Pennsylvania State University, York, Pennsylvania 17403. 


We consider various processes that contribute to low-energy pion double charge exchange (DCX), 
and we study their sensitivity to short-range correlations. Within the framework of the fixed-nucleon 
field theory, we derive a general expression for the following two-nucleon DCX processes: two sequential 
single charge exchanges via intermediate x (SEQ-z) plus p (SEQ-p) exchange and the lowest-order 
A3,-nucleon (4—N) interactions via explicit x +p exchange. We retain the full spin dependence of the 
various contributions, and we present the results in a form that can be used for any transition whose 
corresponding two-body density matrix elements are known. Detailed evaluations are made for '*C to 
illustrate the importance of short-range correlations. We show the effects on the calculated DCX cross 
sections that result from three different wave functions: two defined entirely within the p-shell and the 
other involving configuration mixing with the sd-shell. Our results indicate that SEQ-z is the dominant 
mechanism for low-energies and that the inclusion of the short-range correlation function decreases the 
cross section by nearly 50% for standard choices of the pion—nucleon interaction. The largest contribution 
to the cross section from configuration mixing occurs in off-diagonal transitions [e.g., (Op)? to (Od)?]. 
Pairs of nucleons coupled to spin S=0 are substantially more sensitive to the short-range correlations 
than pairs coupled to S=1. The size of the p-meson contribution to the SEQ mechanism is somewhat 
model-dependent, but the size of the 4—N interaction is fixed from other sources. The SEQ-p contribution 
and the 4—N interaction are about 5—-20% effects, and they may increase or decrease the cross section, 
depending upon details such as the energy and the amount of configuration mixing. 
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